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On the Chern character of glued bundles

by JAN A. REMpata (Warszawa)

Abstract. We give an expression for the differential form representing the Chern character
of a bundle obtained by glueing together two vector bundles (one of which is trivial) in terms of
the glueing isomorphism.

Let M be a C®-smooth paracompact manifold and let M,, M, be its
open subsets with

MIUM2=M, M10M2=M12.
Let P, and P, be smooth complex vector bundles over M, and M,
respectively (smoothly), isomorphic over M,,. It is well known that there

exists a vector bundle P over M with P| M; =~ P;,i =1, 2, and any two such
bundles are isomorphic.

Following (Fedosov(')) we shall assume that P, is defined by a smooth
family of projectors P;(x): C¥— C", xeM;. Then any mutually inverse
isomorphisms a: P,| M,, - P, M,, and b: P,| M, —» P;| M,, can be
realized by smooth families of linear maps a(x), b(x): C¥ — C", xe M,,,
satisfying the relations

a(x) P,(x) = P;(x)a(x) = a(x),
b(x) P2(x) = Py (x)b(x) = b(x),
b(x)a(x) = Py (x),
a(x)b(x) = P5(x).

Let f,, f, be smooth real-valued functions subject to the conditions

supp f; = My, fi+ff=1.
Then the bundle P may be defined by the projectors
P(x): C"xC¥ - C"xC¥, xeM,

fEPL(X)  fi(x) fa(x) b(x)]‘

Py = [L (0 o (0a(x) 200 Pr()

(") B. V. Fedosov, On the index of an elliptic system on a manifold (in Russian),
Funktsional. Anal. Prilozhen. 4 (4) (1970), 57-67.
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We wish to express the differential form ch P representing the Chern
character of P by forms derived directly from Py, P,, a, b (see footnote(!)).
This is interesting in connection with the Atiyah-Singer index formula
(Fedosov, footnote(')).

According to

i V1
hP=dimP E — | =T ",
c m ~}-"=1 (2)‘[) Kl rw,

where w, = PdPdP (for simplicity we omit the sign of exterior product) and
Tr w), denotes the trace of the k-th exterior power of w,. Thus all we need is
to calculate Trw},.

We do this under the assumption (not very restrictive, in fact) that P, is
a trivial bundle, ie., that x+—P,(x) is a constant function.

Setting

Q ___[d(flz)Pl d(flfz)b:I
. d(f, f>)a d(fzz)Pz ’

_ [ff dP, f, fodb
=17 rda 0 }

after straightforward calculations we obtain the following relations:

dP=Q1+Q2,
PQ1+Q1P=Q15
Q3 P =03 —POI!, k=0,1,..
Q%hP=PQ%k’ k=13 2’""

R,Q;R,Q, Ry =0 for all matrix-valued forms R, R;, Rj,

0 —b
PQI_QIP:(defl_flde)[a 0:|-

Using the above relations we get by induction
(1) Trwk =TrQ¥*P+kTr(PQ,—Q, PQ¥ ', k=1,2,...

Now, let A,, B,, C;, D, be matrix-valued forms such that

A, C
A Dt 1=0,1,...
(2) Q2 [Bl D[:l, ’ »



Chern character of glued bundles 141

Since Q4! =Q, Q) it is easy to get
Aivg = fEdP  Aj + f1 fidbda A,

(3) Ao = E (the unit matrix),
Ay = fidP,,

@ By = fi f2da Ay,

Cii, = f2dP,Cy + f2 f2dbdaC,,
(59 Co=0, Cy=/ frdb,
6) Dy, = fi fdaC,.
By induction, from (3) and (5') it easily follows that
%) Cvyyv=1if,A4db, 1=0,1,..,
and thus
6) Dyoy = f2f2daA,_,db, [1=1,2,...

Define matrix-valued forms on M,, by
vo = bda, v, =dba.
Then we have dP,| M,, = vy+v,, dbda = v, vy. By (2) and (4)+6)
TrQ*P = f2TrP Ay~ f2Tr Ay + 212 f2Trvg Ay s,
Tr(PQ,—Q, P)Q3* ™' = fidfy Tr(v; —vo) Az -2

and so (1) may be rewritten as

(7 Trwk= JETEP Ay — f2Tr Ay + 22 f2Trvg Ay +
+kfydfy Trvy Ay s —kf1 df; Trvg Ay .

Now we pass to the calculation of A,.

Let F, be the set of all /-tuples consisting of 0 or 1. For (ij, {;_4, ..., i;)
= ] €F, denote by n(I) the number of all indices p, 2 < p <k, such that
i,=1and i,_, =0.

The function n(-) has the following properties:*

n@=0 nO=n)=1,
n(0, I) = n(I),
n(l, 1, 1) =n(1, I),
n(1,0,I)=n(0, )+1 =n(I)+1.

(8)

3 — Annales Polonici Mathematici XLVIIL2
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For I =(i;, -y, ..., i})e F; we set

v=uu_, v, Vm= ) o

FeFyn(l)=m)
Obviously,
9 dPy| My3)' =(vo+v,)' = ), Vilm).
m20
LEmMMma 1.
(10) A = fPAPY+ Y (P72 =S Vi(m).

m21

Proof. Let A; denote the right-hand side of the above formula. We shall
show that A; satisfies (3).
Obviously, this is so for /=0 and /= 1. Put

Fr={IeF: nl)y=m), FPF={IecF;: n(l)>0}
and observe that in view of (8)
Fr,=130,D: IeF¥,} ui(1,0,J): JeF}uli(l, 1,J): (1, J)eF},,).
We may write
A; - lzt(dpl)l_*_ Z (flﬂ—zn(n_flzt)v!’

L]
lel",

and so, by (9),

A=~ Y 320

IeF;
Hence we have

SEAP, Ajy + 12 fF 00 Al

=f’2!+4(dpl)l+2+ z (f12l+4—2n(l)__f121+4)(v0+vl)vl+

’EFI-+1
+ Z -"‘12!+2--2"(J)1‘,1 vov.l_ Z f12‘+4_2"“)l’1 UoUJ
JeF; JeFy
=f121+4(dpl)1+2+ Z (f12l+4—2n(0.l)__f121+4)v(0,l)+
IeFi,

+ Z (fR1+4-2m0D _ p2044) (110 4
(LD)eF},

21+4-2n(0,0) ,,(1,0,J +4,(1,0,
+Zf1 n(0.J) 4( )_Zflﬂ Do OJl+
JeF; . JeF
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20+ 2= 2(n(1,0,J) - 1) (1,0, 2+4~2nJ) (1,0,0)
+ Z fi ( ot - Z fi v

JEF, JeF,
— f121+4(dpl)l+2+ Z (f121+4-2n(0.l)_f121+4)v(0.l)+
(0,DeFy, ,

+ Z (f‘:l21+4—2n(1.l..l)_f121+4)v(l,l.l)+
(l.l,J)GF;+2

+ Z (f121+4—2n(l.0,])_f21+4)v(1,0.1)
(l.O.J)eFl'+2

=f12l+4(dpl)l+2+ Z (f121+4—n(!)__f121+4) vl = A;+2.
’EF;+2
This implies the assertion of the lemma.

COROLLARY.

(10) Al Myy =} fE7"Vi(m).

m=0

Now consider formula (7) for Trwj.
Since the supports of the forms df,, f* 2"—f* (k>m>1), f, f, are
contained in M,,, we may use (10). We obtain

(11)  Trwh = f3*2Tr P, (dPy)* +

+ ) (T ) Trba Vi (m)—

m21

-y J2 57TV (m)+ 2 Z T2 Trog Vo  (m +
mz0 m20

+kfidfy Y 4TI (Troy Vag o (m)—Trog Vyy - 5 (m)).

m20
Let us define some new forms.
For positive integers m, I, ry, ..., r, such that r, + ... +r, =[1/2] we
put

Sl(rl, vees r,,) = Trv, v,z,"_’ vy 03'2‘1 .Uy vg'm—l‘ivl U(Z)rm‘e(l),
where
e(l) = 1 for I even,
0 for I odd,
Tilm) = ) FmS(rys s )y Ti(m) = ) S(rys.ees Fm)

rytotr,=12) ry o tra=[2)
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Also, it is convenient to put

T,(0) = Trug,

T(0=0
Tim)=T,(m)=0 for m>[I/2] or m <O,
k
Z, = 1$,,,$,‘2k—mT2k_1(m—1)'

The summands in formula (11) may be expressed by T,. In the sequel
we shall prove the following result.

LEMMA 2.
TrVu(m) =dT, -y (m—1)—dT,,_,(m),

k-m+1
Trba Vzn(m) = —ék—_m—Hde,‘_l(m—Z)-i—
k—m
+22k dTy - (m—1)—dTy - (m),
k—m
Trvg Va1 (m) = —_dTZk 1(m—1)—dT,_, (m),

Trog Var-2(m) = Ty (m) = —Trv, Voy_,(m).

Substituting the formulas of Lemma 2 to (11), we ﬁnd after simple
reductions

TI'W _f4k+2Trwpl+ Z (f4k+2 f4k Zm) k d’TZh l(m—l)—

1<m<k

=2kfidf, Y ST (m—1)

1<Sm<k

_f4k+2Trwpl+ Z (f4k+2 f4k ZM) dTZk—l(m_l)'*'

1€Sms<k

+ Z d(f4k+2 f4k ZM)

l1€sm<k

__dfl4k+ 2 Z k

l$m$h2k—

o Dak-g (m—=1)=

T-1(m—1)

( I

1<m<k

TZk—l (m— 1))
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Since supp(fi**2—fi*~2™) is contained in M,,, the form

k
h= ¥ U — T (m-))

1Sm<k

is well defined on all of M and has support in M,,.
On the other hand, we have

Tr(w},| Myz) =Trba(ve+v,)* = Y TrbaVy(m)

osms<k

dTy - (m—1) = —dZ,.

-- Y k

1$msk 2k—m

Now, let g be any smooth function such that gf; = f;. Then
supp(fi**2—g) = suppg(fi***?—1) is contained in M,, and thus

Z d(fP* 2 —g)+Trws, (2 —g) = ~d(f* " ~9) Z, ~(f**? -g)dZ,
= —dY,,
where Y = (fi**?-g)Z,.
Finally,

Trwh = Z,dg+gTrw, +d(Y,—Y)).

Consequently, Trw!, is homologous to Z,dg+gTr w';,l, and the Chern char-
acter of P can be represented by the form

© (i1
chP=gchP,+Zdg, where Z =k§1 (%) k—!Z..

This is just the formula we wish to get.
If the bundle P, is trivial (see footnote(')), then w,, =0 and thus ch P
= Zdg. Moreover, in this case v; = —v, and so we can obtain a more

explicit formula for Z,:

Zum T g T (- To

1<msk 2k—m Pyt ot rm—y=k=1

= Yy (-np! (k_l)—k—Trvé""

1<m<k m—l 2k_m

k!'(k—1)!
(2k—1)!
This formula has been obtained by Fedosov (see footnote(}), p. 65).

To complete our calculation we have to prove Lemma 2. For this we

need some auxiliary results.
First, we show that the forms V;(m) are closed.

=(=1)! Tr (bda)?*~ 1.
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Let us introduce the following forms on M,,:
u; =d(ba), u,=v,0,,

Y gl eotlg for 21, [(+1)2)<p <,

ap+...+a1=k
Up= 1o for | <0 or p<[(I+1)/2] or p>1,
E for I=p=0,

U,y =U,(-0).
For U,(f) we have the inductive formula
Ui)=u, Ui, () +u U;-2(t—1),
(12) U()=0 for I/ <0 and all ¢,
Ug(0)=E, Uy(t)=0 for all t#0.

Hence for 1> 1 ;
U,(t) = d(UE (1)),
where
(13) U ) =baU;_ ()+voU,_,(t—1).
From (12) and (3) it follows by induction that
Al My, = E SEH U,

0<1<[l/2)

Comparing the two formulas for 4, we obtain a relation between U,
and V.

LEMMA 3. The following equalities are valid on M,,:

(14) un= Y (’")V,(m),
tsm<y2) \!
(15) vim= Y (—1)"'+'(I>Un(t)-
m<it<[2) m
Proof.
fozl_zmvt(m)=Al| M, = z A=A U
m>0 0s<t<[Y2)

= Yy S (—U'"'(;)Ul(f)-

osm<(ly2] m<t<[2)
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In a small neighbourhood of any given point xe M,, the function f; may be

chosen arbitrarily. Thus in the above equality the coefficients at the same

powers of f; must be equal. This proves the first assertion of lemma.
The second assertion follows directly from the first.

CoroLrAry. dV;(m) =
Proof.
dVim = ¥ (—1)'"“(;)dv.(t) =0

m<t<(Y2)

Remark. From (15) and (13) it follows easily that V,(m) =dV*,(m),
where

Vit 1(m) = baVi_  (m)—vo Vi— 3 (m)+ v Vi 2 (m—1).
LemMMa 4.
Tr Vi(m) = (2T;(m) — T;(m) = 2T;(m+ 1)+ Ti(m+ 1)) e(}),
TrbaV;(m) = (— Ti(m—1)+ T;(m— 1)+ 2T, (m) -
=2Ti(m)=2T;(m+ 1)+ Ti(m+ 1) e(1),
Tr v izt (m) = Ti(m)—(Ti(m)+ 2Ty(m+ 1) — Ti(m+ D) e()
= ~=Trov, V_1(m), |

Trov, vo V- 2(m) = 2Ty (m+ 1)~ Tan(m+1)e()).

All these formulas hold for m > 0.

Proof. Write V (p

)= v v§ for p,q > 0. Then
q

)V Jr )y
=g (1)) v ()
) )
WWW=ZVC)MVC3.

1

Vi (m) =

Here in each sum all p;, g; are positive (integers) and their sum is equal to .



148 J. A. Rempala
Writing ti=1, ..., k)

VO (m) = Tr V@ (m), Vi (m) = TrbaV®(m), V¥ (m) = Troo K2, (m),
VEd(m) = Tro, V2 (m), Vi (m) = Troy v V2, (m),
a
we see that ). V@(m) for j=0,1,...,4 is equal to Tr¥(m), TrbaV(m),
Tro, V,_,(m),l='I}r v, Vi_,(m) and Truv, vy V,_, (m) respectively.
To compute V?(m) we use the following easy facts:

(a) bavy = vy, vy ba =v,, voba = —bav,.

(b) V(p)=(—1)P—IV( ! )for p,q= 1
q p+q-1
() Tr AB = (—1)******Tr B4 for all matrix-valued forms A, B.

It is now easy to see that each V”(m) can be written as a sum of the

VD (m) = y ¢(Pms i) TT V(”’)... 4 (”*)

Pt +omtart . tag=1 9 UL

form

with m equal to one of the numbers: m—1, m, m+1.
On account of (b) and the equality ) (—1)P"! =e(s) we have

1€pss—1

VD (m) = y (= )P TPATR (b, ga) X

P1 +...+p’ﬁ+q1+...+q'ﬁ=l
1 t
xTr V( )V(
pr+q;,—1 Pat+gqs—1

= Y e(sl)...e(s,,,—_l)c(s,,,—)TrV( 1_1>V( | )

syt.o.tsE=1 Sm-1

Z Cij(ra) Si(rys ooy Fi).

ryto.tr,=[2)

‘Here c(ps, 97), c(s7), cij(ryz) are some numbers.
For instance, for i=1, j=0, m>1 we have

() (rls)
()

ViOm= Y Tr V(O)

YpitYyq=1 9o

p () ()
p+Ypi+ta+Ya;=1 9 qm
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= Z . (_1)41+‘1+P”1(_1)P1+"'+Pm'% X

ptYpita+tyg=I
1
xTrV( )V( :
pit+q:—~1 ptq-1

= Y  (=ptTmeriophtt (cptmix

sptotspe =l
1
xTrV( )V( : )
s—1 Smer—1

Ptq=smy
= ¥ ‘(—1)“”’"'““‘e(sl)...e(smﬁfV( 11)“'1/( 1 1)

s1+...+sm+1=l
Pta=sm+g

X y e 1
= ) (=1t omer” "’Trv( )V( :
Pt ot e 1 =11/2] 2, ~1 2rner—e(l)

Ppta=2rp 41 +1-e(d)

I+1+1
(—l)q Sl(rls--', rm+l)
f1+...+"m+1=[”2]
159€2rp 41 —eh

(1=2rp.)e)Si(ry, ..., Tm+1)-

rit.trp=102)

Thus
Cro(rm) = C1o(rm+ 1) =(1—2rp 4 ) e(l)
and
VA9 (m) = e(l) Z Si(rys oo rme1)—
et e =42)
—2e(l) Z Fm+1S1(Fy - - Tmsq)

ry +...+PM+ 1=[‘I2]

= (Tim+1)—=2T(m+ D) e ().

In a similar way we obtain (for m > 1)
c11 = o =(1-2rn+y)e(l),
VitD(m) = V1O (m) = (Ti(m+1) = 2T (m+ 1)e(l),
o= T (DO S g (1= 2n, e()),

p+q=2rp 4 —el))

V02 (m) = Ti(m+ ) +(Tim+ 1) 2T;(m+ D)e(),
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cs= L (=)= 14 Q@ = Dedl),

preq=2rp i q—eld

Vi (m) = — Tim+ 1)+ (2T (m+ 1) = Ti(m+ 1)) e(l),

Ca0 = Cz3 = Z (_1)«(t+1)+p—1 =r,,,—e(l),
pte+i=2rp,+1—e(d

V29 (m) = T(m)— Ti(m)e(l) = V;®V (m),

— +1)d+1)+p—-
C2y = Z (_1)@ 1| )+p l=’m—1,
ptgts=2ry,—e(l)

V22 (m) = Ti(m)— Ti(m),
C23 = Y  (=nerbiEb =g
9=2rpm 41—
Ve (m) = Ti(m+1),
Cyo = C3; = Z (_ l)(p+q)(l+ 1)+p+s—1
prats=2rp,+1—e(h
= —r,,,+(2r,,,—1)e(l),
VPO (m) = VPV (m) = — Ty(m)+(2T;(m)— Ti(m))e(!),
€32 = Y (=P = —1,
p= 2'm+|—¢(0
Ve (m) = —Ti(m+1),

- +g+ )+ 1)+ p+s
Cy3 = Z (_1)(;: q+ 1) )+p ’—l—r,,,,
pra+s=2ry,—e(d)

V33 (m) = T;(m)— T,(m),
Cep = Y (=1t =e(l),
prq=2rpm+1-e(d)
V4O (m) = e(l) Ti(m),
Cat = ) (=perauEnrersst o (1 _p_)e(l),
prgts+it=2r, 1 +1-el)
V4D (m) = (Ty(m— 1)~ T,(m—1))e(l),
caz= Y (=DFr=1-e(D),
ptq=2rp—eld)
V42 (m) = T,(m)—e(l) Ti(m),

o= L (SNt _ o)y,
p+qg=2rp—ell)

V4 (m) = e(l) Ti(m)— T (m).
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Summing up the suitable terms we get the first, second and third
formulas of Lemma 4 for m > 1. For m =0 the calculation needs slight
modifications but is very simple. Also, the calculation of Trv, vy ¥,_, can be
done in a very similar way, but now new forms appear:

T/ (m) = Z Si(rys coostmoys 1).

Fite o1 =21~ 1

We get
V9 (m) = e(l) 2Ti(m+1)=3T;(m+ 1)+ T, (m+1)),
V29 (m) = Ti(m+1)— T, (m+1),
Ve9m = (Tim+1)— T, (m+ 1) (2e(1) - 1),
V9 (m) = e(l) T (m+1),
and thus

Tro, vo Vo2 (m) = VA9 (m)+ ... + V* ) (m) = e() (2T, (m+ 1) — T, (m + 1))
as asserted.

LemMa 5. For al m>0, k>0
-~ m
Tou(m) = 7 T (m).

Proof. It is easy to see that for any fixed j, 1 <j<m,
Tox(m) = Z TmSox(Fys ooy T

rit...trp=k

= Z erZk(rl,..., r,,,).

rpt..trm=k

Thus
kTZk(m) = Z kSak(rys ...\ )
rit..trp,=k
= Z (ri+ ... +rQ)Sary, ...y 1)
r1+...+rm=k
=m Z rmSZE(rls“-’ rm)=mT2k(m)
rl+...+rm=k
as asserted.
LemMma 6.

ATy (m) =0,

L 2k-m—1
dTy -1 (m) = 2T (m+1)— T (m+1) = "k—th("H' 1).
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. . . . 1
Proof. Since dv, = —v, vy = —dv,, a simple computation gives dV(l)
=0 and for r > 1

1 - s + 1 I
dv(b‘_l) s+t=22r—l(—l) IV(S)V([)

2GR

Using this, it is easy to get dT,,(m) = 0 and thus by Lemma 5, dT;,(m) = 0.
The second assertion Yollows from Lemmas 4 and 3. We have T, _,(m)
= Tr vo Vz*_ 2 (m) and hence

dTy- 1 (m) = Trdvg Va2 (m)—Trov, de&—‘z (m) = Tro, vy Vau- 2(m)
2k—m—1
k
Now we can give the proof of Lemma 2. By Lemmas 4, 5 and 6 we have

Tr Var (m) = 2Ty (m) — T () — 2 Top (m+ 1) — T (m+ 1)
=dTy-1(m—1)—dTy_, (m),

= 2Ty (m+1)— Ty (m+1) = Tu(m+1).

k—m+1
TrbaV,,(m) = ___rl:!_ Tu(m—1) +
k— 2k—m—1
+25 2 Ty () == Ty (me+ 1)
. k—m+1 _
SRS Lt
k—m
+22k_de2k—l(m_I)-dTZk—l(m)a
k—m _ - 2k—m-—1
TrogVyo (m) = K T2k(m)-——‘?~_’r2k(m+l)
k—

m.
= deZk—l(m_l)_dnk—l(m)a

Trog Vox—2(m) = =Tro, Vyy_,(m) = Ty 1 (m).

The proof is complete.

Requ par la Reédaction le 1982.07.21



