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Unitary dilation and fixed point theorem

By Marek Prak (Krakow)

Abstract. In this paper certain fixed point theorems for functions on groups Z% and R? are
proved. using unitary dilations.

Let H be a Hilbert space. L(H) denotes the space of all linear bounded
operators in H. If H is a subspace of a Hilbert space K, ithen P,; denotes the
(orthogonal) projection of K onto H. The set of all functions from a set Q
into set A with finite support is denoted by A2 R, Z stand for the sets ol
real integer numbers, respectively.

Let G be a group (we only consider groups D*®. R%) with unit ¢. A
functions T(+): G — L(H) is called positive definite iff T(s™') = T(s)* for all s
in G and

Y YT "s)h(s). h())=0 for all heH®.

se(r 1

A function U(‘): G = L(K) is called a unitary representation of G in K if
Ue)=1g, U(s-1)=U(s)-U(z) for all s, r €G and U (s) is a unitary operator
in L(K) for all seG. Let T(:): G — L(H) be a [unction; then a unitary
representation U (-): G = L(K) is called a unitary dilation of T(-) if H =« K
and T(s) = Py U(s)|y for all seG.

Dash, in [1], has proved a fixed point theorem for a positive definite
sequence of operators indexed by integer numbers. In the present paper we
prove fixed point theorems for a positive definite function on groups Z? and
R?, using unitary dilations.

Let Q be a set; for w €Q we define a function e, in Z* (or in R?) by
e, (@) =11fa=w,and ¢,(2) = 0, otherwise. Now, we generalize the theorem
from [1] to multi-parameter discrete functions.

THEOREM 1. Let T(+): Z? = L(H) be a positive definite function on Z*
(the group of all functions from a set Q into Z with finite support) with
TO)=1. If for some [ in H and all weQ

T(e,) f =/,
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then
T f=/f forall neZ®

Proof. T(-) is a positive definite, thus [Theorem 1.7.1,2] there is
U (-): Z2 > L(K), a unitary dilation of T(-), so that T(n)g = Py U (n)g for
all g in H and all n in Z%

Let 0 €eQ; then

WAl =11T(e,) Sl = IPu Ule,) fll < IIU (e,) fII = lIf1,
thus Ufe,). f€H. For all heH

(h’f) = (hv T(ew)f) = (ha PH U(ew)f) = (ha U(eu))f)'

Hence Ule,) f = f and also U(—e,)f =Ule,) ' f = f. If neZ? then, be-
cause U(-) is a representation, U (n) is a multiplication of a finite number of
operators of the forms Ufe,) or U(—e,) for some w in Q. Thus U(n) f = f
for all neZ® Hence

Tn)f =Py,Un)f =Py f=f forall neZ% n

Now, we present a fixed point theorem for a function on the group R®,
It can be observed that:

Remark. Let d;, # 0 be a sequence converging monotonically to 0 and
let reR. Then there is a sequence n, of elements of Z such that d,n, —r
whenever kK — .

n, can be defined as an integer number such that |d, n,| < |r| and |d, n,
—r| has the smallest value.

Note that R is a topological group with pointwise convergence topolo-
gy and that each element of R? can be multiplied pointwise by any functions
from Q to R.

THEOREM 2. Let T(+): R? = L(H) be a continuous in the strong operator
topology in L(H) positive definite function on R% (the group of all functions
from a set Q into R with finite support) such that T(0) = I and let there be for
some f in H a sequence s,('): Q =R, converging pointwisely to 0, of non-
-vanishing functions such that T(s,-e,)f = f for all k and w in Q. Then

TG)f =f for all s in R

Proof. By Theorem I.7.1 of [2] there is U(-): R® - L(K) a unitary
dilation of T(-), thus T(s)g = Py U(s)g for all g in H and all s eR*"
Like in Theorem 1, it can be proved that

U(sy'n)f=f for all k and all n in Z2

Let seR? and denote by supps the support of s. We can choose from the
sequence s, () a subsequence, also denoted by s, (), such that s, (w) con-
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verges monotonically to O for all w esupps, because the support of s is finite.
If w esupps, then, by the remark above, there is a sequence n{ of elements
of Z such that s, () n —s(w) whenever k = . We define a sequence of
functions nj € Z% as follows: n}(w) = i if wesupps, and ni(w) = 0 other-
wise. Then s, n; €R® and s, n — s pointwise in R%.

The representation U (-) is continuous in the strong operator topology
in L(K). because T(-) is such (Theorem 1.7.1 [2]), thus U(s)f = f. Hence

T(s)f=PyUs)f=Pyf =/ m
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