ANNALES
PO LONICI MATHEMATICI
XXVI (1972)

On the p-observability of some non-linear
difference equations

by TADEUSzZ RUMAK (Rzeszow)

The problem of observability and the problem of u-observabilit y
of ordinary differential, systems was considered by E. J. RoytenbeTg
in [3] and [4]. We shall show that an analogical treatment may be applied
to solutions of discrete difference systems of equations.

We introduce the notions of u-observability and of asymptotical
u-observability of the solutions of some non-linear discrete systems of
difference equations. Then we formulate some sufficient conditions for
a solution of such a system to be asymptotically u-observable and we
construct a system of difference equations which is satisfied by a certain
function realizing observability. :

We take into consideration the system of discrete difference equations

(1) i (n+1) = Y ag(n) @, (0) + @i (@, (), ..., 3()) + pi(n)
k=1 )

for » = 0,1, 2, ..., with the following initial conditions
() =2;, i=1,2,...,m,
where 7 is natural number.
System (1) written in a matrix form is the following:

(2) z(n+1) = A@n)-z(n)+olz@)+pm), () =ua,

where A(n) = [84(8)]n,m) ¢() = [9:i(t)]n,, and p(n) = [p;(#)],,, are
given functions and '

z(n) = [@2(0)y ..oy Tm()] = [2;(0)]m,2 (V)
is an unknown function. We assume that the functions which appear
in (2) satisfy the following conditions: the operator A(n) is defined for
n >t and it is bounded, i.e. we have |4 (n)| < K = const for » > 1;

the vector function p(») is defined for # > 7, and the function ¢ (¢) defined
for 1<t << + 00 is of C2 regularity class.

(') [%;(n)]m,1 denotes a matrix which is transposed with respect to [z;(n)]1,m.
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We introduce the vector function

3) y(n) = C(n)-z(n), |
which is defined for #» > 7 and is called a trace of the solution x(n) of (2).
Here C(n) = [¢;x(®)]m,m 18 a given bounded operator, i.e. [[C(n)|<e¢
= const for #» > 7 and «#(n) is an unknown function which has to satisfy
equation (2).

DEFINITION 1. If the value 2(7,) of a solution #(n) can be determined
from a trace y(n) which is known in the interval <z, 7,>, where 7, is a na-
tural number, then we say that the solution is observable.

DEFINITION 2. If there exists a function {(n) defined for # > v and
such that:

1° {(n) may be determined with the aid of a trace y(n), which is
defined on (7, 7,),

2° we have
(4) 1€ (7)) —2(z)ll < g,
where u is some positive number, then we say that x(n) is u-observable
at the moment n = ;.

DEFINITION 3. If we replace condition 2° in Definition 2 by the fol-
lowing one:

2" if for an arbitrary number u > 0 there exists a number 7T'(u) such
that the inequality

(5) [Z(n)—w(n)|<p  holds for n=>T(u), ne(z, +o0),

then we say that z(n) is asymptotically u-observable.

It is evident that if 7, > T'(u), then inequality (5) implies (4). Thus
u-observability at the moment n = 7, is a consequence of asymptotic
u-observability. N

The function {(n) = [{;(®)],» Wil be called a function realizing the
observability of x(n). The construction of the function {(») will be given
later (cf. Theorem 2).

Let us consider an auxiliary difference equation of the form

(6) En+1) = An)-L(n)+o(l(n)+p(n)+uln),

with the initial condition {(z) = { such that its solution {(n) is known.
We assume that u(nm) is some vector function, defined for »n > 7. We

assume that 7 is an element of the ball 8, (), i.e. Fe 8,(z) = {; [lo—al < ¢}
Let

(7 n(n) = C(n)-L(n)

be a trace of the solution ((n) of (6).
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We choose the vector #(») in such a way that for » = T (u) the ine-
quality ||{(n)—2(n)|| < u holds, where x > 0 is a given number.
Let us congider a vector function

(8) z(n) = {(n) —w(n).
Tt follows from (2) and (6) that z(w) satisfies the difference equations
(9) z2(n+1) = A(n)-2(n) + ¢(l(n) —lw(n) +u(n)

with the initial condition
i =2(0) = () —a(r) = {—a,
where ||¢| = ||l — | < e-
We expand the function ¢ in a Taylor series. We obtain
¢’ (x)
1!

g(@+2) = ¢(@)+ 2+ F(z,n), where [|F(z,n)]| = o(ll).

If we put M(n) = qp’(m(%)), then (9) may be rewritten as follows:

(10) 2(n+1) = A(n)-z(n)+M(n)-z(n) +’lt(%) + F(z, n).
The first approximation for (10) is the following:
(11) z2(n+1) = [A(n) +M(n)] z(n)+u(n).
We assume that #(n) is of the form
(12) u(n) = B(n) v(n),

where v(n) = n(n) —y(n) and B(n) is a certain bounded operator defined
for n > 7.

We obtain from (3), (7) and (8)
o(n) = n(n)—y(n) = C(n)-L(n)—C(n)-2(n) = C(n)-2(n).

Then the exppression (12) obtains the form
(13) u(n) = B(n)-v(n) = B(n)-C(n)-z(n).

We write
(14) A,(n) = A(n)+M(n)+ B(n) -C(n).
If we use (13) and (14), then we may rewrite (11) in the form
(15) zin+1) = A,(n)-2(n).

Moreover, assume that the norm of the operator M (%) satisfies the
following conditions:
p<IiM(n)<y formnz=r<

on a set of all admissible solutions xz(n) of (2).
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The sufficient conditions for the asymptotic u-observability of so-
lutions of (2) may be formulated in the following

- THEOREM 1. A sufficient condition for x(n) to be an asymptotically

u-observable solution of (2) is that there exist a positive operator V (n) such that

(16) 0 < ay*(2(n), 2(n)) < (V(B)-2(n), 2(n)) < ay*(2(n), 2(n))
and
17) (Vin+1)-2(n+1),2(n+1)) < B (2(n), 2(n),

where z(n) is a solution of (15) and a,, a,, f; are some positive constants,
0< pi< a;.

In order to prove this we must give some preliminaries.

LEMMA. If a non-negative function y(n) defined for n > t satisfies the

inequality
n—1

(18) 1(n) < 6+ Y (n+Lx6), z(x)< 8,

Te=T

where 6,y and L are posilive constants, then we have

(19) y(n) < (L+1)n—foa+% [(L+1)y"~*—1].

—1

. ,
Proof. If we write h(n) = 6+ > (n+ L-x(i)), then we obtain

e

~

h(n+1) = 6+ 2(n+1?'x(i)) = 6+Z(n+L°x(i))+n+L°x(%)

= h(n)+ L y(m)+7 < (L+1)h(n)+7.

The theorems on difference inequalities (cf. [5], Theorem 1) imply

h(n+1) < (L+1)" " h(r+1)+ Y (L4170,
r=1
We have from our assumptions

hr+1)< 64+n+ L y(r) < (L+1)-6+7.
Thus we obtain
hn) < (L+1)""" 8+ (L4214 n-[(L+1)""2+ ... +1]

(L+1)P 1 —1

— n—“. .
= (L+1) d+7 11 1

= @+ 0+ L (L1 (D+1)7 —1]

< (L4184 —%'[(L+1)""-1], because L+1 > 1.
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Hence we obtain

1 (1) < h(n) < (L+1)""-6+-%[(L+1)""—1].

It should be noted that this lemma is a discrete analogy of a certain
form of Gronwall’s lemma (cf. [1], p. 12 or [6], p. 54).
Let us consider a difference equation of the form

(20) s(n+1) = D(n)-s(n)+g(n), s(r) =S5,

where the operator D(n) = [dy(®)],,.» and the vector function g(n)
= [g;(n)],,, are given for # >t and s(n) = [8;(»)],,, i8 an unknown
function.

A solution of the homogeneous difference equation

(21) s(n+1) = D(n)-s(n), s(z) =3$,
is of the form
(22) $(n) =H D(n—1+7—i)s(z)

=[] pn—1—i)-| FlD(r—l—i)]_l-s(r).

If we write

(23) S(n) =ﬁ1D(n—1—’£),

then we may write (22) in the form
(24)  s(n) = 8n)-87'(v)-8(r) = 8(n, 7)-8(2),
where S(n, 1) = S(n)-8~(7).

We look for a solution of a non-homogeneous difference equation of
the form

(25) s(n) — S(n)-871(z)-w(n).
Then we obtain from (20) and (25)
S(n+1)-8z)-w(n-+1) = D(r)-S(n)-8'(v)-w(n)+g(n)

= S(n+1)-871 (1) w(n)+g(n).
Hence
Aw(n) = w(n+1)—w(n) = S()- S n+1)-gn).

Then (cf. [2], p. 19 —22)
(26) wn) = A7'8(7)-8 H(n+1)-g(n)

= Y 8(0)- 871G+ 1) 9 () +8(2).
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In view of (25) and (26) we obtain the following solution of difference
equation (20):

(27) s(n) = 8(n)- 87 (x) s(x) + D) 8(n) 87 +1)-9(j)-

Proof of Theorem‘l. We consider equation (15) and write
(28) w(n) = (V(n)-2(n),2(n)) = (V(n)-8(n, 1)-2(z), 8(n, 7)-2(7),
where 8(n, r) (cf. (24)) is a solution of equation (15). Thus we have

p(n+1) = (V(n+1)-2(n+1), 2(n+1)) < By (2(n), 2(m))
<L ()2, 20) =2yt

a
and, moreover,

p(1) = (V(1)-2(7), 2(7) < @z (2(2), 2(0)) = ay- ()"

From the theorems on difference inequalities (cf. [5]) we obtain

(29) wim) < (ﬁ

a;

) e ).

Thus we have

1
le(@)) = (2(n), z(%))<—(V(% z(n), z(n)) =—_—vn

<. (—’3—) (@)
a

as 1
If we write

Ay _ _18_]:_
N = E‘! Yy = a—l’
then
(30) lz(2)l| < N "7 ll(2)ll,
where z(n) = S(n)-S~(z)-2(7).
Because of
EEly l|n u“

we see that

(31) 18 (n)- 87 ()| < N-»" "
Then we obtain from (10) and (15)

(32) 2(n+1) = A (n)-z(n) +Flz(n), n),
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where
|F(z(n), n)|| < g-llz(n)]  for [z(n)]|< ¢ and g > 0.
(27) and (32) imply

2(n) = S(n)-87'(v): +28(n TG+ 1) F (), d)-
Thus we have
Il < V0"l + D) N g ()]

or
n—1

(33) O N+ —2 )

»

Because of a;, < a, we have N = l/az,,/a1 > 1. But we have 0 < 8, < a,
and f7 < af; therefore, we obtain N-y~* > 1 for » = Vf,/a,. Hence

34) l2(D)il < N -v7"lz(7)]].
Formulas (33) and (34) and our lemma imply

HZ(%)H < (‘N.q +1)nﬁtoN'p—THZ(7)”
14

,pn
or
(35) le(@)]| < N-(N-q+2)" 7" [z()]|-
If We assume
1—» l/a_l—l/ﬂ_]_

then we obtain ¢ > 0 and N-q+v << 1.
Then |z|] < o for each ze S,(#) and if x > 0, then we have

le(m)]| < N-(N-g+v)"""0 < p.
Hence we obtain
Ing—Ing—InN a
36 n>1t+ =T(u).
(36) T a7 ) ()
Then we shall have the inequality |z(n)|| < u for # > T (u). Thus condition

(5) is satisfied, and the solution z(n) of (2) is asymptotically x-observable
(cf. Definition (8)).

If the conditions of Theorem 1 are satisfied, then the function ((»)
realizing observability may be denitermed from the following theorem:
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THEOREM 2. A vector function {(n) which realizes an asymptotic u-obser-
vability of the solution x(n) of (2) i3 a solution of a difference equatwfn of
he form

(37) ((n+1) = A(n)-{(n)+¢(l(n))+p(n)+ By(n)-C(n)-({(n) —z(n))
with the initial condition ((7) = C By 18 here an operator which depends

on the operator V (cf. Theorem 1).

It follows from (30) that x, ¢ and ¢ are given scalar quantities. We
choose a,, a, and B, in such a way that the following inequality holds:

(38) T(p) < 4.

Then the constants a,, a;, and £, which realize inequality (38) will be
denoted by aj, a3, f;.

Then there holds a theorem which yields sufficient conditions for the
u-observability of solutions z(n) of (2) at the moment z,.

THEOREM 3. The u-observability of the solution x(n) of (2) at n = 1,
holds if we choose B(n) = By, (n) in such a way that there ewists an operator
V(n) = V,(n) which satisfies (16) and (17) for some constanis a, = a},
Ay = a;, pL = Bi.

If the conditions of Theorem. 3 are satisfied, then there holds a theorem
analogous to Theorem 2.

THEOREM 4. A vector function [(n) which realizes the u-observability
at the moment n = v, of the solution x(n) of (2) is a solution of a difference
equation of the form

(37') C(n+1) = A(n)-L(n)+@(l(n))+p(n)+ By (n)-C(n)- (L (n) —z(n))
with the initial condition C(z) = L.

COROLLARY 1. Assume that difference equation (2) is of the form
(39) 2(n+1) = A(n)2@)+o(@m)+pm) +pin), () =2,

where the unknown perturbation p,(n) is a vector function defined for n >
and bounded (i.e. |p,(n)| <k, = const). :
Then equation (32) assumes the form

(40) | #(n+1) = Ai(n)-2(n)+F (2(n), n) —p1(n).

The following estimation is valid for the solution z(n ) of (40):

ll ()l < & -»" "2 ()| + ZN " g [l (j) Il+k1]

= N-o""|e(v) n+—2

-1
n—J'
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We have

n—1

21!_" =y Ty T, fp

. 1=@p)*T v ( . 1 v e
=y - = T ——I< -y
1—(1/») y—1 y—1

,pn

=14 1 =11 1 A
= y—1) U1t ST
It follows that

Iz (% I

<N o) 4+ g 42 v

j=t

Hence we obtain in view of the lemma

(41) lz(m)| < N -(N-q+»)""[l2(<)l|

The last inequality implies that the problem of u-observability for
the solution z(n) of (39) can be solved for fixed perturbations.

COROLLARY 2. If the trace y(n) (cf. (3)) of the solution =(w) of (2) s
of the form y(n) = C(n) -z (n)+p.(n), where p,(n) 18 some bounded vector
unction, i.e. ||p.(n)|| <k, = const for n > 1, then equation (32) assumes
he form

42) z2(n+1) = Ay(n)-z(n)+ F(2(n), n) + Byp(n)-p,(n).
If we write py(n) = Byp(n)-py(n), then we obtain
[p1(®)]| = |Bp(n) - pa(n)ll < [By (0)]*[[p2(n)]| < b ke,

because By (n) is a bounded operator, i.e. |By(n)|<b for n> 1.
Thus we may apply Corollary 1.
CoROLLARY 3. We assume that (3) is of the form

(43) y(n) = C(n)-x(n)+ps(n),

where py(n) is a certain vector. function such that ||p;(n)| < k3 = const for
n = t. If we write py(n) = C(n) -p;(n) and make use of the fact that C(n)
18 bounded operator, then we obtain

Ip2()]l = C () pa(m)]| < € ()] [ (n)]| < €Ky = F.

Thus (43) assumes the form y(n) = C(n) -z (n) +p,(n) and Corollary 2
may be applied.



324 T. Rumak

References

[1] E. A. Bap6amuH, Beedenue ¢ meoputo ycmotivueocmu, Usn. ,,Hayka', Mockpa
1967.

[2] H. Freeman, Discrete-time systems, New York 1965.

[3] E. Poiiteubepr, O nabawdaemocmu weaureiinbiz cucmem, BecTH. Mock. YH.-Ta,
Mar.-Mex., Ne. 2 (1969), p. 22-29.

[4] — O p-nabarwdaemocmu peusenuti HEKOMOPHL HeAUNEIHWET Oudeperyuaibroz
ypasHenuil ¢ 2uavbepmogom npocmpancmee, ibidem, Ne 1 (1970), p. 48-54.

(5] T. Rumak, Some theorems about difference inequalities, Prace Mat. 16 (1972),
p. 217-221.

[6] R. A. Struble, Réwnania réiniczkowe nieliniowe, Warszawa 1965.

Regu par la Rédaction le 16. 4. 1971



