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Imbedding of a space with an affine connection
in the affine space

by R. KRASNODEBSKI (Wroclaw)

1. Let us consider an n-dimensional hypersurface M™ in an affine
N-dimensional space A”. Let us attach to every point « of M™ an
n-dimensional plane S(u#) and an (N —n)-dimensional plane S*(%) in
such a manner that they have one common point. Galvani [1] has defined
an induced connection on the hypersurface M" by the projection of the
n-plane S(«+du) on the plane S(u) parallel to S*(u). The torsion of the
connection thus defined is, in general, different from zero.

Let us take an n-dimensional space L" with an affine connection.
The following problem arises: for which N 48 it possible to imbed locally
the space L in the space A" so that the induced connection on the smbedded
space will coincide with the comnection of L™?

Let the forms o, o} (!) define a connection of L” and the forms
9", 0% a connection on AY. The forms w and 0 satisfy the well-known
equations of structure

Do’ = [0 wi] + Rulo® 0], Doj = [wf 0}] + Bjule* o',
Do’ =[6%06%), D6 =[0F6%].

The problem of imbedding is reduced to the problem of the existence
of the solution of the Pfaff system 6" = o', 6; = ;, the closed system
of which is the following (see [2]):

1) 0 =, 6 =of, [6506]=Rue"a",

where 63 = 6° Riu = Ri;.
Galvani [1] has shown that system (1) is involutive for N = »?, while
Rybnikov [3] has proved this for N = (#*+3n—2)/2 (n odd) and

() The indices %,j,%,! run over the set of numbers 1, ..., #n, the indices j’, ¥’,
over the set 0,1, ..., n, the indices I, K, L over the set 1, ..., N and the index a runs
over the set n+ 1, ..., N. The set of values of other indices used are defined in the text.
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N = (n*+4n—4)/2 (n even); moreover (see [2]), he has proved that if
n =3, then N = 7. In this paper we reduce the dimension of A" to
N =}{n®+2n—3}[1—(—1)"]} but at the cost of some assumptions con-
cerning the curvature tensor and torsion tensor we use Kaehler’s method.

2. The characteristic forms of system (1) are the following: nwi-
forms, (N —n)(2n+1)65-forms and 6;-forms.

We have to find an integral hypersurface M" on which [w’...w"] # 0.
Thus on M" we have

(2) O =Buo', 6 =lgo',

where the coefficients Iy, [% are analytic functions of a point % e M".
We construect a set of integral elements: at first E,(e,), then

Ei(e, €5}y ..., and finally Ey(e, ..., €3). Any linear element is defined by
the equations

(3) ol=..=0"1=0, o#0, owtl=.=0"=0

and equations (2).

The parameters I, ¥, which define the element e, may be chosen
arbitrarily provided they are not all equal to zero.

Every linear element e, (v = 2, ..., n) is involutive to the elements
€1y .-y €,_1. Hence the coefficients If,, 1%; ...; lin, I, (for abbreviation
denoted in the sequel by 1, ..., 1;) satisfy the algebraic system

(F,) li'zl:,‘—liali',,=2Riq,. (A=1,..,u—-1)

following from (1), (2) and (3). The parameters I, in system (F,) we regard
as unknown values and the parameters [, ...,7,-; as known ones. For
a fixed index A the part of system (F,) is denoted by (F,,). Every sys-
tem (F;,) contains »—1 equations. System (Fj,) contains n, = n(n®*—1)
equations.

Let us arrange the unknown values I, and the tensors on the right-
hand side of (F,) as follows

1 2
ZMH any +**y l:ﬂn lgn’ ltlln; ceey l:m;
1 1 7
Rk‘lnr ey Rk’.u-—l.n; ey Ryl:’lm seey Rk’.n—l,u

and let us write

lin —lbe O, 0, /Ly
tl’c'z =L y Ol _I‘llk. one 01 = L":C. y L; = Li ’

- 0, O .-l | A
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where I, ..., lisn_; denotes the matrices with N —n columns and n -1
rows and O, is the one-row zero-matrix with N —»n elements, k*=1, ..., n—1.
Hence the matrix of (F,;) has the form

LO.OL
L..OL

@ et |
0o0.LL

where O is the zero-matrix with N —#n columns and #?—1 rows.

(F»n) has a solution different in general from zero if and only if the
number of unknown values, i.e. (N —=)(2n +1), is not less than n, and
the rank of the matrix of (F,) is equal to n,. Rybnikov [2] has shown
that [#%n+2)/(2n+1)]+1 is the least number for which the first con-
dition is satisfied. It is unknown whether for that dimension of A" the
second condition is satisfied. Both conditions are fulfiled for ¥ = {n?+
+2n— 31— (—1)"]/2. , ,

If we represent the number ["(% +1 a8 %l
—n+1<¢n)<n+1 and 2n+1 is the divisor of n®+¢(n), then it is
easy to prove that '

+n, where

n+2n—3[1—(—1)"] _ [n¥(n+2)
2 Z1 st | T
For the initial » we have:
n 213|456 |67|8

an+ 2)
[2n+1]+1 4|7 (11|16(23|30]38

m+2n— 31— (1)
2

4 | 7 |12 17{24 31|40

It is easy to see that for » = 2 or 3 there exist such values of the
parameters I, or }; and 1, that the rank of matrix (4) is equal to n, = 6
or to n, = 24 for N =4 or N = 7. The dimension of A” in these two
cases coincides with the dimension obtained by Rybnikov in [2] and [3]
and for » = 2 with that obtained by Galvani in [1].

8. We now construct a set of integral elements.
The element ¢,. We choose I;,,;, such that

(5) =,

where rl},,;, denotes the rank of the matrix I} .;.1; we take other I,’s equal
to zero. :
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The element e,. The parameters I, satisfy the system
(F,) ~Tnia Uit = 2B .

From (b) it follows that the determinant D, of (¥,) is different from
zero and

(6) Dy = —|lhya ™.
If
(Hz) I'Ria'lz =N

then rls’ = n. We choose the parameters I3 ' so that
(7) i =41

and other L’s are taken equal to zero.
The element ¢;. The parameters Iy satisfy system

) » )
(Fy) —lnrjalios’ = 2Ryns
a .
i +i g 1457 i
—Tnsr2les’ +lasresslis | = 2Rjes -

From (6) and (7) it follows that the determinant D, of (Fj) is different
from zero and

(8) D, = Dyt

Let us suppose -that in the solution of (Fy) the parameters Ii,,,s
are not all equal to zero, i.e.

(H,) Tl;m+1.3 =1,

where I}, .1 is a one-row matrix. Let us choose the parameters lin e3, ..., lins
in such a way that

(9) honirs =1
and let us take other l3’s equal to zero.
The element ¢,. The parameters 1, satisfy the system

+7 ;
—utja 12’47 = 2R}¢’14 ]
i n+i | g1 +147 i
(F. 4) — n+1.zlk’4 +ln+1+7",4 k'2 = 2Rpey ’

T, +14+7° i o+ ‘
— Ll Gl — Ui inlid’’ = 2Ry, -

From (8) and (9) it follows that the determinant Dj of (F,) is different
from zero and

Da = - zlLinM.tiln.'-1 .

Let us suppose that the solution of (F,) satisfies the conditions

(H,) rfilee® ... Gl =n—1,
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22 an

where ||l7s " ... Tyl denotes a matrix with # —1 columns and # +~1 rows;

let us choose the parameters I ', Iy~ so that

2 247’
g =41,

we take other l,’s equal to zero.
By this procedure and by assumptions (H,), (Hg), ... we can con-
struet a set of linear elements in such a way that for any element

e, (W =1,..,3n—-2+31—(—1)"1})

ey (v =1, ., 3{n—2+1—(-1)"1]})

or

the determinant D,,_, or D,, of the system (F,,) or (Fs..;) respectively
is different from zero and

(10) D:?.l'—l = _D2v—21lirl+i,2l'—1|n+l
or
(11) -D2v = D:lv—l‘ .!}:;2-:+il|" .

We suppose that the solution of (F.) or (F5,-,) satisfies the con-
ditions
(He,) g . WA =n—vL1,
where (I35, ... I#i)') denotes a matrix with #—»-+1 columns and » -1
TrOWS Or

(Hgy41) | PR SN lf’n+3r.zv+1ﬂ =7,

where (l,‘,l+v_;.1,2,+1 o bypioyo,ry) denotes a matrix with » rows and =
columns.
We choose the parameters

lvn+n»,~1’ - ll'nT'nTl'

& 20 kK ,2v
or
i i -
,'m—j—‘.’v-‘rl.‘..’v—;-l’ ) l'm+2n.,2.--;—1
30 that
(12) gty =n 41
or
‘ " i .
(13) llm+n+k,2v+1 =N

7 1
we take other I,’s or l,.,’s equal to zero except li/’:,fb'f{)

which we take equal to 1.
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T
or lgn(n+ 1),n—1



308 R. Krasnodebski

The element e,. The parameters I, for n even satisfy the system

(Fin)y ooy (Frzn)
(F") i ’ b 2 b4

Al . i ntj ) T 1
(B n—l,n) . —ln+f,1l-~11k'1b + vee T l'*?!z+]'.7l+llk""‘ = 2-Rk',11—1,ﬂ. - l*n(-n+1),n .

It follows from (11) and (13) for » = (» —2)/2 that the determinant
D, ., of (Fy) is different from zero and

(14) D'l—l = _'D’ll—l”;n’+i,n—lln+l (n even) .

The parameters [, for » odd satisfy the system

(F ) (Fnl)r cety (Fn—‘.’,n) 14

- " (F'n—l,'n,) c— l';m+j,n»4-1 l;:’-;] + ees li(n8_1)+j'_n lt.(':::::)-”’ = 2Rl;c',n—1,n + liﬂ;:,,"-i-” .
It follows from (10) and (12) for » = (# —1)/2 that the determinant
D,_, of (F,) is different from zero and

(15) Dyy = D, [BO D (0 0dd) .

2% -1

In (F5) for » even and for » odd the parameters liﬂ(,,‘+1),n (n even)

and "™ (n odd) are arbitrary values. Therefore, if necessery, we take
them so that (F.) is not a uniform system. Hence the solution of (Fy)
for n even and for % odd is not the zero solution.

4. Our construction may be performed as above if the dimension N
of A™ is not smaller than the greatest index }n®+# in (14) or the greatest
index }(n?*—1)-+n in (15) respectively.

The curvature and torsion tensors of a space with an affine connection
ave called affine curvature tensor and affine torsion tenmsor.

Hypotheses (Hy), ..., (H,-;) evidently like (H,), are quality restric-
tions imposed on curvature and torsion tensors. Therefore the above
construction is performable for almost every space (in the sense of measure
in the space of all affine curvature tensors and affine torsion tensors)
with an affine connection.

Hence we get the following

THEOREM. If an anlytic space L" with an affine connection is given,
then L" may be, in general, locally imbedded into the affine space AN of
dimension N = }{n*+2n—3[1—(—1)"]} in such a way that the connection
induced on the imbedded space im the sense of Galvani coincides with the
given eonnection.
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We suppose that this theorem is also true without the words “in
general” and we hope that the theorem thus obtained follows from the
above and that the proof may be obtained without using the methods
of the involutive Pfaff system.
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