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A note on the coefficients of univalent functions

by J. T. PoorLeE (Tallahassee, Fla.)

Let f € 8, i.e., let f be regular and univalent in |2| < 1 and have the
series expansion

f@) =2+ D) ane;

n=2

for integral ¢, — co <t < oo, let

flef = £+ 2 "

n={+1

It is well known ([3]) that if f is extremal for the problem max|a,|, then
jeS
(1) (m+1)ap4 = 2a,8,+ (n—1)aAn—_, -
The following interesting generalization of (1) is easily obtained.
THEOREM. If fe S is extremal for the problem maxla‘)[ then
tes
(2) (n+1)azhs = 1(20,07 + a5~ ")+ (n—1) a5l .

Proof. For feS we make the variation w* = w-+fee?, £>0,
0 < 8 < 2n, of the image domain under f. Then for small ¢

® =10+ eohaiE -9 (E- 3|+ ow

belongs to 8 ([5]). We use (3) to obtain a variational formula for the {th
power of fe S. Let

h(e) = {2a2 f@)+1—2f'@) ;- z)} ,
then

(4)  f*2) = [f(2)+e€®k(2) + O (")
= f(2)'+ ee”tf (2) 'k (2) + O (")

=f(z)‘+se""{2tazf<z>‘+tf(z)’“ z(f(z)) }+0(e ).
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Instead of attacking the problem max |a?|, n = t+1, ..., we may assume
1S

a® is real ([5]) and thus consider the problem

(5) maxRe(a?), n=1t+1,...
feS

Thus suppose fe 8 is extremal for (5); by comparing coefficients in (4)
and taking real parts we see that

Re {0 — a?}
= Relec”(2taya 4 tap ™" — (n+1) aphs + (n—1)3;1) + 0(e")} < 0

for all values of 6 € [0, 2n]. This implies (2) and thus completes the proof

of the theorem.
For feS let G =f (J2] <1). Suppose D = {w| w =1/, { ¢« G} and
let E be the complement of D in the w-plane. Define the moments

s,,=f'w"d,u, n=1,2,..,

where p is the natural mass distribution on E. Let

F&) = 1) = o+ ), Gz

n=0

(f is regular, univalent and nonzero in |z| > 1, i.e., fe X) and let

pw) = w+ D bywr and  Pw) = w+ ) bpw"
n=2 n=0

be the inverses of f and ?respectively. It is known ([1], [4]) that

1. En=a£n_l)’ n=20,1,..,

2. b,,=%a‘:1"’, n=1,2,..,

3. sy=ai ", n=1,2,..,
'40 ’E‘” = _%ag—n), n = 1’ 2’ ese

Therefore, making the appropriate substitution in (2), we have the
following results.

I If f e 2 18 extremal for the problem max|a,|, then

nt1l
(n+1)ﬁn+1 - 2306;;— a:'al‘ﬂ_'_l‘(n—l)gn-l ) E-]_ = 1 .

y=—1
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I0. If p € 87 is extremal for the problem max|bs|, then

n-1

(+1)baoy = 2nbyba— D, 6,80y, b =1.

ym]l
IIL. If fe 8 is extremal for the problem max|s,|, then

ai™™ = n(28,85— 8ny1)— a1 .

IV. If g e 27" is extremal for the problem max lE.I, then

n+1
(n41)bpys = 2nbyba— 2'5-7;»-- y ba=1.
pm—1
In obtaining IT and IV we have used this fact ([2]) that if ¢ is the

o0

inverse of f and ¢(w) = Y bPu!, then b = %a‘.’,”, v # 0.

yui

«
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