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Abstract. It is known that if a subharmonic function «(r, ®) is dominated by
a function of the form »#f(©) with f satisfying a certain condition, then ur—* is bounded.
It will be shown that »# can not be replaced by a more rapidly growing function of 7.

Let 4 be a subharmonic function on R™ (m > 2) and f be a non-nega-
tive Borel measurable function defined on S: |z| = 1. We denote the
area of 8 by a, and the area of a Borel set Z on § by |E|. Set r = |z}
and @ = z/|z| for # % 0. H. Yoshida [2] answered question 3.6 of Hayman
[1] by proving that, if u(2) < r*f(@) with some x> 0 on R™—{0}, then
% (x) < const-r* for 2 with large |z|, provided f satisfies

%y
(1) f t_(m_2)l(m_l)10g+8f(t)dt< oo,
0

where s,(f) is the inverse function of the function ¢ = #(s) = |{x € §;
f(z) > s}|. In this note we shall show that we cannot replace #*
= exp(plogr) by exp((logr)®) for any « > 1 in Yoshida’s result.

THEOREM. (iven a > 1, there exist a positive Borel measurable function
f on 8 and a positive subharmonic function u on R™ such that (1) i8 satisfied,
u(z) < f(O)exp((logr)’) on |¢|>1 and u(x,, 0, ..., 0)/exp((logz,)’) — oo
as Ty — oo.

Proof. For z # 0 we denote the angle between the z,-axis and the
vector # by 6. As f(z) on § we take (x/(20)) if 6 < =/2 and take 1 if =/2
< 6 < . Naturally f> 1. It is easy to check that (1) is satisfied. Set
a = 14 ¢ and consider

u,(z) = (log |2)’exp((log |a|)'*+* — 6% (log |])°)
for « with |z| > 1. For simplicity write ¢ = g(z) for u,(z)(log|z|)~°. We have
10u, 1 0%u, cot 0 odu,

?u,
W= DTG e T T e
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By an elementary computation we see that

IE Auy > (14 &) (logr)* (1 +0(1))

if » is large. Hence there exists 7, > 1 such that Au; > 0 if » > r, 50 that u,
is subharmonic there. Next we define

uy(m) = (log [#])°exp ((log &) +° — —7;—2 (log le)‘)

on |z| > 1. We can easily observe that 4du, > 0 if |x| is large. We may assume
that it is so on [z| > r,. Set u; = max(%,, %,). It is subharmonic on |z|
> 7., and equal to u, if 6 < =x/2 and to 4, if =/2 < 6 =n.

Evidently uy(wy,0, ..., 0)/exp((logz,)°) - o as @, - co. Let us see
that

u, (#) < 67" exp ((log [2])°)
if |#| >1. We may assume 6 > 0. The inequality 1 —t¢~* > 0 valid for
any t yields
6% —(logr)*exp ( — 6 (logr)’) > 0

for any 6 and r>'1 so that u, () < 6~%exp((loglz])®) if # > 1. In particu-
lar,

Uy (@) = wy(r, 7/2) < (/2)""exp ((logr)?)
if |x] > 1, where u, is regarded as a function of r and 6. Therefore
u3(®) < f(@)exp((logr)?) if |z|>1.

Finally we modify %, so as to obtain % subharmonic on R™. Choose
M>1 so that u3< M on 1< |z|<2r,. We define %, by max(uz, M)
on [z} > 1 and by M on [z| <1. We see that %, is positive subharmonic
on R™ and #, < u,.on o] >1 so that u,(x,0,...,0)/exp((logz)?) = oo
as x, - oo. It is easy to check that w = u /M satisfies all the required
conditions. Our theorem is now proved. -

Remark. Let f(@) = (w/(20)/*P if 0< /2 and =1if n/2<0< =
for any p > 0. Then

am
f t'(m'z)’(m‘l)(s,(t))pdt< 03
0

(1) is therefore also satisfied. Consider

Uy (@) = (log |z|)"*" exp ((log|2])'** — 6% (log |z|)°)
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for ¢ > 0 and [z] > 1. By modifying this function as above we obtain
a positive subharmonic function % on R™ such that « (z) < f(@)exp ((logr)""’)
on [z|>1 and (2,0, ..., 0)/exp{(logz,)'**) - oo as 2, — oo.
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