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On Hermite expansions of 2 and In|z|

by Z. SADLOK and Z. Tyc (Katowice)

Abstract. Hermite expansions of z* and In || are established and the asymptotic
behaviour of their coefficients is estimated.

Introduction. The functions z* and In|z| do not expand into Hermite
series in the classical sense. However, they do expand in Theory of Distri-
butions. The aim of this note is to show what the expansions look like
and to establish the asymptotic behaviour of the coefficients.

1. In [1] it is proved that every tempered distribution f(#) expands
(=)

uniquely into a Hermite series ) a,h,, where
n=0.

h,(2) = (_l)n(l/é?n !)-iezzu(e-::z/z)(n)

and the coefficients a, are inner products of A, and distribution f(=),

+ oo
which will be denoted by [ fh,.

The functions #” and In|#|, where k is a non-negative integer, are
tempered distributions, and thus they expand into Hermite series.

Vs

13 —1
2. For short, we shall write V(n) = L n” for even =,
35 N .
and U(n) = 71w for odd », assuming that V(0) = U(1) = 1.

THEOREM 1. For ‘even k, the function x* expands into the Hermite

series ) az,h, with the coefficients

n=0

4
W,C(n)l/S-n: V(n) for even n,
a —
1o for odd m,
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where Wi (n) is a polynomial of degree k|2 determined by the following recur-
rence equation:

Wi(n) = (n+1)W,_,(n+2)+ (20 +1)W,_,(n) +nW,_,(n —2)

for k=2 and Wy(n) = 1.
For odd k, the coefficients are given by the formula

0 for even n,

Ay, = 4__
W, (n)V8r U(n) for odd n,

where W, (n) is a polynomial of degree (k—1)/2 determined by the following
recurrence equation:

Wi(n) = (n+2)W,_y(n+2) + (20 +1)W,_y(n)+ (n—1)W,,_y(n —2)
for k=3 and W,(n) = 2.

Proof. For k = 0, the coefficients are given by the formula Ao,

4
= V8rn V(n) for even n, and a,, = 0 for odd n (see [1]).
Hence Wy(n) =1 for every n. It is known that

(1) oh, = Vn+1 hnH-{—l/;hn_l for n>1

(see [1]). We also have ah, = h,. Multiplying both sides of the last
equalities by #*~! and integrating them, we obtain

(2) pp = Vn+1 a,‘.__ll,m+l/;ak_1_n_1 for n>1 and k>1,

o = Q1,19

+o0
where a,, = [ #*h,. For convenience we assume that a;, = 0 for n < 0.

— 00

Then formula (2) is true for » > 0. By a simple transformation of (2)
we obtain

(3) Gy =V(n+1)(n+2)a_y (@041 ay_,, +Vn(n—1)ay_,,_,

for n >0 and k> 2.

Let k be an even positive integer different from 0. It is evident that
a;, = 0 for odd n, because #* is an even function (see [1]). We shall look
for the coefficients a,, in the form

13 n—1
24

4
(4) Ay, = Wy(n)V8n for n > 2.

Putting this expression into formula (3) we obtain

(5)  Wiln) = (n+1)W,_,(n+2)+(2n+1) Wi, (n) + 0 Wy _,(n —2)
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for n > 2 and k > 2. It is very simple to show that W, (»n) is a polynomial
of degree k/2. From (5) we obtain

(6) We(0) = Wi ,(2)+W,_,(0).

4_
We shall show that a,, = V8x W,(0). The proof is by induction. For

L
k = 0, we have W,(n) = 1. Assume that a,_, , = V8x W,_,(0). In view
of (3) we obtain for n =0

Aro = '/2_“1:—2,2 +ag_s,0-
4
From (4) it follows that a;_, , = W_,(2)V8x V}. Hence

Ay = VS—“(Wk-z(z)+Wk—z(0)’-

The last equality and (6) imply the assertion. For odd k, the proof
is like the first part of Theorem 1. It suffices to notice that W,(n) = 2.
Indeed, from 2 we obtain

Gy = VN F1 gy +VN Gy = 14/8_11(1/1?,+1 V(n+1)+VaV(n—1))

— VBr(U(n)+U(n) = 2V8xU ()

and the proof is complete.
We give below a few initial polynomials W, (n):

Wo(n) =1, Wi(n) =2,
Wy(n) =2(2n+1), Wi(n) = 4(2n+1),
W,(n) = 4(4n%4-4n 4 3), Wy(n) = 8(4n2+4n+17),

We(n) = 16(4n®+ 602 +17n+15), W,(n) = 16(8n2+12n%+ 58n+27).
The expansions of =z, 22, 3, and a* are:
@ = 2:/3_7:(h1+1/5h +VES b4V IETh, +...),
2 — 2V8m(h ho+BVEhy+ 9V 13, +13V135ph 4. ),
o = 4V8n (Bhy+ TV Iy +11V IS R +15V 33 Th, ..,

ot = 41/8_n(3h0+271/§h2+831/ 2hy+171V13
3. We are going to prove

o«
THEOREM 2. The function n |¢| expands into the Hermite series Y a,h,,
n=0

§ — Annales Polonici Mathematicel XXXIV,1
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4a___
where a, = 0 for odd n and a, =2l/8n(un—0/4)V('n) for even n. C is

Euler’s constant, and u,, is the sequence determined by the following recurrence
equation :
(41 Uy g — Uy —nU,_, =1,
with
Uy =0 and wu, =1.

Proof. Because In|#| is an even function, we have a, = 0 for odd =.
The proof is based on the following well-known formulas (see [1]):

—2hy, =Vn+1 by, —Vnh, ; for n>1,

7
(7) —2hy = h,.

Multiplying both members of these equations by # and using (1), we
obtain

—2zh, = V(n+1)(n+2)ky,y+hy—Vn(n—1)k,_, for n>2,
—2@h, = V2h,+h,.

Hence, multiplying by In|@| and integrating the last expression, we

obtain o

400
(8) Vin+1)(n+2) ay, o+ 0, —Vn(n—1)a,_, = —2 f zInxh,,,

— 00

+4-00

where a, = [ lnlelh,. As in Theorem 1, we understand that a, = 0
—o0

for » < 0. Then (8) is true for all even n. Transforming the right-hand
side in (8), we obtain

(9) Vin+1)(n+2)a,,,—a,—Vn(n—1)a,_, = 2;/8—1: V(n)

for n > 0.
It remains to calculate the coefficient a,:

+ 00 9 + o0
4
— o Ve2r —

The integral on the right side can easily be calculated by using the well-
known Legendre formula:

=
r'(a@a+3) = F; I'(a).
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In this way we obtain

4 4
Hence a, = —%Cl/Src, and from (9) we get a, = 21/811:(1—1-0). We write
a, in the form

a, = 2;§(un— %) V(n)

and look for suitable values of u,. Putting this into (9), we obtain
(n+1) ey, —u, —nu,_, =1 for n> 2, and u, = 0, u, =1, which com-
pletes the proof.

We shall now estimate the asymptotic behaviour of the coefficients
a,, in the expansion of z*. We shall show that

, a
lim — 2% — gk+!,

n Yy

The last limit is understood in the following sense. If k¥ is even, then n

takes only even values; if & is odd, n takes only odd values. From the
Wallis formula

1 24...2n \°
7w = lim —
13...2n—-1

n—soo T

and by the definition of V(n) (see part 2) we obtain
(10) hm l/2n V(2n) = ]/_

From (10) and the equality U(2n—1) = l/2n —1 V(2n—2) we obtain
. U(@2n 1)
a )
l/2n 1

by the definition of U(n). Using the recurrence equation for the poly-
nomials W,(n) which are given in Theorem 1, we obtain

Wor(2n)

(12) lim onF 2% for k>0,
W1 (2n—1
(13) lim 2-1(2n —1) =2%-1  for k>1.

n—>00 (27’& _1)k_l
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The easy proofs are omitted. From (10), (12) and from the definition
of a, ., we obtain

lim
n—oo

_ VEm)T

Bare,on — 92k+1

Similarly from (11), (13) and the definition a,,_,,, , we obtain

. Qop_y,9m—
lim k-lin—1 = _ g2k,

n—00

4
V2n —1)%=3

This gives the required asymptotic behaviour of the coefficients. The
two formulas can be fused into one expression, namely:

k

1
akn ~2k+1,n 4’

as n—>o0, a,, # 0.
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