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On a biharmonic function in the unit disc

by PAuLiNA Pycu (Poznan)

In this note we examine for a given function f(f) with Fourier

coefficients a,, a,, b, the biharmonic function f(r,¢) defined in the
dis¢ [re’?| <1 by

(1) f('r, @) = %-o-l-g [1+g(1—7'2)]r"(ancosntp+ bnsinng) .

It can easily be verified (cf. [3], pp. 395-400) that

r) —rcos({t—p)
(2) fory @) = Jf()[1 T sreos o™

for any f(¢) Lebesgue-integrable in (—=,r); these functions f(¢), with

period 2n, are considered below. Our theorems complete the results an-
nounced in [2].

For the sake of brevity, we shall write

(1—r2)¥(1—rcost)  (1—1r2)2(1—r 2rsin2(¢/2))

B ) = ST/ —2reostE — 2nl(1— it drsmi(R)F

Then, by (2),

flr @) = f FOK @, t—g)dt = f [flg+D+flg—0]1E(r, t)dt.

In particular, the last representation together with (1) gives

1=2 [ K(r,t)dt.
0

Hence

(3) fry@)—1(@) = [ [flg+t)—2f(@)+F@—t)1K(r, )t .
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The kernel K(r,t) is positive decreasing in {e<0,=, such that
K(r, 0)—>0 as r—1— for arbitrarily small 6 > 0. Thus we have

lim f(r, @) = f(9)

r—>1—

at almost every ¢, and the convergence is uniform over every closed
interval of points of continuity.

Let f(¢) be bounded in {(— =, ®) and let w,(d) = wy(d; f) be the second
modulus of smoothness of f, i.e.

{9 f) = Sup {SUP flg+t)—2f(@)+fle—D)i} .

<I<s |pl<n
We shall denote by Z, (0 < « < 2) the class of all these f’s for which
wy(6; f) << 20" when 0<d<~w.

Moreover, we shall write

Valr) = bUD{mMIf 7y @) —f@)} -

J€Zqg

TuroreMm 1. The following asymptotic formula

O{(1 —r)%} for 0< =, 1/2,
U )_~B(“2”‘ 3— )(14) Hlof—rta  for 12<a<1,
O{(1—r)% for l<a<2

holds as r—1—.
Proof. By (3),

k4

;ITgXIf("',tp —flo) < 2 ‘ t“K (r, t)ydt

for any fe Z,. Therefore, .
/2

(4) Ulr) < 272 f t°K (r, 2t)dt

nf2 /2

_ )u+'2.[f sin®tK (r, 2t)dt—i—f (" — sin®t) K (r, 2t)dt] .
0 (1)

The function
falg) = 12sin(g/2)* (0 < a < 2)
is of class Z, (see [1]), and

T2

Julry 0)—£u(0) = 2°'* [ sin“4K (r, 20)dt
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(fulr, @) is the function (1) for f.(¢)); whenece

w2
(3) Udr) > 2% [ sintK (r, 20)t .
0

Inequalities (4) and (5) lead to

2 2

U.(r) 2““[] sin’tK (r, 2t)dt+ C,(r f(t—sln 0K (r, 2]

2t I, + Cu(r)1,], where 0 << Co(r) <
Jlearly,

/4

1, = [ sintK (r, 20dt+ 0 {(1 — 7))
0

/4 /4

= [ sin*tcostK (r, 2t)dt+ [ sint(1 —cost) K (r, 2t)dt+ O {(1—7)?}
0 0

= V4 Y, 0{(1—r)2) .
A change of variable {rsin®t/(1 —7r)2 = x gives

/4

o= e 1 —74 2rsin®t
Yi="5z J st tcObt[(l—r)H— 4rsin?t]?
2 q ()2
_ a2 (L —)e
- at+4f /" \a+1 — 5 dr
w2y (1+a)

205

I N A N {0 {(L—r)te} for O0<a<l,

= ﬂ.2u+3(l/;)a+l ) (1 +m).’

Sinee (1 —cost) = 2xin?(t/2) <. 2sinteost (0 < ¢ < =/4), we have

-cl4

(b =22 (14 1 — 74 2rsin?t
Y, < (,j sin tcOSt[(l—r)2+4rs1n2t]2
U o L L U RN RV
T et Ch 3 4,
2°H4y/7) : (1+2)

i.e.
Y. — {(){(1—1‘)“0} for 0<a<l1,
A (7 X (6 Qrut ! for l<a<?2.

O{(1—r)?} for 1<a<?2.

14*
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Thus we get

(4n'a— f 2" "’2 o{(1—r)"*} if O0<a<1,
' R 2"'“’(;/1')"'*1 (1+z) {0{(1—1')2} if 1<a<?2.

Consider now the integral I,. Suppose first that 0 < a < 1. Then
the inequality
a s a :.3a 1 c\da
1" —sin“? < d,8in™t (0 <t < =w/2), where d,= W (5) y
implies
n/2 n/4

I, <d, [ sin®iK(r, 2t)dt = d, | sin®tK(r, 2t)dt+ O {(1—r)?) .
(1] [1]
Further,
nl't

<V3d. [ sin®teostK (r, 2t)dt+ 0 {(1—r)2)

gq 2r/(1—1)2

_ V2d(1+ 7)1 —7) gaa-vp 2T (1 )"’“”d z+0{(1—r))

T 28a+4(l r)&l*l-l 3 (1

_ V2140 (=) 2R
2Ba+8('/r)30+1 p (1+$)2

0{(1—r)**"y for 0<a<1/3,
{0{(1—1’)2} for 183<a<1.

Consequently,
. {0 {{1—7r)*a} for 0<a<?23,
P lo{a-r2y for 2B <a<l.

In the case of 1 < a < 2,

4\ af2 2a
" —sin’t < (t) <X (1-:_) sin®t (0 <t < w/2).

3] T3 \g
Hence
1 [w\2 (1 —7r2) e o, 1—7-42rsin®t
2~ a2 |5 fsmt 2 . 2,42
37 \2 27 [(1—7)"+ 4rsin°t]
1 [m\2%2(247)
= =) ——(1—r)?
3% (2) 16 (=77,
i.e.

. O{(1—r)} for 0<a<?23,
2_{0{(1—r)2} for 2B <a<lorl<a<?2.
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Putting together the results, we obtain
Of{(L—r)e)  if 0<a<1/2,

dz+10{(1—r)*e} if 12<a<1,
0{(1—-r)} if l<a<?2,

(1471 —r) [ 20"
2r(y7)* J (1+2)°

Ud(r) =

and the desired formula follows immediately.
Analogously, for a = 1, the asymptotic relation

Ul(r)=-12;(1—r)+0{(1—r)2|1n(1—r)|} as r—l-—

can also easily be deduced (cf. [2], theorem 3).
Notice also that the inequalities

I(r) < Uslr) < (m[2)2L (7)),
/2

where I(r)= 24 [ sin?tK (r, 2t)dt = (2+7)(1—r)?, imply
0
2 < Uylr)l(L—1) < 3(nf2)?.
THEOREM 2. Suppose that for certain fized @o,a (0 < a <2) the
finite limit

>0+ [
exists, and that f(p,+1t)+ f(po—1t) remains bounded in {0, x)>. Then

f("a%)=f(%)+7£rB(1;-a,3;_0)(1—7')a-|- o{(1—7)°} a8 r—>1-—.

Proof. By hypothesis, we can write

(6) F(@o+1) —2f (@o) + (o — 1) = [1+ A(2)] (2 sin(t/2))° ’

where the function i(?) is bounded in (0, =), say |A(?)] < M, and A(l)—>0
as t—>0+4.
Applying (3) and (6),

Fry g —flpe) = U [ @sin(2) K (r, i+ | (2sin(y2)) A K (r, t)dt
0 0
= U,(r)+ Y,(r).
Given ¢ > 0, there is a § > 0 such that |A(t)] < e for 0 < ¢ < 4. Then

Yao(r)

T | < 1_.1(7) [s f (2sin%)°K(r,t)dz+M f (2sin%)°1{(r,t)dt]
: ) :

< e+% f (QSin-;-)aK(r, Bt
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The last integral is O {(1 —r)?}. Further,
/2

L) = 2" [ sin"tK(r, 2t)dt

o

_1,1+4a 3—a\,, o [O{1—r)*} i O<a<l,
—-r:B( 2’ )(1 ") +=0{(1—r)"} if 1<a<?2,

L(r) = 2 (1—r)+ O {(1—r)iiin(1 — )]} .
Consequently

L =18(*52, 25

)(1 r)'+o{(1—7)} for O0<a<?2.

Thus we have Y,(r) = O{I,(r)} as r—>1—, and the proof is completed.
THEOREM 3. Let f(p) be bounded in {(—w,=n) and let w,(8) signify
the second modulus of smoothness of this function. Then
H(ry @) rwy(l—7)
og? (1—r)p®
with an absolute constant C.
Proof. Starting with the identity

max <C

for 0<r<1,
Jel<w

3’f(7',¢) *K(r, 1)

f fo+n T g,

and observing that, by (1), (2), 2K (r, t)/ot? is even and its integral ex-
tended over the interval {—m, =) vanishes, we obtain

erens f o+ 1)~ 27 (g)+ g — 00 20 Dy

Direct computation gives

AK(r,t)  r(1—r¥?[2rcos2t—(3 —r?)cost
ot~ 2 (14-r2—2rcost)?

67s5in?¢(3 —r2 — 2rcost)
(14 72—2rcost)t

+

Hence

oY (ry @)
op?

| <" [ wmieur, 0+Qur, mat,

where
Q 2(1 r)(3+7r)+t3(3+ 8y —1r?)
ir ¢ 2[(1 —r)*+ 4rt3/n?] ’

_ 6rt{(1 —r)(3 4 1) 11?]
Qz(r, t) - [(1 _ r)z_+_ 4.,12/,:2]4
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Now, it is easily seen that if 0 <r < 1/2,

f(r, )| _ 167 j Lo
| S h o w,(1) (7 + 9182-+12t4) dt

and by the inequality

() < {(1 -7+ 1)2wy(1 —7)}/(1 —7)?,
we have

o (r, p) < rwy(1 —7)

max|\ = | < Oy

(C, = const) .
lel<m

In the case of 1/2 <r < 1,

2yri(1—r)

of(r,9)| _r(t4ra—n " —r)
o '\ 1Yr 2( 2yr

w) [Q¥(r, 2) +QX(r, 2)]dw ,

where Q}(r, #) = Q,(r, ®(1 —7r)z/2}'r). Applying the estimate

— 2
®, (ﬂ(l /_T)a}) < (1 —i—-—ﬂpa‘) (1 —7),
2V 2)r
we get
f (ry @) < ry(1l—7) r (1 _E:m)z [32 + 6ﬂ2w2+31:2m’(32 + ‘rrzwz)]da;
‘gt 2(L—r)p 2yr (14 a2)® 2(14 a2
Consequently
f(r, @) rey(l —1) _
mif P < 0, 17 (C, = const) .

The proof is thus completed.
THEOREM 4. If a finite derivative f(@,) (s is 1 or 2) ewists, then

lim 29— g,

as (r, p) approaches (1, ¢,) in such a way that (p —@,)/(1 —r) remains bounded
(ef. [4], pp. 100-101).

Proof. Let us confine ourselves to the case of —n < g, <=, 8= 2.
The function

Tu(®) = fl@o) + ' (@o) 810 (t — gy) + 3f"' (o) 8IN* (t — )

is 2rn-periodic infinite-differentiable in (— oo, co),

i')(?’o) = f(')(‘Po) for v=0,1,2,
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Moreover,
7(t) = (f(t) —fu(t))/sin®(t —¢,)  tends to zero as t—>g,.

As for the Poisson integral,

el A Jf. nZEC LD j K (r, 1)t

and

lim ff K (r, t—g)dt = £(90) = f(g0) -

r—1—

>0

Writing h(?) = f(t) —f.(t), we have

¥ (r, @) _ P (r, @) , ®*h(r,p)

og? og? og*

H

and
&h N
—7(;2’—¢)= | n(ysinz(t—qo)

3K (r,t—p)
— dat .

Given any £¢>0, let 6 (0 < é < min(x—g¢,, *+¢,)) be such that
[7(t)] < e for [t—g| < 4. Then,

2 2 —_
D <o [ st D 10, o
[t-@ol<é
where
) . 2K (r,t—
L= | nsn—g) T80,
It—@ol >4
Clearly,
: o B
mmwwoﬂﬂ%LﬂPz
t— pol <6 '

/A

; 2K (v 1 —
J 8in2 (2 — @) I“{+t:¢)ldt

bt 1 4

= J'sinztl——at:—t)'dt-}- ' [sin%(t4 @ — ) — 5in%t] X
02K (r, t)

o |dt=A+B.
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The integral A is uniformly bounded in r (0 <7r < 1),

2K (r,t)
o dt

B < lp—gsl | Isin(t+p—gpe) +sint

OK (r K (r,t
<2|¢P—%|l2fsmt _5ﬁ—ldt+lq) %lf a(t:, )dt}

< Myl —@ol (1 —7)+My(¢ —@0)?/(1 —7)* (M, = const).
Also, it can easily be observed that

limIy(r,p) =0 as (r,¢)—>(1, @) .

Putting together the results, we get the above-mentioned assertion.

THEOREM 5. For any bounded function f(p) with modulus w,(8),
we have

f(r, )

or <M

max
lol<n

M for O0<ry,<r<1,

1—

where M 18 a constant depending only on ry. In particular, if wy(d) = o(é),
the relation

. of(r, @) _
(7) ,-1},111.1.—61' =0

kolds wuniformly in ¢.
Proof. Let A, = ay/2, A.(p) = a,cosnp-+ bysinng, where a,, a,, b,
are the Fourier coefficients of f. In view of (1),

A20) _ (1 S‘ (n+%’)r»_u,.(¢) :

n=1
Denote by f*(r,e) the Abel-Poisson means of the Fourier series
of f, i.e.

Fr, 9) = Aot D ™Aalg)

n=1

and write

Silg) = 2, mrmda(e),  Tdp) = 2, wirmAnly)
Then, by (1), " "
flry@) =f*r, p)+ 11— 8:9) .
Applying Theorem 1 of [2], and observing that

If*r, @) —flo)l < Ga%l—__r—r) for 0<r<1,
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we get

wy(1-—7)

[f(ry @) =f*(r, )l < O= 7, (Cs,4 = const);

whence
wy,(1 — r_)
1—r

It is easily seen (cf. [4], pp. 108-109) that if 0 <r < 1,

(1 —12)|8:{¢)] < 20, for 0<r<1.

1) = [P0 < D) (0, = const).
Thus
3f(7‘, ?) . 1 1
o '— Sr(¢)+2Tr(¢)|
20,  (147)Cs\ wy(1—7) wy(l—7)
g(r+ 2 ) 1—r gM_ElT as r=To.

For the whole class Z, the estimate in the last theorem cannot be
improved. Indeed, the function

'o%cos
flo) =K, D) (0 <a<2),
n=1

with a suitable constant K,, is of class Z,. Its Abel-Poisson means pos-
sesses the derivative

*f*(r, ‘P)
op

= —K, Zn‘ arcosng (0 <r<1).

7n=1

Since

D mar = I(@)f(1—r)-o+ eda)
where v
o{(1—n*"}y for O<ea<l,
O{In(1—7)]} for a=1,
0(1) for 1<a<?2

er(a) =

as r—1— (see [4], pp. 76-77), we have

of*r, 9) Cs
o lo—o| T (1—1)2e

where C, i8 & positive constant depending only on « and r,. Now, it can
easily be observed that there is a positive constant C, such that

3f(f,¢)‘ >

for O0<nr<r<i,

max
lpl<n

for O0<r,<r<l1.

(1 —r)l'
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The biharmonic function generated by
flp) = 48in*(p/2) = 2(1 —cosp)
belonging to Z, is of the form:
flryp)=2—(3—1*)recose.

Hence,
max |27 'P)l —3(1—1)>3(1—7r) for O0<r<1.
Jol<m or
It f(g) = [2sin(p/2)l,
lim 3.f_(1', 0) = _2 <0.
r—>1— ar T

Thus, there exist functions f(gp) satisfying the Lipschitz condition for
which relation (7) is false at some ¢.

Evidently, if f(p) possesses a finite second derivative in a set E,
the relation
: azf‘(’)‘, q’) e
lim T = f"(¢)

T—>1-—

implies (7) for any ¢ ¢ F.
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