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1. Oonsider the Dirichlet series
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Under conditions (1. 1) and (1.2) f(s) represents an entire function
and if M(o)= max |f (0+1it)] and u{o) = max |a,|¢"», then for func-
nz1

tions of finite order,

(1.3) log M (o) ~log (o) .

Throughout our discussions we shall assume that f(s) is not an expo-
nential polynomial and it satisfies (1.1) and (1.2).
The mean values of f(s) are defined as

T
(1.4) V(o) =V (s, f) =lim 21T y \fo-Fit)p dt, ,

(1.6)  wy(0) = vs(0, f) = -e%fV(w)e“dw
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=1im——;f f(a+ it edodt, 0<8<.oo.
T—bonzTed 0 _v[

Annales Polonici Mathematici XVIII 22



308 0. P. Juneja

If f™(s) denotes the mth derivative of f(s), its mean values are
similarly defined as

T
™y _ lim L g
(16) V(o,f )-Tlingﬂl,_i ™o+ it)p dt,
(1.7) vpla, f™) = o f V(z, f™) e ds

T—00 2 Teda

= lim If™(z - it)|2 6" dwdt .
LT

If f(s) is of order ¢ and lower order 1, it is known ([1]) that
. suploglogws(o) o
(1.8) bm e ™ ¢ &

and that €%V (o) is a convex function of e?vy(c) for any finite positive 4.
In this paper we investigate into a few properties of v(c) and
vs(c, f™) and give an alternative proof of (1.8).

2. THEOREM 1. vy(c) increases steadily with o and logvs(o) i8 a con-
vew funclion of ¢ for o > a,.
Proof. For all ¢ < oo, it can be shown as in [3], p. 303, that

(2.1) V(o) = |an/tetn.

" Nl

Therefore, by (1.5),

osl0) = %of(g:’ |a,,.|2emn) e .

The series under the integral sign is a uniformly convergent series
of continuous functions for o < oo and hence,

1 V[ A Bgtoin lanP
S [ X

n=10 Noeml

That vs(c) increases steadily with o follows from (2.2). To prove
the convexity of logvs(c) we see that

%V(a)e"“ 1 7 z
dlogvs(a) _ 653;6”7(3;)6*’ do V(cr —dvs(0) [V(a) —6]
do va(0) ve(0) | vs(o) '
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Now since ¢*V (o) 18 a convex function of elw,(s), the right hand
gide is a positive indefinitely increasing function of o for ¢ > ¢, (1) and so

a2l
—%2—"(& >0 for o>aq,.
Hence the result. '
THEOREM 2. If vsa, f™) is the mean value of f™s), the first deriva-
tive of f(s), then

(2.3) o7, fV) = v4lo) (1032”4)’ .

for o > ay.
Proof. We have

g T

vilo, f¥) = 2T65" f If D@+ it) |26 de dt
0
"11,1m o an f f(m+zt)—_:;m—ws+zt) P di
|f(@+t)|— | flo— e+ it)| |®
>lim o2 f f M{ o }e‘“’dmdt.

Now, by Minkowski’s inequality ([3], p. 384)

{ f(lf(m+it)l_|f(-’7——w£+it)|)’dt}1’2
-7

2l f fo+inpa) — f fla=a+inparf” ).
-7 -T

Hence,

olor %) > i s >

x [ f {{ fT |f(w+it)|2dt)1’2—( fr fa—wstinpat) | ﬁ"fdm]
0 -7 -T

> lim lim -——];-—-—-
7 Proo 80 2Te’u’e""

X [ f {( [ |f(m+¢t)|=eawdz)"2-( f lf(m+it)|’e“dt)m}zdm].
0 -7

-7

(*) oo need not be the same at each occurrence.
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Again using Minkowski’s inequality,

v5(0 f(l)) hmhm X

2Tetgted

<{( f f |f(m+¢z)|aewdmdt)m—( f ﬁf(?—_aa.e+¢t)|=e%dz)””}”

> lim [ (2 = (lo—oe ]
a—=0 €0

Now let,
logvs(o)
o

g(o) =

then since logwvs(o) is a steadily increasing convex function of ¢ for
0 > 6,, it follows that g(s) is a positive increaging function of ¢ and
therefore ‘

oy fO) > i !goa(o)lz._ e(a—ua)a(a-oc)lz} edg(a) {g( )} (o) {log'va(a}

&g

TaEOREM 3. If f(s) 2 anettn be am entire fumction of Ritt order o
n=l

(0 < p < o0), lower order A, type x and lower type v, then

. sup loglogvs(a) o
(2.4) It = 0 A
sup logvs(o) 2%
(2.5) aveo IDf e 2

Proof. We have

(2.6)  vy(c) = 6% f V(2)e=dn < e% (M (o)} f evdy — %{M(a)}’- {1— e~}
0

Now if u(s) be the maximum term of rank N(s) for Re(s)= o,
in the series for f(s), it follows from (2.2) that

[= -]
Iaﬂlzealnd 1 la"]2
2.7 = el 7 "
(2.7) %(2) g 2Ant o 2 DAt s
[av@[?e* VD 1 |ane)]
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Hence from (2.6) and (2.7), we have
S o(1) <o) <HLOE

ZI".N(,)-I—(S
Now making use of (1.3), we get
(2.8) logvs(o) ~2log M (o).

The results (2.4) and (2.5) easily follow from (2.8) since

sup loglogM(a) ¢

.1,1_2,10 inf o A
and '
Jim SUP logM (o) _%
a—oo 10T e Y

THEOREM 4. If N (o) denotes the rank of the mazimum term u(s) of
f(8) and 0 < A < p < oo, then

lim sup logoolo) o(1— i’)
o—-+00 O'AN(a) = o

and

lim sup 77 o)

log vs(o) (1 1)
—_— L2
o AN AN

Proof. The results follow in view of (2.6) and the following results
of Srivastav ([2], p. 84)
lim sup —IOg'“(d) = limgup log M (o) < (1-— é)
g—+00 o ZvN (o) o0 O'AN () 3 [
and

hmsup_]ﬂg'u_(o;)__h ms pM<(l .:_l.).

AN(o)log Ano) oo AN 108 AN
COROLLARY. If f(s) is of linearly regular growth, then

lim logvs(o )_ 0 < lim logvs( o) .
g0 OAN() s—0 AN (Y108 AN(s)

3. In the first theorem we have shown that logwvs(o) is an increasing
convex function of o for ¢ > ¢,. This implies that logw,(o) is different-
iable almost everywhere with an increasing derivative. This enables us
to write logvs(o) in the following form:

(3.1) logvs(o) = mn+f?@
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This integral representation of logvs(e) helps us in proving the
following theorem: .

THEOREM b. If vs(c) denotes the derivative of vs(a) with respect to o,
then

. sup log {vi(o)/vs(o)} .. suploglogus(a)_ ¢
(3-2) Hen g = =Im. ¢+~ —a

Proof. From (3.1), we have

logvs(0) < O (1)+ (o— ao)},’%

and therefore

. sup loglogws(o) . sup log {vi(o)/ve(o)}
@) PRI < T SERAREL.

Further, for an arbitrary n >0, ¢ > g,.
atn

. logvi(o+7) = J

d

V() v3( o)
2@) © Z Tosl0)

and as o+ n~o, we get

. sup loglogvs(oc+n) _ ... sup log{vyo)/vs(o)}
(3.4) }.1& inf /] ’>’£,I£ inf a '

(3.3) and (3.4) give (3.2).

4, In this section we give a few applications of the above theorems.
(i) If 0 < 4, o < oo, then

(4.1). vo(0) < va(a, fP) < v(0, fP) < ...
for sufficiently large o.

From Theorem 2, we have

lirg 590 108 {vo(0, Fus(a)}” _ . sup logloguia) _ g

=]

sroo 10T a oo IDE o A0

Therefore, for any ¢ >0 and sufficiently large o,
'Da(d,f(l)) > '620(,'“’)’0,5(0') .
As 4> 0 and £ can be made arbitrarily small, it follows that
v(0, f¥) > vilo) .

Writing the above inequality for f™(s), /®(s), .. and combining
them, we get (4.1).
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(i) For 0 < 4, p < o0

lipg SOP log {ve(a, f™)/vs(0)} ™
arco iDE o

e
? 1 *

Writing the result of Theorem 2 for f™ (s), we get
oo, f) 1 (logva(o,f‘"‘"’))’

oo, [™) 7 2 o
Taking m=1,2,...,m and multiplying the m inequalities thus
obtained, we get

vo(o, ;™) _ 1 (logvs(a)\'™
v4(0) >§“T"-( Ud ) ’

gince
vs(0) < va(o, FP) < vs(a, fP) < ...

for A >0 and o > g,. Hence

lim S9P log (9s(c, f™)vs( o)} *™ > lim sup loglogvs(o) _ e _
g—>00 inf g a~»00 inf o A

Finally I must thank Dr. R. S. L. Srivastava for his help and
guidance.
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