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On a non-linear system of parabolic integro-differential
inequalities in an unbounded region

by I. LoJczyk - KROLIKIEWICZ and J. SzARski (Krakéw)

The following system of integro-differential inequalities is considered
in a region D of time-space (¢, X)

1) wf <F X, U, uly ks, [ U, D) dult, DY) (=1, 2, 0y m),

o

where X = (2, ..., Zn)y Z = (2, vy 2n), U = (4", ..., w™), ug is the gradient
with respect to X of the function w%(t, X) and ul, is the matrix of its sec-
ond derivatives.

The results of the paper are closely related to paper [4] of one of
the authors. The difference consists in the fact that in the above-mentioned
paper less restrictive assumptions are made with regard to the measure
uz(t, X), whereas stronger conditions are assumed concerning the para-
bolicity of the solution U(t¢, X), the class to which it belongs, and the
right-hand sides of (1). From the theorem of the present paper follows
the maximum principle and the uniqueness of the solution of the mixed
problem with boundary values of Dirichlet’s type for a system of equations
of type (1). In the linear case the above principle and the uniqueness
were proved by M. Krzyzanski [2], [3] under similar assumptions to
those made in paper [4].

In order to simplify the formulation of our theorem we first introduce
some definitions.

Definitions and notations. We denote by D an open set
contained in the zone i, < ¢ < t,+ T such that for any t,,t, <, < 3,4+ T,
the intersection o, of the closure of D with the plane ¢ = ?, is non-void
and unbounded. X will stand for that part of the boundary of D which
is contained in the open zone {, < { < t,+T. For any set F of the time-
space (t, X) we denote by E” its intersection with the zone t, < t < t,+ &,
and by B, the intersection of F with the cylinder |X| < r, where |X|

= [Satj

[
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A function u (¢, X) defined in D is said to be of class Ey(M, K) (M, K
positive constants) if

(2) lu(t, X)| < Mexp(K|XP).

A function w(t, X) is called regular in D if it is continuous in the
closure of D and wu, 4z, %z are continuous in D.

We recall that for two real symmetric matrices R = (ru), = (Ty)
we write
(3) R< R
n

if the quadratic form in (A, .., 4) 2 (ry—Ty)AA; is non-positive.
1=

A sequence of functions U(t X) = (ui(t, X), ..., um(t, X)) being given,
we say that the function f%¢, X, U,Q, R, S), where X = (2, ..., 23),
U= (uty .., wm), @ =(q1y ey )y B=(ryg) (1,5 =1, ..., n), 8 = (81, ..., 8m),
is elliptic With respect to U(t, X) at the point (¢, X) if for any two real
symmetric matrices I, R satisfying (3) the inequality

fit, X, U(t, X), ulit, X), R, [ U@, Z)dut, X))

<fit, X, U@, X), uilt, X), B, [U(, 2)dut, X))

holds true.

We write A < B for two pomts A = (ay, ..., Om), B=(by, .., bm)
such that ax < bx (k=1, ..., m).

Using the above deﬁn.itions and notations we formulate our theorem.

THEOREM. Let the functions f'(¢, X, U, Q,R,8) (t=1,..,m), be

defined for (¢, X) € D and for arbitrary U, @, R, 8. Suppose tha,t the func-

tion f* is increasing with respect to the 'va,mables Wy wt T W™

81y vy Sm and salisfies the inequality (1)
(4) [f', X,U,Q,R,8)—f, X, U,Q, R, §sen(u'~7
< I ,Z;. Irak—F sl + (Ly | X |+ Ly) ;’ \4— 371+ (L |X12+L4)Z jur— ] +
+ Lg Z |8y —S¥|
where Ls (s =0,1,2,3, 4, 5) are positive constants. Let u(t, X) be a non-

negative measure in the space (2, ..., 2,), depending on (t, X) e D and such
that the integral f exp K |ZPdu,(t, X) is finite and

(*) sgnz denotes 1 for 2 = 0 and —1 for z < 0.
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lim sup f exp K |Z\*du(t, X) =0,
r—~o0 ((,X)eD, |ZI>r

()
[ exp[2(E+1) |21 dus(t, X) < K, for (t,X)eD.
RP

Assume U(t, X) = (W(t, X), ..., wn(t, X)) and V(t, X) = (v'(¢, X), ...

.-y 'v’”(t', X)) to be regular functions of class Ey(M , K) in D. Write = {(t, X)
e D: u'(t, X) > 'vi(t, X)}. For every index j we assume that at (1*, X*) e &
the function f' is elliptic with regard to U(t, X) and the following differential
inequalities are satisfied:
uf (t*, X*)

<P, Xt U X%) wa(t*, X¥), uzalt*, X¥), [ U, Z)dust*, X*)
(6) . aje
{ i (t*, X*)

> fl(tr, X, V (1%, X%, vh(t*, X*), vhelt*, X*), [V, Z)dpalt*, X*)) .

U‘.

Suppose that the initial and boundary inequality

(7) Ut, X) <V, X) for (A, X)eo, v
holds true.

Under these assumptions we have
(8) Ui, X) <V, X) in D.

The proof is modelled on that used in P. Besala’s paper [1]..
Proof. We introduce the growth damping factor

2
H(t, X) = exp [%5 +}.t],

where
A= 4[2n(H+1)(Ly+ L)+ m (L4 K, Lg) + 4],

% = An2(K +-1)Ly+ 2n(Ly+ L) +mLy/(K +1) ,
and the new functions

W, X) = e, H[HE T, ¥, X) =o', DA, X))

We first prove (8) in D", where h < min(T, 1/2x). Suppose that the
contrary is true; then, we would have for some positive r,

(9) p = max { max [@Xt, X)—vYt, X))} > 0.
I x)eDh
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Write
Oh= {1, X)e D" | X| =1}

and choose 7, so great that 7, > 1,

(10) [H(t, X)'2Mexp(K| X)) <p for (t,X)eCh

and

(11) oM f oxp (K | Z1%) duslt, X) < %«. for (1, X)e D" .
|Z]>71

We obviously have

(12) D}, = (o), v E, v Cr, v Dy,

By continuity there are a point (#*, X*) e D} and an index j such that

(13) wi(t*, X*)—9i(t*, X*) = max { max (%, X)—%%(, X))} =p>0.
I wx)eDl

In view of (7) and (13) the point (#*, X*) does not belong to (a;‘,),.l v 2,1
It does not belong to O either because of (2) satisfied by %’ and 'o of (10)
and (13). Hence, by (12), we must have (t*, X*) ¢ D},. Since

wi(t, X*)—27(t*, X*) = max [4/(t, X)—=v(t, X)]

(t,X) e D},

it follows by a classical argument that

(14) (e, X4~ (t*, X*) > 0
(15) %;:(t*) X*) = ?)'z;(t*, X‘) ’
(16) Wty X*) < Thalt*, X*) .

Now from (6) and (13) we obtain at the point (#*, X*)
17  @-HE+@-¥)H
< [Fle, x+, OB, Q% B, [ U(*, 2)Baul+, X))~

L1

—f!(es, X+, UH, @%, E*, [ T, 2y Bauirr, X))} +

H‘.

+[r'er, x+, UH, Q% B*, [ T, 2)Hau(r, X)) —

Ut‘

~f(er, x*, 78, ¢, B, [V(t*, 2) Haplr, X¥)],
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where

Q" ""“'zH'f"“'HE, Q° —’fo—}"v’Hxl
('"'a:,a:kH‘I' %m,sz’l' ’“f:c,,-Hzl‘l' ufo,m,,) (1, k=1,2,..,n),
= (vz,ka—}-"l‘J'g;‘H:k—l— 'ka a;l_l_lv Hxlmk) (l’ k = 1’ 2, 1eey ﬂa) y

R = (Vio, H+9 Ho + 8, He 4+ Hep)  (LE=1,2,..,2),

all values being taken at the point (¢*, X*). By (16) and the ellipticity of
f’ with regard to U = UH, the first difference in brackets on the right-

hand side of (17) is non-positive. As to the second difference we rewrite
it in the form

as) [fle, x+, 07, %, B, [ UHapprr, X4)—

Ot‘

—fe, X0, WH, @, B, [ PR, X0)]|+

age

+Hf(e, 20, WE, @, B, [VEdpu(rr, X)) -

0‘0

—filee, 2+, VE, ¢, B, [ VHdulr, T4)].
where t

Wi, X)= (wl(t’ X)) ooy wm(t, X)) y  wi(t, X) = min[%}t, X), 94t, X)]

(l=1,2,..,m). By the monotonicity of f* with respect to the variables
wr, ..., w1t Wit L, um the second difference in (18) is non-positive. Hence,
using the obvious inequalities (see (13))

wNtx, Z) <Y Z)+ (e, X010, X)) (1=1,2,..,m)

for (t*, Z) € (op)y, and the monotonicity of f with respect to sy, ..., 8m,
we finally obtain at (#*, X*)

(@) H+ @ —v") B < i+, X*, OH, Q% R™, [ VHaw(t*, X9+
(dp)h

+ @) [ Boplr, X9+ [ Uduler, X))

(CAYP apN{Z|>r

—filer, X, WH, @, B, [ VHaw(, X+ [ Vaur, X4)

(u")fl ape N |Z|>71y
where H = (H, ..., H), Since

[, X —wi(t*, X*)| < W(e*, XN)=21(*, X*) (I=1,..,m),
Annales Polonici Mathematlel XIX b
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the last inequality implies, by (4) and (15)
(19)  [ad (%, X*)—%(t*, X*)]H
<[, X)—¥ (0, X[FE) +mI, [ Haple, X0)]+

(o, [Ad )7-1

+L D [ (o) dueler, X7

1 apen|Z|>n
where

F(H)= L.,Z|Hx,¢,,|+( LiX|+Ly) ZIH,,,wm( Ly|X[*+L)H— H;,

taken at the point (t*, X*). Simple computation shows that (see {1] and
also [5], § 65)

(20) F(H)
____H
SR =P

(i -+1) e [‘1-(K+1)Lnnz+2(131+1: ot el n] +

+ 120 (K +1) (o4 L)+ mL]— 21— (¢ — ).
Since 1/2 < 1—x=(t*—1t,) < 1, we obtain by the definition of H and by (5)

1) [ Haue, x7)
(apady,

< exp (i) [ oxp[2(K+1)iZP]du(t*, X*) <
R®

. HE,
PTG N

Finally, by the inec‘l'ua;lity (2), satisfied by «! and » and by (11) we have

) D Gl e, 1)

l=1 dpﬂ[/] >y

<m f 2 Mexp (K |Z12) dus(t*, X*) < 11;’
12> 7 5
Inequalities (19), (20), (21) and (22) together with the definition of 2
and »x give

[wf(e*, X*)—of (1, X*)H < — +H[W (1", X*)—/(*, X*)]4-p
But, since H > 1, we have by (13)
—4H[W(*, X =F(*, XN +p < —3p < 0

and consequently %{(t"‘, X*)— 5] (t*, X*) < 0, which contradicts (14). This
completes the proof of (8) in D". We can now repeat our argument starting
from the plane t = 1,4 &, instead of the plane ¢ == t,, and thus after a finite
number of steps we prove (8) in D. '
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From our theorem we obtain the following

UNIQUENESS CRITERION. Under the assumptions of the theorem con-
cerning the right-hand sides of (1) and the measure u,(t, X), the mized problem
with boundary values of Dirichlet’s type for a system of equations

(23) wi=1t, X, U, u, uks, [ UL, D)delt, X)) (6=1, ..., m),
ot

consisting in finding in D a regular and parabolic (i.e. such that all 1* are
elliptic with rspect to U (i, X)) solution of class E, with prescribed values on
oy, v X, admits at most one solution.

The next corollary to the theorem is the

MAXIMUM PRINCIPLE. Let the right-hand sides of (1) and the measure
wty, X) satisfy the assumptions of theorem. Let N = (ny, .., nm) = 0 and
suppose that '

fi(tr-xa -f\'r;O’O’Nfdl-‘l(t’X))go (t=1,..,m).

Under these assumptions, if U(t, X) is a regular parabolic solution of
system (23), of class E, in D, and satisfies the inequalily

U, X)X N for (l,X)eoy, w2,
then
Ut,X)< N inD.
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