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On some linear operators defined by double integrals

by PAULINA PycH (Poznan)

1. Prellminaries. Let M be the class of all functions f(z, y)
2w -periodic, measurable and bounded in the square [—=,n; —=, x].

We shall need the following differences and moduli of smoothness
of f(z,y) e M:

dnif(x,y) = flw+h,y+ k) —f(z,y),
Ahf(@,y) =fl@+h,y+k)—fla—h,y+k) —fl@+h, y—k)+
+f@—h,y—k),
Axf (@, y) = fle+h, y+k)+fla—h, y+ k) +f(@+h, y—k)+
+flx—h,y—k)—4f(z,v),
w(8,?) = w(8,t; )= sup { sup [dnxf(z, )|},

|hi<s.lkl<t |zllyI<n

w,(8,1) = wy(s,t; f) = sup { sup [AL%f(z, 9},

|hi<s, | k|<t ||, Jy[<r

wy(8,8) = wy(8,t; f) = sup { sup |Af%f(z,y)} -

[, kIt o] lyl<m

Notice that for arbitrary non-negative numbers a, b, 8, t,

(1) w(as, bt) < (1+a+d)w(s,t),
(2) w(as, bt) < (1+a)(1+d)w,(s,t),
(3) wy(as, bt) < {(1+a)*+ (1+b)*}wy(8, 1) .

Inequality (1) is known. To prove (2) we observe that, for non-
negative integers m, n, the identity

m—1 n—1
AR mif (@, 9) = D) D) Mf@—mh+ hot2h, y —nk + b+ 24k)
i=0

j=0
implies
wy(ms, nt) < mnw,(8,1),
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whence the desired inequality follows. By

Ahak [ (@, ¥) = §Amhof(®, y—nk)+ F Asho f(@y Yy +nk)+ ASnr f(, )
m—1m-—1

=1 D Afl@—mht htih+jh, y—nk)+

1=0 7=0

m
D A f(@—mh+ b+ ih+ jhy y+ k) +

we obtain
wy(ms, nt) < MPwy(8, 0) -+ nlwy(0, 1) < (M2 n?) wy(8, 1) .

Thus estimate (3) is now evident.

Denote by II{a, ) and Z(a, f) the classes of all functions f(z, y) e M
such that

w (8,8 f) < (28)%(2t) (0 <a,f<1),
w8, 8 f) <4(8°+¥) (0<a,B<2),

for each s,t > 0, respectively.
It can easily be verified that if

suplg (+h) —¢(@)| < B, sup p(y+k) —p(y)| < ¥

for h,k > 0, then
p(x)y(y) € [I(a, f);

moreover, the inequalities
sup jp(z + h) — 2p(x) + @z — h)| < 2h°,
sup Wy + k) —2v(y) +ply — k)| <287,

for h, k > 0, imply
g(@)+y(y) € Z(a, p) .

In this paper we present some results concerning the order of con-
vergence of certain linear operators defined in M and give the estimates
for their partial derivatives. The symbols C,, C,, ... signify positive
constants.

2. Convergence problems. Let £ be a subset of the Euclidean
plane, having an accumulation-point (&, 7,). Suppose that functions
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K,(8; &), K,(t; ) are even, 2n-periodic and continuous with respect to
the variables s,?, and that they satisfy the conditions

[ Eys; oyas=1= [ Ky; m)dt,

for every fixed (&4, 7)€ E.

Write
(4) D(s,t; &, 1) = K(s; §) Ky(t; »),
and let us consider the operators
(5) flz,y; &, 1) = f ff(svt)dj(s—mat—y; &, n)dsdt

linear in M.
Then the following theorem holds:

2.1, Let

k1

[1Es; &)lds < €,y [ & |Ky(s; &)]ds < CA(8),
) 0

T

f |Ky(t; m)|dt < Cy, f 2|K,(t; n)ldt < Couln)

for (£, n) € E. Then, given any f(x,y) ¢ M with the modulus of smoothness
wy(8, 1),

sup |f(@,y; & n)—f(@, ¥)| < Cs,(¥ (&), Vu(n) in E,

|zl vI<n

where Oy = Gy Cs+VCF+ Gy Ci+VCof -
Proof. Start with the identity

®)  f@,y; & —flo,9) = [[ (481 (@, yi@(s, t; £, nydsdt.
00
Applying (3) and our assumptions, we get

'f(wr Y5 6!’7)_f(w1y)|
<[] eds, 10,15 ¢ miaea

2
< o) 3,1 7 n))fj 1( i)+ (A=) Yo 6

< wy(F A(E), V (1)) X

X{O’-‘l( Figg) e Olds ‘( w(nMK‘(t"’)'dt}

0 0
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By Schwarz’ inequality,

flel(s; £)|ds < V' C,C,A(8), fthz(ti )| dt <V CyCopln) .
0 0
Consequently,

|f(x,¥; &, n—flz, y)|
< wz(l/ﬂ_&)y V.‘Tmnca(c1+ 2V C,C,+ Cz)+ 01‘034'2?/0_3(744‘ Cc)l )
whence the assertion follows.

Suppose that K,(s; &), K,(t; n) are positive for 0 < s,t < =x, (£, ) € E,
and write

Ua(E) = f (Zsin%)aK,(s; £)ds, vyn) = f (2sin%)ﬂKz(t; n)dt

Uap(é,n) = sup { sup |f(z,y; &, 9)—f(z,9)} (0<a,B<2)
1€¢Z(@a,p) |zl lvi<n

Under these assumptions we have the following theorem:
2.2. If

(1) llm{uza(E)/“a(f)} =0= llm {ves(m)/vs(n)}

then
Uas(&, 1) = 2 {ua(&)+ va(n)} (1 + 0(1))

as (&, n)—(&oy M0)-
Proof. By (6),

sup 1f(@, y; & n)—f(@, 9) < 4 [[ (*+)D(s, t; £, n)dsdt
00

Izl'lvl <

for any fe Z(a, ). Therefore
(7)  Uapléyn) < [f W (35 £)ds+ f PR 1; q)dt}
- {f(zsm K5 e>da+2][( [ —sia S| K05 18] +

+2{ of (2sin%;1{2(t; n)dt+2° J[(t — sin® ] Kt n)dt}

= 2 {ua(&)+2°I,} + 2 {vp(n) + 2°L,} .
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The function

I
g(a,y) = ZSiD% (0<a,p<2)

2

2sinfla+

is of class Z(«, 8), and

g(0,0; &, 7)—g(0,0) =4 f{(2°sin°§+2ﬂsinp%)¢(s,t; &, n)dsdt
5 o

= 2 {ua(&)+vp(n)};
whence

(8) Uap(&y m) = 2 {ua(E)+va(n)} .
Inequalities (7) and (8) lead to

Uasl€,y 1) = 2 {a(€)+2704(8) I} + 2 {wa(n) + 2°65(n) I} ,

where
0<6(6)<1, 0<(n<1.

Observing that

. 4\ a/2 1 T\ 2a . 2a
" —sint < (=) < -—= (=) sin™t 0<t< /2
(J W%J ( )

and taking into account (i), we get

I, = o{uqs(é)}, I, = 0{"’;?(77)} .

Thus, the proof is completed.

Suppose now that the functions K,(s; &), K,(t; ) are odd, 2= - periodic
and continuous in s, ¢, for every fixed (£, n) ¢ E. We shall confine ourselves
to f(x,y) e II(a, B); let us define the linear operators and the conjugate
function by the formulae

k14 k1

) 1 T T _
Hz,y; & n) = in? j Jf(syt)qj(s—w’t_y; £, n)dsdt

-n -7

1 [ _
= mjf (A% (@, ) D(s, t; &, p)dsdt
00

and
7 1 ([ s .t
f(x,y) = it ofo' {Aff}f(m, y)}cotgcotédsdt,
with
D(s,t; £, ) = Ky(s; &) Ky(t; m) .

Annales Polonici Mathematici XX 16
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Write

8 t =
—00t§_¢(37t; &n),

Vs, t; £, ) = cot2

Quls; &) = cob §—Kols; &), Qult; 1) = ooty —Kylt; 7) .
It can easily be observed that
(9) V(3,5 & ) = Qu(s; E)Qu(t; 1)+ Ku(s; £)Quft; n)+Kut; n)Quls; &)
= 00t 5 Qult; 1)+ cot 5 @u(s; &) ~ Quls; E)Qult; ) -

The theorem to follow will deal with the asymptotic behaviour of
the quantity

aﬂ('f; n) = sup { sup |f(w1yy )n)—'f(myy)l} (0<a)ﬂ<1)

fem@p) |z).lul<m
as (&, n)—>(&,, 7). Let us write

n/2 T

v = [ Qus; Hds,  oP(&) = [ (m—9)Qus; £)ds,

0 /2

n/2

v = [ PQut; mdt,  ofm) = [ (m—1/Qut; mat .

nf2
2.3. If
(a) Vs, t;E,7) =20 for 0<s,t<m, (§,9) e E,
(b) lim y5'(£) = 0 = lim y§'(%) ,
&5 n—*no
() lim {e2E)Y(E)) = 0 = lim o (n)/y§ (n)}
"o
then
1':/2 11:/2
Voslt, m) = 527" J a0+ l o) (14+o(1)
as (E) 77)"’(50’ ’70) on E.
Proof. Clearly,

Aﬁ'}f(-'b', y)¥Y(s,t; & n)dsdl-+

Ha@, 9)~ (0, 95 & ) = jf (A f (2, 9) ¥ (s, t; &, m)dsdt

L(
42
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m N

+f] A,‘Jla,n-cf(a:—}—n,y-{-n)'p(s,t;E,n)dadt)_

/2 nf2

gz [] Ais@ g +m)® 6, b &, masat+

nl.‘: []
n./z ™
[ [ A2 0@t 9) s, 85 £, m)dsdt)
0 mfd
and, consequently,

ﬂ[2 w2

a+p
(10)  Vaplé, n) < 2 j J SV, b £, n)dsdi+

+ [ [ —erm— 0P s, 15 &, masar) +
n'/2n'12
n /2

(ff (m )W (s, t; &, n)dsdt+

n/20

2a+ﬂ

/2w

+J[ (m—8)'C*¥ (s, t; &, n)dsdt) .

0 n/2

Let ¢g(x,y) be 2rn-periodic, odd in each variable separately, and
such that

Zn+ﬂ 2 a f

"y for O0<e<nf2, 0<K<y<n2,
1osy) = 202 — y )P for 0<z<w2,n2<y<r,
20 —a)yf for w®2<zr<w, 0 <y < w2,
2 m o) —yf for m2<a<n, w2<y<w.

This function is continuous everywhere, g(x, y) € /1(«, B), and

(11) (0, 0)—g(0,0; &, %)

m"ﬂ,l L
=$ gor+h- 2(] f P (s,1; 1) dsdH—J (r—8)(r — P ¥ (s, E,n)dsdt)
/2 )2
En{2 RI'ZTE
+£—22"+'a-2(JJ 8°(n—t)p5l’(s,t;£,n)dsdt+Jj (- s)“t’fl’(s,t;f,n)dsdt).
/20 orj2

10+
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By (10), (11) and (9),

Vas(éy,n) = g(0,0)—g(0,0; &, )
/2 ﬁ n/2

2a+ﬁ ' (1) (1) ) (2)
=25l b O+ o) +2 j & as(P o+ e m) -
0

— (&) + 6(8) (v () + ’(n))}

Applying (b), (¢), we complete the proof.

Remark. The first identity of (9) shows that condition (a) is
fulfilled if K,(s; £), K,(t; ), Qi«s; 7) and Q,(I; #) are non-negative for
0, t<m, (§,n) ¢ E.

3. Estimates for the derivatives. Retain the symbol F used
in §2. Suppose that K,(s; &), K,(t; n) are even, 2x-periodic and continuous
in 8,1, for every fixed (£, n) ¢ E. Denote by w(s,t), w,(s,1), w,(s,t) the
moduli of smoothness of f(z,y)e M. Consider again operators (5), with @
defined by (4).

3.1. Let 0K\ (8; £)/es be continuous with respect to s and let
SR < 5

j s B ey <0y, [ i miae <
0
for (&,7n) € E. Then

oK, (s; E)'

of (z, y; f,ﬂ)’ w(al(f) 0)

iow 3.()

izl lvl<n

where Cy= 4(C¢+ C,) Cs.
Proof. Clearly,

n K,

3f(w,g;6,n) _f_J f@+s,y+0° ( KNS5 0) gyt mydsat

= —{f {fleds,y+t)—fle—s,y+t)+flz+s,y—1)—

3K1(s,

—flo—s,y -t K O g yasar .

Applying (1), we get
'f(w+syy+t)_f(w—3v?/+t)+f($+3’y—t)—f($_37 y"t)l
< [dosoflz—8,y+ 1)+ |[dosof(z—8,y—1)| < 2 SUP |dag0f (z, ¥)l

II |1/ \‘IT

< 20(2s, 0) < (s, 0) < ( %&)w(él(f),()).
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Therefore, the derivative of(z, y; &, n)/or does not exceed

8 ) }E)Kl(s

4w (8,(8), o)J (1+a(.s)

\as j Kt; )l

in absolute value.
The conclusion is now evident.

8.2. Suppose that OK,(s; £)jos, 2K,(t; n)/ot are continuous in 8,1
and that the first two inequalities of 3.1 together with

oK,(t; 6K t; 1)
J | ‘ 2("7) ’ ft ldt < Cll ]

hold for every (£,7n) € E. Then

sup
=],y <

*f(x,y; &, n)i P (01(6 52('7)) 0 E

axoy = TR TS () 8y(m)

where Cy; = (Cg+ C3)(Cro+ Cyy)-
Proof. Observing that

2

and using (2), we obtain

*f(z, y; &, n)’
ox oy

= nfou8), an) f (1 50g) e e f (1 5) |2

whence our assertion follows immediately.

3.3. Let the derivatives o"K,(s; &)jes” (v = 1, 2) be continuous in 8 and
°K1(3 £)

let s

= 0. Suppose that

8=n

(Ks8|, _ Co [
!lTlds<o<5)’ f

(1Kt nidt < €, [ BIEL( )] dt < Cher(n),
0

0

.| P K (s, 5)'
\ 1

4
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for (E,n) e E. Then

su Ef(x,y; &, n) - wz(l/a—(ﬁr V}(—’m n E
i ox* s o (&) 0
where C)y = Cm(l/ -(JTH'I/ C_u)2+ Cm(l/c_m+ l/G—m)z-
Proof. Since
we have o
2 ( 2K.(s:
A(er i 6 ) f [ 148510, 002588 ks yavar

Next, estimate (3) and the assumptions give

&*f(x, y; &, n)]
ox?

<fj w8 ,t)\“““' f’lle(t; n)\dsdt

< wfVa(8), Vr(n)x

Sl

< Vo (8, Ve(n) x

{CJ ( +V:(E))

Observing that, by Schwarz’ inequality,

*K,(8; &)
082

| Kq(t; )| dsdt

*K,(8; &) Cis ; t
d 14+
l ’+a(6)J ( Vi)

) Ky (t; n)ldt}

f I3K1(3’ f)| l/ClaCm
T

we get the desired result.

| 1B i@t < VO Oy,

o

4. Examples. Let ) A,.(v,y) be the double Fourier series of

m,n=0

the function f(x,y) and let

flw, v, R) = Zm’ L+ Z =45 0B A mae, 9),

m,n=0
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for 0 < r, R < 1. This operator can be written in the form

fa,y;r, By = [ [fis,)K(s—=; r)K(t—y; R)dsdt,

—n —n

where

(1 —7%)%*1 —rcoss)
2n(1 —2rcoss+72)? "

The kernel K(s; r) is evidently 2r-periodic, non-negative, even, con-
tinuous and

fK(s; ryds=1.

Moreover,

T i .
j 2K (8; r)ds < % f (1 —coss) K (8; r)ds < :%’t(l-—r)2 .
0

1}
Denote by w(s, t), (s, t), wy(s,t) the moduli of f(z, y) ¢ M. From 2.1
it follows at once that:
4.1. Given any f(z,y) e M,
sup [f(z,y;r, B)—f(z,y)] < Tw,(1-7,1-R)

|zl ly|<n

whenever 0 <r, R < 1.
It is known [2] that

k4 /2

Ug(T) = { (2 sing)ﬂK(s; ryds = 2"“f sin®s K (2s; r)ds

0 0

1+a 3—
—-B( 5 5 )(1— Y(14+o0(1) as r->1-—,
and an analogous relation is wvalid for v(R)= us(R) if 0 <@a, f<2.
Also, it can easily be observed that w.,(r) = o0{ur)} as r—->1—
(0 < a < 2). Therefore, by 2.2, the following asymptotic formula for the
quantity

Uag(r, B) = sup { sup |f(z,y; 7, B)—f(z,y)}
1eZap) Izhlvi<n

holds.
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4.2. If 0 < a, f < 2, then

1+“ 3—*)(1—r) +B( +f 3—_2'ﬂ)(1=R)”}(1+o(1))

Uaplry B) = =

s (ry,R)—>(1—,1-).
By 3.1, 3.2 and 3.3,
4.3. We have

of (2, y; vy R)| _ c.ed—r,0) 3f($,y, Ty R) w(ﬂ,l—R)
ex = V18 1—p ’ IB 1—R 9
*f (x, ?/;r,R)l < (_01(1—7‘,1—-R)
ox ey | " 1—-r)1—-R) '’
'3’f(w,y, r, R) <c wy(l—7r,1—R)
e ®o(L—rp

for each z,y and 0 <r,<r<1, 0< R,<< R < 1.
Finally, we shall show that:
4.4. Under the restrictions of 4.3,

oflx,y; r, R)| _ wy(l -7, 1—R)
R < o

Proof. Observing that

- oK (s;7)
or

ds=0,
we obtain )

ﬂﬂ

L@t B [ gty 99y 50 e 5 Rydsas

00

whence

!f(,y,rR)l w1 —7,1—R)x
et
ng(l—r,l—R){%_f(l‘Flir)z

+f 'aK(s; r) ds
J or

By simple evaluations of the integrals (see [2]), the assertion follows.

oK (s; r)‘ .
p lK(t, R)dsdt

oK (s; r)
or

ds+

0
f (1 + f_t_fz)zK(t; R)dt} :



Linear operators defined by double integrals 243

Notice also that 4.3 remains true for the Abel-Poisson means:

oo

7 m pn
f@,gr By = D) "B Amala, 9)
mn=0

TT

¢ 1—172
= ne i !f(s’t)1—2rcos(s—w)+r2x

y 1—R?
1—2Rcos{t—y)+ R?

dsdt .

Considering the Jackson double integrals

f@yysmony= [ [ fs,00I(s—z; m)I(t—y; n)dsdt,

—Tn —7

where

o 3 sin(ms[2),4
I(s; m) = 21tm(2m2+1)( sin(s/2) ) ’

similar results can be stated. E.g.
4.5. Given any f(x,y) e M,

(i) sup |f(@, 93 m, n)—f(z, 9)| < 7w=(l 5 mn=,

lz),lyl<m m’ n
(i) if 0 <a,f <2

sup { sup |f(z,y; m,n)—f(z, y)}
1€Z(a,p) |zl lyl<m

00
_ 3 {2“ " sintz sm 23

me . z“‘"d_‘_u’J

Theorem 2.3 enables us to get the asymptotic relation for the conjugate
Abel-Poisson operators

}(1+o(1)) as (m,n)—>(oco, 00).

Ha,y5r, B) = 15 j jfs t)P(s—a; r)P(t—y; R)dsdt ,

where
= 2rsing
Pls;r) = 1—2rcoss+r2 O<r, B<1).
In this case
— 2
Q(s; r)_cot— P(s;r)y= 1=7 cot 2

—2rcoss+r? 2
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and (see [1])

/2
y,(r):fs‘Q(s; r)ds — 1—rf 4+ 0{(1l—r"*) as rol—,
(1}

sm(ra)2)

oulr) = [ (m—8)'Q(s; )ds = O{(1—7)} as r—->1—,
/2
whenever 0 < a << 1. Moreover, P(s; r) > 0 and Q(s; r) > 0 for 0 < 8 < =,
0 < r<1. Thus

4.6. If 0 < a, 8 <1, we have
sup { sup |f(z,y;r, R)—[(z,y)}

f‘"(d‘ﬁ) |z].hl| <n

ga+h-1 m/2 nj2

1 tp \a 1 B 1 B
7 {sin(na/2)of sintdt(l—” +sin(rrﬁ/2)aj sintdt(l_R)}(1+o(l))

as (r, R)»(1—,1-).
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