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Inequalities of Grunsky—Nehari type for pairs of vector functions

by KAZIMIERZ WELODARCZYK (%6dZ)

Abstract. In the paper a new general definition of a pair of vector functions
.is formulated and inequalities of Grunsky-Nehari type for such pairs are shown and
compared. The paper includes an examination of the equality case of these inequali-
ties. Also, a bilinear form of the inequalities under consideration is glven Finally,
“gtrengthenings” of some of the inequalities are proposed. ~

Intreduction. In 1969 Aharonov [1] introduced a definition of a pair
(F, @) of functions F and G, ¥(0) = G(0) = 0, which are analytic and
univalent in 4 = {2: |2| <1} such that F(2)G({) #1 for all points
z,leA. '

This definition can be generalized in a natural way.

For arbitrary non-negative integers m,n such that m+n>2 let

Gy = {Bg1y «vvy Ggp}y m=1,
=0, m =20,
be ={b0m+l!""b0m+n}7 n=1,
=0, n =0,

be two sets of finite elements satisfying the conditions:

Bo, # Bojy Kk # 7, k,j=1,...,m, m>1,n>0,
b #boyy k #37, k,j=m+1,...,m4+n, m=>0,n>1,

aorby; # 1, k=1,...,m, j=m+1,...,m+n, m,n=1.

Let C denote the complex plane. Generalizing Aharonov’s definition of
a pair, we shall say that two mappings F and &, F = (F,,..., F,):

Ad->C"form>1, G =(Gpiyy-oyGpip): 4>C"forn>1and F =0
or G = 0 whenever m = 0 or n = 0 respectively, constitute a pair (F, G)
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if #,,...,F, and G,,,, ..., 4,,, are functions of the form:
F (2) =ay+ayz+ ..., k=1,...,m, n=0
G (2) = b +by2+ ..., k=m+1,...,m+n, m>=>0

analytic and univalent in 4 and satisfying the conditions:

Fi(2) # F;(D), k#j4, kj=1,...,m, m>1,n>0,
G,.(2) # G;((), k#j, kyj =m+1,...,m+n, m>0,n>1,
P ()30 #1, k=1,...,m,j=m+1,...,m+n, m,n>1

for all points 2, { € 4.

The pair (#,0) is identified with the function #. Clearly, (F, 0)
= (0, F).

The class of all pairs (F', G) of vector functions F' and G as defined
above for fixed admissible m, n, a,, b, is denoted by C,, ,(a,, by).

The paper deals with inequalities of Grunsky-Nehari type ([11], [19])
for the classes C,, (@, b,). In Section 1 we introduce denotations. Section 2
contains proofs of three general inequalities for the coefficients of F, G
for pairs (¥, @) of classes C,, ,(a,, b,). In Bections 3-5 we establish rela-
tions between these inequalities, examine the case of equality and give a

bilinear form of the inequalities. The last section includes some “strength-
enings”.

1. Definitions, denotations and remarks. Let (F,@)eC,, ,(a,, b,)-
Define:

A¥(2) = D i, kj=1,.,m+n, p=1,.., zed,

q=-p

BY(z,0) = D) b2, kyj=1,...,m+n, z,Led,

q,p=0
where
A¥(2)
i 1 » .
| L \%) — Gy
F,(z) P .
= -l_m—] ! k=1,...,m, j=m+l,..,m+n, m,nz=1,
| L— L% of ’
3 1 » .
= L_G_Tz')—b] ’ kyj=m+1,...,m+n, m=0,n2>1,
LYTe\*e)— Uy
[ G,(2) P ;
11 Gk(z)aj]' =m+1,...,m+n, j=1,...,m, mnzl,
. -~ Yk 0,
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Bkk(z, C) — log Fk(z)_Fk(C)

z—¢ ’
=logG"(z::?k(C), kE=m+1,...,m+n,

BY(z, )

= log[F(2) — F;({)], k#j,kj=1..,m m>2,n=>0,

=l°g[Gk(z)_Gj(€)]y k#j,kj=m+1,...,m+n, m

=log[1—-F,(2)G;({)], k=1,...,m, j =m+1, ...,m+n,

=log[1—G(2)F;({)], k=m+1,...,m+n,j=1,...
Moreover, we define:

| ad =b8, k,j=1,...,m+n,q¢=0,1,...
From tho definition of 4*/(z) we obtain immediately the equalities:

a¥,=0, p=1,..,k#j5kj=1,...,m+n,qg=1,...

m,n>1,let oy, k=1,...,m j =m+1,..., m+n, be arbitrary

complex numbers and let

where

Zoy
Ty =1 : )
Zom+n
m4+n

0

f=m +1

= "‘Zm:"’ k=m+1,...,m+n.
i=1

If n=0(m=20), let =, k=1,...,m (k =1,...,n), be arbitrary

complex numbers satisfying the condition

m n
D=0 (Y au=0),
k=1 k=1

o1 Tg1
Ty = | (T = N B
@ om Zon

For any natural number N, let

Zige
2, =|:1|, k=1,...,m+n,

and let
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where «,,, ¢ =1,...,N, p =1, ..., m-+n, are arbitrary complex num-
bers.

Let N,, ¥ =1,...,m+n, be any natural numbers. If m,n>1,
let y3;,, j =1,...,m+n, i =1,..., N;, be any complex numbers such
that

where
m+n Ny
yki=( 2 Zy?p)ylod! k=1,...,m,
J=m+1p=1
m Nj
= —(ZZ‘y}p)y}’m k=m+1,...,m+n.
i=1p=1

EEn=0 (m=0)let v, e =1,..., N, k=1,...,m (k=1,...,n),
be arbitrary complex numbers such that

N
Zy,“. =0, k=1l,....m (k=1,...,n).
i=1
Define one-column matrices
Y% =( '_—-_ykiz%i) ’ k=1,...,m+n,

where z;;, j =1,.., m+n, t=1,...,N,, are arbitrary fixed points
of the unit disec 4.

Denote:
q . N
a'g,:‘l/-; “ﬁ, :;;':'/qp b%; ¢,p=1,...,
k’.’ —11 ',m+'n’
1 .
a5, = —= agp, ﬂf.‘}',=l/17b.’,‘§,, p=1,...,
Vp
k’] _1’ -..’m+n’
a = ag, Bl = b33, k,j=1,...,m+n,
a,ikap=V;?_ a,ikqp’ q,p'=1,-.-,k=1,...,m-l_-n.

We define the following matrices:

k
Ay = (] j=1s B = (ﬁoz);:;-:n )
k P
A" = (a)icu<or  BY = Bphcgicor ki =1)...,m+mn,

A% = (ophcgicor k =1,...,m+mn,
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one-row matrices:
A;‘{ = (agx)lgp’ By = (ﬁ,l;;:)lgp’ k,j =1, T m—+n,
A7 =(ahi<py Bf = Biphicpy T=1,..y kyj=1,...,m+mn,
and one-column matrices:
Ai‘i = (aﬁ)lgq, B} = (ﬁ%)1<q7 kyj=1,...,m+mn.

We apply the following denotations:

m m+n
D(F, G) =kL=Jle(A)Uk=LJ+11/Gk(A)1 m,n=1,
- O R Jeua), =0 (m=0).

The transpose of a matrix A is denoted by 4’.
The norm ||A| of a one-column matrix 4 is defined as follows:

|AI* = A*4, \

where A* stands for the conjugate transpose of A.

2. The basic theorem. In 1972 Hummel [12] obtained inequalities
of Grunsky—Nehari type for the class 4 of Aharonov’s pairs. In partie-
ular cases he obtained from these inequalities: Aharonov inequalities [1];
Nehari inequalities [19] as well as those of Schiffer and Tammi [22] for
bounded functions, i.e., for pairs (F, F), where F(z) = F(z) (2 € 4);
Hummel and Schiffer inequalities [13] for Bieberbach-Eilenberg funec-
tions ([3], [4], [7]), i.e., for pairs (F, F).

The classes C,, ,(a,, by) of pairs (F, @) of vector functions ¥ and @
play the role analogous to that of Aharonov’s class A. On choosing suitable
m, N, Gy, by and G we obtain the classes investigated so far by means of
area methods and defined in the papers of: Lebedev [15], [16], Jenkins [14],
Gromova and Lebedev [8], [9], De Temple [5], [6], Libera [17], Sladkowska
[24]), [25].

Moreover, owing to the properties of the introduced definition of
a pair (¥, @) of vector functions ¥ and @ and to the properties of Aharonov
pairs, area inequalities in all classes C,, ,(a,, b,) may be given a uniform
form. Also, vector-matrix notation greatly contributed to this advan-
tage.

The following theorem holds:
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THEOREM 1. If (F, Q)€ C,, (a5, b,), then for arbitrary admissible
Mt”iﬂ&& wo, wk, ykz,‘, k = 1 esey m"l"n,

m+n m+
(2.1) 2Re {a::Ama:.,}+2Re{ 2 xokAolel 2 ” 2 (A’l‘zu':;(,,+A"J'mj)“2
m+n
< 2 14,2,
m+n min
(2.2)  2Re{z] By} +2Ro| 2‘ a:o,,BMm,l+ || 2 (BYayy+ BY )"

m+n
< D)l
k=1

and

mitn m+n

(2.3) 2 | X By < "5,‘ [N
k=1 f=1 k=1

For any matrices &y, T, Y2, b =1,..., m+mn, the equalities are
satisfied only if u[C\D(F,@)] = 0.

Proof. First consider the case m,n > 1.

Let 7y = |2y when @,(%) =0 for some ¥ =m+1,...,m+n and
2o€ 4 or 1, = 0 when G,.(z) # 0 for each k¥ = m+41,...,m+n and z € A.

For an arbitrary fixed r e (r5; 1), let .D, be a region which is (m +n)-
connected, bounded by curves I',, ¥ =1,...,m+n, has the following
parametric representation:

Fk: w=Fk(Z)’ k=1,...,m,
=1/G.(2), k=m+1,...,m+n,
where z = rexp(ip) (0 < ¢ < 2n) and the orientation of its boundary oD,
is determined by the parameter ¢ running from 0 to 2.
Let P be a function analytic in the closure D,. Then for arbitrary

complex numbers xj;, k =1,...,m, j =m+1,..., m+n, a function g
of the form

m m+n
_\ ®ox
(2.4) glw) = D' ¥ m,,,log———l_ o TP
k=1 j=m+1

is analytic in D,.
Moreover, let
(2.5) lim [ g(w)dg(w) =0,
R0 (| —R
whenever oo € D,.
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We define

(28) D ch+aylogz = g[Fi()], k=1,...,m,
q=—00 (lzl = 1')

=g[1/Gx ()], k=m+1,...,m+n
where

m+n

0
m0k= 2 .’Djk, k=1’---’m’

j=m+1
m
j=1

If coeD,, let |[w| = R be a circle negatively oriented with respect
- to its interior and such that the curves I}, k¥ =1, ..., m+n, are inside
the eircle. ‘

Denote by D! a region which is one-connected and bounded by the
ourves I',, k =1,...,m+n, the circle |w| = R and by some analytic
arcs joining the point R of the circle jw| = R with the points

wk =Fk(1‘), k=1,...,m,
=1/G,(r), k=m<+1,...,m+n.

If oo ¢ D,, say, it is inside the curve Iy, ,, then the symbol D} will
denote a region which is one-connected, bounded by the curves I,

k=1,...,m+n, and by some analytic arcs joining the point w,_,
=1/@,,,.(r) with the points

wk =Fk(r)’ k=1,...,m,
=1/G,(r), k=m+1,...,m+n—1.
By applying Green’s theorem ([18], p. 241), we obtain
7 1 PR
0<ff 9" (w)*de = — fy(w)dg(w)-
%
D ap!

r

Thus, making use of (2.5), we have

0> -2%2{ f[g(w)+2n-i j:wop_,] d_i](w)+2ﬂifok9[Fk(7’)]} +

Iy p=1
+ 2—:;- E‘ { f[g(w) + 2mi jwop_,] dg (w) +21ri50k9[1/6k(")]}r

k=m+n I p=1
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where z,, = 0. Hence, by (2.6),

0> %“f' S[m(logr—w)+q§o cqzq] [:Lok+qg;qc zq] do +

m+n

+ Y"{ Loy 2 c rq+[w0k|210gr}.

g=—00
Thus

m+n 0o m+n

Z [2Re{50kc§}+ 2 q|c§|27'2“] < Z 2|z, |2logr™!.
=1 k=1

g=—co

Consequently, when r —1,

m+n
(2.7) [2Re{xokco}+ 2 glekz]< 0.

g=—c0

We shall show inequality (2.1) in the case considered, i.e. for m, n > 1.
To this aim, define

m @ m+n P
(2.8) P(w) = { 2l [ ] ] }
12 = Vp Lw—ay 2 1-— 'wb,,,
where z,,, p =1,...,N, j =1,...,m+n, are a.rbitrary complex num-

bers. Then, on usmg the notation accepted, (2.4) and (2.6) yield

m+n m+n

U372 aro] 3 e 04t
p=1 " §=1 i=1
_—‘g[Fk(z)]’ k=1’~-v’m
s (Izl =T),
=g[1/G. ()], k=m+1l,...,m+n
1 m+in N
Gg=_ 2“:{7 iy 4 =1,...
9 i=1 p=0
m+n N
= D' D diay, ¢=0
2.9 =1 p=
&) - p; (k=1,...,m+mn),
1
¢, = —_—Za’:’;pa;p,‘, ¢=1,....N
Vg &
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Thus, applying (2.7), we obtain

m+n m+n o m+n 5
(2.10) [2Re{xo,, 2 2 oz} + 2 l Z 9 [
i=1 p=0 =1 p=0

m4n oo N . .
,, < 5|5 et
k=1 g=1 pa=l
Inequality (2.10) may be written in the form (2.1).
The proof of inequality (2.2) in the basic theorem is similar to that
of inequality (2.1).
Defining then

w— F; ()
(2.11) Pw) = — { log—1=° 4
( 2m o |/—4-p+1 24 208 o;
- l“ 1 —wG; (L)
+j=;+lijlog 1= wb,, ag,

where 7, < ¢g<r<1 and #,;, p =1,...,N, j =1,..., m+mn, are arbi-
trary complex numbers, we analogously conclude that

(2.12) —2;2 f = cp“{ pk[B"'f(z,c)eBkk(z,0)+1og(1—§)]+

=1 U=
min m+n
+ ¥ @, [B9(z, 0)— B¥ 0)1} dc+2 2y BY (2, 0) + y,logz
b
= g[F(2)], k=1,...,m
(o] =1),
=g[1/G(2)], k=m+1,...,m+n
1 m-l_-;; N
c;c = ,'/— Zﬂ{;{:mpﬁ q = 1!
q j=1 p=0
(2.13) pad gl
= Zﬂg i qg=0
=1 p=0 (k =1,...,m+mn),
1
ty=——1t q=1 N
q '/E gk ? ’
= 0’ q = -N+1, ces
and consequently
m+n oo’ m+n N wm+n N
(214) 3| 2Re{z,, 2 Zﬁp o) + 3| X D benl]< 3 3 tnal
k=1 =1 p=0 g=1 p=0

Hence, on applying the notation a.ccepted, we have (2.2).
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Now we shall show inequality (2.3).

First observe that if z;;,, j =1,...,m+n,7 =1,..., N;, N; — natu-
ral numbers, are arbitrary fixed points of 4 and if yj;, j =1,...,m+n,
i =1,...,N;, are arbitrary complex numbers such that

Ng
Z Y =0, k=1,...,m+n,
i=1

where
m+n

?/ki=( Z Zyip)?/ku k=1,...,m,

jem+1 pn-l

= _(Zmz‘yjp)ykn k=m+1,...,,m+n,

j=1p=1
then a function g of the form

m+n Nk min
w— F,(2,;)
2.15 — Z‘ 1 LA
(2.19) CEDIDIP) 2 YY1 %8 100G, (z,,)
k=1 i=% j=m+1 p=1
is analytic in D, if
max {ry, mMax |z l}l<r<l1.

k=1,...,m+n
1=1,...,Ng

Then we define
q;_‘wc’:z" —glF(s)]), k=1,..,m .
=g[1/Gx(2)], k=m+1,...,m+n

Following the procedure described above we construct the region D
and making use of Green’s theorem we obtain the following inequality:

m+n 00
S 5 ae] <o
k=1 g=-o
Since
Nyp m+n
Yis [Bkk(za ;) +log (1 - )] + ¥ B (2, )
3 33
i#k
= g[F(2)], =1,...,m,
=¢{1/G,(?2)], k=m+1,...,m+n,
we have
m+n oo Ng
‘3: = 2 Zbﬂr(z yjzzjz)’ ¢=0,1,...,
j=1 p=1 i=1
(2.16) Ny,
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and consequently

333 St 3w <

Ny,
7 1 e 2
? _S_ Yrs%ui| -
k=1 g=1 j=1 p=1 el

Hence, having applied the notation accepted, we immediately obtain (2.3).
Thus inequalities (2.1)—(2.3) for m, n > 1 have been proved.
By applying the procedure described above to the region D, bounded
by the curves:

TN:w=FJ((), k=1...,m(=r,0<r<l)
and to the functions:

(2-4) g(w) = D @y log(w—ay,)+P(w),

k=1

(2.8") P(w) = Z{Z M[w ao,]}

(2.11') P(w)~LZN‘ JQ{Z _Toj w FJ(C)} ac

2 D+1 w —
T = it LT Vp ¢ %oy

0<o<r<l),

m Nk
(2.15")  g(w) = D D ylog[w—Fy(2,)] (max ol <7 < 1)

=1 {= l
k=1 i=1 Nk

playing the role of the functions (2.4), (2.8), (2.11) and (2.15) in case
m,n>1, we obtain the proof of inequalities (2.1)—(2.3) in case n = 0.
The case m = 0 can be reduced to the case n = 0. B
The proof of the final remark of Theorem 1 follows from the fact that

g'(w) #0
and at the same time

ff lg'(w)|*dr —0 when r > 1
D,

in the case of equalities (2.1)—(2.3).

Remark 1. Inequalities (2.1) in the subclass C,,({0}, {0}) of pairs
(F, F) when z, = 7, were obtained by Schiffer and Tammi [23]. Hummel
[12] proved inequalities (2.1) and (2.2) in the class C, , ({0}, {0}).

De Temple [6] (introducing Faber’s polynomials [21]), Lebedev
[16], [16] and Gromova and Lebedev [8], [9] — with additional condi-
tions imposed on z, and/or with different combinations of coefficients
got area inequalities of type (2.2) for some classes of functions with dis-
joint images. In our notation these are the classes: C,, ,(a,, @); the subclass
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of C,, (3o, @) of pairs (F, F), where |a,,| < 1fork =1, ..., m; C,, , (4, {0}).
Inequalities (2.2) in the class C,, ((ay, @) in case x, = z, are identical
with the result of De Temple [6].

Gromova and Lebedev [9] obtained inequalities of type (2.2) in the
subelass of C,, ,, (40, a,) of pairs (F, F) and in the subclass of C,, ,, (2, — @)
of pairs (F, — F). The subclasses are generalizations of the classes of
Bieberbach—Eilenberg’s and of Grunsky-Shah’s funetions ([10], [26], [24]),
respectively.

Inequalities (2.3) in the subclasses of C,,({0}, {0}) of pairs (F, F)
and (F, — F) were obtained by Jenkins [14] and in the subeclass of
C,,5(@0, @) of pairs (F, F), where |ag,], |as| < 1, a8 well as in the subelass
of C, ,(a,, 8,) of pairs (¥, F), where |a,,| < 1, were given by Libera [17].

3. Comparison of the inequalities. In this section we shall examine
relations between inequalities (2.1), (2.2) and (2.3).

We claim that inequality (2.2) is a particular case of the power
inequality given in (2.1). ‘

Let
. 1 1 w— F,({) 4
Phw) = —— [ Zrlee i ar = M~y [ ]
? 2mi P W — @y g Vap Flw—ayl’
j=1,...,m,
1 f 1 l—ij(t) [ ]a
=—_— log a; = — v
2m1 1tT=o cp+l I_Wboj ; ‘/ w 1— Wbl)j
j=m+1,...,m+n
and let

7p=(?jjol)1<u j=1L...,m+n, p =1,...,

be one-row matrices. Then

Z,/—”'rz o = ——+2b # = PE[F(e)],

=1 g=—1 q=0
k=1,...,m,
= Pi[1/Gy(2)], %k =m+1,...,m+n,

p 0 !
1 o '
27 mZa"’z“ Nt = PR, k#j, k=1,.m,
g=0

=1
j=1,...,m+n,
=P[1{G(2)], k #j, k=m+1,.., m+n,j=1,...,m+mn,
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where 7, < o < r <1, |2| = r. Hence

D

1 d
2-:}':;,“’1‘;1 = —ﬁ, k= 1, ey M40, q= 1,
~ Vol P

>

=1

}'I.p g1 _bﬂn kyj=1,...,m4n, k #j, ¢g> 0,

where 4, is the Kronecker delta.
Since the matrix (y))),<,.<, is triangular,

m+n N m+n N

N kj i
2, 2 apTpj = 2 Za Z?’plmm g=0,
ji= p= j=1 p=1 =1

Taking (2.9)—(2.14) into account we conclude that on substituting in (2.1)
o, by yia;, p=1,..., j=1,...,m+n and A*¥g, by x,, k=1, ...
..ym-+n, we obtain (2.2).
It is clear that inequality (2.3) is a particular case of inequality (2.2).
Indeed, if in (2.2) we assume z, =0, N - oo and @, = ¥,2,, k =1,...
.., m+mn, we immediately get (2.3).

4. The case of equality. The main result of this section consists in
the statement that if (#,@)eC, (4, b)) and u[C\D(F, @)] =0
(we wish to recall that then for all admissible matrices z,, @, ¥;,2;, k =1,...
.., m+n, the equality in (2.1), (2.2), (2.3), respectively, holds), then the
matrices o, Aog, Boo, 455, BY3, Af, B, A¥ and B¥, k,j =1,...,m+n,
satisfy the equality in (4.3), (4.4), (4.7), (4.8), (4.12), (4.14) and (4.15),
respectively.

The result will be proved on examining the equality in (2.1)-(2.3).

Consider first the equality case in (2.1) and (2.2).

After easy transformations of the equality case in (2.1) and (2.2)
we conclude that it suffices to examine the following equalities:

(4.1) 2Re{w:Awmo}+2Re{ ?EMA(’,‘{@-,} +
k,j=1
m+n m+in
+2Re| 3 ( 3 Al 2 4Ma)) + 2 || 2 Aoy |+

m+n m+tn

+ 33w = 3 vaar,
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m+n

(42)  2Re{s}Byz,}+2Re{ Y ':EOkB{,"{w,}+
kjwl
m+n m+

romel 37 (3 e 3 0o 31 3 s

+ 2 |3 s = 3t
k=1 j=1 k=1

Assume first that z, =0, k =1, ..., m+n. Then

mi+n m+n
(4.3) 2 Re {7} Ao} + 2 || Z Ak a,-.,,” =0,
(4.4) 2Re {7} Byoo} + E‘nllz‘ Blay|f =0
k=1 =1

for each admissible z,.
On the other hand, if z, = 0, then

(4.5) ,,S:n” Z AM [ = 3,‘ A%z, 2,
m+n m+n

{4.6) 2 2 B il = 2 Il

From (4.1) and (4.2), by (4.3)—(4.6), we obtain

m+n m+in min m+n
Re{ Z T A2, + 2 (12 A’{{':T:‘,F)( Z A"’a;,)} =0,

m+n
Re | 2 Zy BY )+ Z‘ ( 2 B Z,,) ( 2 B¥z)} = 0.
‘Thus
m+n min m+n
{4.7) IZ Ah.(Z Alomoﬁ) = _2 A Ty, §=1,...,m+n,
=1
‘ m+n m+n m+n
8 D' BY( 3 BRa,) = - Y Bif'aw, j=1,...,m+n
k=1 p=1 k=1

for each admissible z,.
Let #; # 0 for an arbitrary fixed j =1,...,m+n, and «, = 0 for
k #3,k=1,...,m+n. Then (4.5) and (4.6) yield

m+n

(4.9) D MYt = | Ay, j=1,...,m+n,
k=
min

{(4.10) 2 IBYz)2 = llzmlt, §=1,...,m+n.

k=1
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Reshaping (4.5) and taking (4.9) into aceount we obtain

m+n _ m+n m4n
(4.11) Re{k;: [j=21 ot Ak,-.(p %vl A%g,)|} = o.

Let
I, =(0hay r=1,...,

be one-column matrices and let ; = I, #, = exp(6:)I, and x; = 0 when-
ever j #p,j #1, p #1 and j,p,! =1,...,m+n. Here 6 stands for
a real number. Moreover, denote

AT = AM(r),
Then from (4.11) it follows that

m+n

2 Akp(")Akp(s) =0, j#p, jHp=1,...,m+n,
k=1

for any r,s =1,... Consequently

m+n

(4.12) D) A¥tA —0, j#p, §yp=1,...,mtn.

k=1

Observe that if #; = I,,, then, in accordance with our notational conven-
tion, (4.9) yields

m4$n o P -
D) Dalar = Yl }, p=1,..., j=1,...,m+n.
k=1 g=1 g=1

When z; =1, j =1,...,m+n, from (4.10) it follows that

m4n

(4.13) Z‘ IBYMm|2 =1, j=1,...,m+n

k=1
for any r =1, ... Assuming in (4.10) that z, = I, +-AI,, r # s and 2, = 0
for 1 #4,1,j =1,...,m+n, where 1 is an arbitrary complex number,
we obtain

m+n

S BN FABY @) = 114, §=1,..., mtn
k=1

and by (4.13) we have

m+n

2 B (r)B¥(s) =0, r £s8, j=1,...,m+n.

k=1
Hence, taking (4.13).into account once more, we get

min
(4.14) Y BYBY =1, j=1,..,m+n,
k=1 ’

6 — Annales Polonici Maihematici XXXVII,2
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where

I= (an)lsr.l<a‘

On the other hand, if we assume in (4.10) that o, =1, ¢, = AI,, j #1,
JhHrl=1,...,m+mn, r,8,A — arbitrary and 2, =0 for p #j, » #1,
p=1,...,m+n, we obtain

m+n

D' IBY (r) + ABY (s)|I* = 1+ A2
k=1

Hence, by (4.13), we have

m4in

D B (r)B¥(s) =0, j#1, j,l=1,..,m+n.
k=1

Thus

m4+n

(4.15) D B¥'B% =0, j#£1, j,l=1,..,m+n.
k=1

Analogously one can prove that (4.14) and (4.15) are simple conse-
quences of the equality case in (2.3).

Remark 2. In Aharonov class [1], [2] analogous investigation
of equalities of type (2.1) and (2.2) has been carried out by Hummel [12].

5. Bilinear form of the basic theorem. In this section we shall formulate
and prove a bilinear version of Theorem 1.

THEOREM 2, If (F, Q) € Oy, (3, by) and 3y, 2, Y32, k = 1, ..., m+n,
are arbitrary admissible matrices, then:

m+n

(5.1) Re {-”"0 Ao+ 2 [a’ok-onwj+ 2( o+ Al 3) A qu]}
kg1
mtn

< D 1A%,
k=1
and the equality holds if and only if

m+n

(5.2) Re {m;Aoo:vo-i- pX E(,kAf,‘{w,-} =0,
kj=1
m+n
(5.3) 2 a2+ A¥z] = af4¥, ¢=1,..,N, k=1,..,m+n,
j=1
=0, q=N+1,...,k=1,...,m+’n;
m+n m+n

(5.4) Re{asBuso+ ) [ZuBlz+ Z(ﬂ 20+ B zou ]| < D) il
k=1

k,j=1



Inequalities of Grunsky—Nehari type 195

and the equality holds if and only if

m+n

(5.5) Re {a:'o'wao+ 2 Eo,,B'J{a:,l =0,
m+n o
(5.6) 2 (8@ + B9 2] = Ty, ¢=1,.. N, k=1,...,m+n,
i=1
¢g=N+1,..., k=1,...,m+n;
m+n
(8.7) { ( Ve ykiz?ci) B; ?l;zj} 2 Y52l
kj=l q— i=1 k=1
and the equality holds if and only if
) '_'n'a'in
(5.8) Z BYy,z, -———Zy,“ 2 g=1,.., k=1,...,m+n.
i=1

Proof. We have already shown that inequality (2.7) holds. Thus let

m+n

U, = Re{z Eoko,’,‘},
k=1

qu=VEc:, qu‘:'/.q_ck_q’ k =1’ ...,m+’n, q=1, sre

Then, by Schwarz inequality, we have

[ <] =]
Uo+Re| Y U7} < Uo+[(2|Vk|2 20,) ZIVkP < Y.k
k=1 k=1
Thus
m+n o0
(5.9) Re{Z [Fonch+ Zq I < 2 qu 2
Observe that the equality holds if and only if
v,=0, U,= V,,, k=1,...,
i.e. if and only if
m+n -
(8.10) Re{ M zZycl} =0, dE=c, k=1,...,m+n,g=1,..
k=1

Assuming in (5.9) and (5.10) the values given in (2.9), (2.13) and (2.16)
and applying the notation accepted we obtain the required result.
Remark 3. Inequality (5.5) and conditions (5.6), (5.7) under the

assumption that z, = 7, in the class C, ,(a,, @) have been given by De
Temple [6].
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6. Inequalities for pairs of vector functions. In the sequel let w,,
Uy Vs K =1,...,m+n, denote matrices standing in place of the
respective matrices z,, o, ¥y %, k¥ =1,..., m+n, discussed before.

Recall inequalities (5.1), (5.4) and (5.7); they can be rewritten in
the form

) m+n e . )

(6.1)  Rela} Aty + ) [Zudlla+a, A% Alay+ o, A% 4]

= m+n

< D 1A% g,z
k=1

min m+n
(6.2) Re{w:Boof”o'l‘ 2 [Zo B le+a"kBkowoj+kakjmj]] Z Il I

Kij=1
and

m+n m+tn

(6.3) Re{z Y% B y;2 } 2 (777

k,j=1 k=1

We shall show that one can introduce to these inequalities additional
parameters ug, U, V. ly, K =1,...,m+n, 4y =2, =7=,. In this way
the following “strengthening” of the inequalities is obtained:
TEEOREM 3. If (F,@) €0y (0, b)) and @, Uy, Tyy Upy YiZpy Vilys
k=1,...,m+n, are arbitrary admissible mairices and u, = x, = Z,, then
L] m+n
(6.4) Re{u;Aoowo—l-;- Z (o A s + up A¥ 03 + oy AY A 0, +

k,j=1
m+n

+ U A A8y + u A 490+, A D) <} 3 (1A% @)+ LA ),
k=1

m+n

(6.5) Re {'“:) Boo o + 2 [wa Bt @5+ w, Bl @4y +w, BY 9’1]}
kr=1 min
<3 D) Umed+ lhug )
k=1
and
m4-n

(6.6) Re{ ) 3 084 Uiz} <3 ) (el -+ loedil)-

k =1 k=1

Proof. Let ¢f stand for the quantities (2.9), (2.13) and (2.16) in which
Toy By Y%y b =1,...,m+n, have been substituted by wu,, %, vl

k=1,..., m+n, respectively. We also assume that #, = ¥, = T,. Then
by (2.7)

m+n

(6.7) 2 [2Re{u0kc{§}+ 2 glefr1<o0.

=1 g=—00
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On adding the corresponding sides of inequalities (2.7) and (6.7) we obtain

m<n [~ <]
6:8) D' [2Re{uqll+audh}+ Y a(iehi+101%)
k=1 g=1
m+n oo
< D DNl I+ 1ok 7).
k=1 g¢=1

Similarly to the procedure used in the proof of Theorem 2, on applying
the bilinearization method to inequality (6.8) we arrive at the following
inequality :

m+n 00
(6.9) Re{z [u0k6’0‘+m0ko’§+ —‘q(cgé’iq—[—&gc’iq)]]
k=1 g=1
m+n o0
< D) Dlallek e ).
k=1 g¢=1

Assuming now in (6.9) the values ¢ and ¢c* (see (2.9), (2.13) and (2.16))
we immediately obtain (6.4)—(6.6).

Remark 4. Using Pommerenke’s method [20], Hummel [12] obtained
inequalities (6.5) in the class C, ({0}, {0}).

Libera [17] obtained inequalities of type (6.6) in the subclass of
C,,(ay, @,) of pairs (F, F), where |ay|, || <1 and in the subclass of
0,.1(a,, @,) of pairs (¥, F), where |ay,| < 1.

As known, the inequalities of the type under investigation obtained
earlier by other authors have various applications. A study concerning
application of the inequalities obtained here will be the subject of a sub-
sequent paper.
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