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A note on Liouville analytic spaces

by StawoMiR CynNk (Krakow)

Abstract. In this paper, the spaces ol bounded holomorphic, c-holomorphic and w-holomor-
phic functions on affine analytic sets are compared.

1. Introduction. Let X be an irreducible analytic subset of C". Keeping the
notation of {4], we can state three properties connected with the Liouville
Theorem:

(A) Each bounded holomorphic function on X is constant,

(B) Each bounded c-holomorphic function on X is constant.

(C) Each bounded w-holomorphic function on X is constant.

[t is obvious that (B)=(A), (C)=-(B) and (C)=(A). In the paper, we shall
show that no other implication holds. In fact, we shall prove the following
theorems:

THEOREM 1. There exists an analytic subset X of C* for which (A) holds but
(B) does not.

THEOREM 2. There exists an analytic subset X of C* for which (B) holds but
(C) does not.

Both proofs consist of two steps: we first construct an analytic space having
the desired properties and then we embed it into C*.

Our proofs are based on some results from the theory of Riemann surfaces
([1]), theory of Stein spaces ([2]) and complex analytic geometry ([3], [4]).

2. The implication (A)=(B). Let D:= {ze C: |z| < 1} and B(z,, r):= {zeC:
lz—zo] <1},

Lemma 1. Let {z,};=, = D be such that lim|z,| = 1. Then there exists

p @
a sequence {m,}7=, of positive integers such that each bounded holomorphic
function on D with f'(z,) = = ["""(z,)=0, p>1, is constant.
Proof. There exist positive integers m, such that
72—z mp—1 1
sup — <—, p=zl
z1<1/2 |1 = 2,2 4p
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Let f be a bounded holomorphic function on D with
fey= =1")=0, p>1

Applying the maximum principle, we get
z—z my—1
1—-2z,2

zeD,

|/ (2)—f(z,)l < 2C

where C:=sup|f(2).
zeD
Combining the above inequalities, we see that

[f(z)~f(z) < C/p  for z;,2,€B(0,3), p= 1.

Now, letting p—oco and applying the identity principle gives the required
result.

Let {z,};=1 and {m };~, be sequences as in Lemma 1. There exists
a sequence {r,jp~; < R, such that the discs U,:=B(z,,r,), p=1, are
contained in D and are pairwise disjoint.

The mapping h,: U,- B(0, r;* ') x B(0, ry), defined by

hP(Z) P= ((Z—Zp)m” + l’ (Z _zp)mp)’

is a homeomorphism of the disc U, onto the analytic subset
A= {(u, e B0, rp>* ') x B0, rye): u'e =Mt}

of the bidisc B(0, ryr*')x B(0, ry?). Let us put Uy:= D\{z,: p> 1} and
hy:= idy, .

The cz)llection {(U,, h,)}pen gives a coordinate system in D. We shall denote
by X the analytic space defined by it ([4], Chap. 5, Def. 1E).

PropPOSITION 1. X has property (A) but does not have property (B).

Proof We first observe that the function I: Xa3z—1(z):=zeD is
c-holomorphic, bounded and non-constant.

Now, let f be a bounded holomorphic function on X. Put g:= fol~*. We
finish the proof if we show that g'(z,) =...= g™ "!(z,) =0, p > 1. Since [ is
holomorphic, we have f(z) = (f,0h,)(z), ze U,, where f, is a function holo-
morphic on 4,.

Let

L, v)= Y a !, (u,v)eA,.
k,leN
Consequently,
flz+zy) = Y g, 2merD¥me g <,
k.leN

Differentiating the above equality m,—1 times, we get the desired con-
clusion,
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Proof of Theorem 1. There exists a holomorphic homeomorphism F of
X onto an analytic subset X of C* ([2], Chap. IX, Th. 10B and Chap. VIL, Th.
10C).

The function JoF~! is bounded, c-holomorphic and non-constant, hence,
X does not have property (B).

Now, let f be bounded holomorphic function on X. By the proposition
above the function foF is constant, thus f is constant too. The proof is
complete.

Remarks. (a) The pair (D, Fol™?!) is a normalization of X. Thus X is
a Liouville space with non-Liouville normalization.

(b) Since the analytic set X is simply connected, it is easy to check that each
holomorphic function on X omitting two complex values is constant.

3. The implication (B)=-(C). The following lemma will be used in the proof
of Theorem 2.

LEMMA 2. There exists a sequence {A,};- ; of finite pairwise disjoint subset of
the unit disc D with the following properties:

0
(i) \J A4, has no accumulation point in D;
p=1
(ii) any bounded holomorphic function on D constant on each A, is constant
on the whole of D.

Prool. Let us define A,: {k/(k+1): k=pP,..., (p+1)?""—1}, p> 1. We
claim that for this sequence the assertions of the lemma are fulfilled. As (i) is
obvious we shall only prove (ii).

Let f be a bounded holomorphic function on D with f|4,=¢c, p2 L.
Applying the maximum principle, we get

(”“)(“n—ll z—k/(k+1) l
If(z)—cpl £2C H |1 —-(k/(k+ 1))217

k= p?P

where C:=sup|f(z)|.
zeD
For every ze B(0, 4) we have

| z=kfle+1) | _[3k+1] <(k+1)1/3
11— (k/(k+1)z| ~ [3k+2| ~ \k+2

Combining the above inequalities we see that

p+1 1/3
(?—}—Ll)pﬁﬁ) for Zy, ZZEB(O, %), P = 1.

Now, letting p — oo and applying the identity principle we finish the proof.

|f(z)—f(z) < 4C(
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Let {4,}@, be a sequence as in Lemma 2 and let A, ={z,,,...,2,,}
There exists a sequence {r,}5-1 = R, such that the dlSCS B,,:=Blz,, 1),

p21l,q=1,2,...,k, are contamed in D and are pairwise disjoint.

The relation £:=id,uU U A2 is an equivalence relation in D. The quotient

p=1
topological space X := D/# is a Hausdorff space and the quotient mapping
h: DX is a continuous surjection.

Let us define U,: U h(B, ), p = 1. The mapping h,: U,—(B(0, r,))
p=1
defined by
h(h(@):=(z—z,,,0,...,0), z€B,,,

ho(h(2):=(0,...,0,2~2,, ), 2€Byu,,
is a homeomorphism of U, onto an analytic subset

A,:= {ze(B(, r,))r: z; =0 except for at most one j}

of the polydisc (B(0, r,))=. Put Ug:= X\h( U A,) and ho:=(h|h™ 1 (Uy) L.

The collection {(U,, h,)},en gives a coordlnate system in X ([4], Chap. 5, Def.
1E).

PROPOSITION 2. The analytic space X has property (B) but does not have
property (C).

Proof. We first observe that h~! is a non-constant, bounded w-holomor-
phic function on X.

Now, let f be a bounded c-holomorphic function on X. The function foh
is bounded holomorphic on D and constant on each 4,. By the definition
of X the function foh is constant and hence so is f.

Proof of Theorem 2. There exists a holomorphic homeomorphism F of
X onto an analytic subset X of C* {[2], Chap. IX, Th. 10B and Chap. VII, Th.
10C).

The function h™'oF~! is bounded, w-holomorphic and non-constant,
hence X does not have property (C).

Now, let / be a bounded c-holomorphic function on X. By Proposition

2 the function foF is constant and therefore f is constant too. The proof is
complete.
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