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_Coefficifent estimates for spirallike functions

by H. S. GOPALAKRISHNA and V. S. SHETIYA* (DHARWAR, INDIA)

Abstract. If ae[0,1),0> 0,a+o> 1,8 e(—x/2,n/2) and n is a po\smve
integer, let S4(a, ¢, n) denote the class of all functions f(¢2) analytic in the unit disk

E ={e: |¢| < 1}, of the form f(¢) =£+ y a#® for zeB and satisfying "w”{e(( ))
Ic-n+1

=P (2)cosf+i8inf for ze B, where P (2) is analytic in #, of the form P(z) = 1+ Z‘ bye®
k=n

in B and satisfies |P (2) — (¢ + o)| < ¢ for 2 € H. In this paper, bounds are obtained for

the coefficients of functions of the class Sg(¢, ¢, n) which generalize earlier results

of the authors and Plaskota.

Let § denote the clags of functions f(2) analytic in the unit disk

= {#: |2| < 1} and normalized by the conditions f(0) = 0 and f*(0) = L.

Throughout this paper, let a, § and ¢ be real numbers satisfying « € [0, 1),
0> 0,a+2p>1andf e(—m/2,n/2) and n be a positive integer,

. Let B(a, g, n) denote the class of funetions P(z) analytic in ¥, of the
form P(z) = 1+b,2"+ ... in B and satisfying |P(2)—(a+ o)| < ¢ for
ze B. Let 83(a, g,n) be the subclass of S consisting of functions f(2)
of the form f(2) = 2+a,,,2"™ + ... in ¥ and satisfying '

i, 1)
T

for some P(z) € P(a, o, n). »

For n =1 and o tending to oo, Sﬂ(a, e, ) reduces to the class of
p-spiral functions of order « introduced by Spadek [8] for « = 0 and ex-
tended by Libera [b] for a [0, 1).

Let Ug(a, ¢, n) denote the class of functions f(2) analytic in theé

= (cO8f)P(2) +isinf for ze B

1
punctured disk B, = {z: 0<[e| <1}, of the form f(z) ==+ D) @

”’zfc(() (cosﬁ)P(z)-{—zsmﬂ for zekﬁ: for
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in 7, and satisfying —e¢
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gome P(z) e %(a,'g,.n—l-l). Uy(a, o0, 1) is the eclass of meromorphic
gtarlike functions of order ¢ introduced by Pommerenke [7].

In this paper we obtain bounds for the coefficients of functions of
the classes Sy(a, 0,n) and Ug(a, 0, n) if a+p¢ > 1. These results yield,
a8 particular cases, earlier results of the authors [2], Plaskota [6] and
Kaczmarski [4].

We use the following lemmas in proving our theorems.

LemmA 1. If a€[0,1), 0> 0, B e(—=/2,=/2) and n and q are posi-
tive integers, thenm

D q ; 1 m—1 a
il 2 —Om 28 __amlpol ) ,
e [Dcos ﬁ-}—mzl {(D —2mnB)cos*f —min }{m! j];]uj} ]

wiiera
. De *cosp  jB
1) Uy = ‘———— —_
no e

Jorj=0,1,2,..., with B=1—a—g and D = (1—a)(20+a—1).

The lemma can be proved by induction on ¢ in the same way a8 the
lemma in [2].

The next lemma gives a representation formula for funections of
the class P(a, g, ») and can be proved easily by standard methods.

LevmA 2. P(z) e Bla, 0, n) if and only if P(2) is of the form P(z)
_ e+Aw(?)
o+ Buw(2)
w(2) is amalytic in H, of the form w(z) = c,2"+ ... in H and |w(z)| <1
forzeR.

for zel, where A = g+a(l—a—2p),B =1—a—y,

TavormM 1. If f(2) =2+ D' @2 e 8p(e, 0,n) and atg> 1, then

Ik=n+1
(m+1)n
O ' D?
(2) D (—1rlalr< - costp
k=mn+1 e

for m =1,2,3,..., if n2+(2nB — D)cos?f > 0.
If n* 4 (2nB — D)cos2f < 0, then

(m-|:1)n m—1

(3) D) (7o—1>2|ak12<{(—m—_’f17 /] w}z

k=mn+1 §=0
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Jor m=1,...,¢+1 and

{m+1)n A o
(4) D - 1)*1ak|2<{ [ ]~ }
k=mn+1 ! j=0

form = g,+2, go+3, ..., where D = A —B = (1—a)(20+a—1), A and B
being as defined in Lemma 2, u,; is given by (1) and q, is the natural number
determined by q, € [b—1,b), where
b = cosp (VD + Broos?f— Beosf) n.
Estimates (2) and (3) are sharp with equality holding in (2) for a given m
for the function

D s
oy Be cosfi

fule) = {1+§} i B £0,

(e(L—a)

= e~ 2™ cos } if B =0
zexpl mn B o !

if n®+(2nB — D)cos?f = 0 and equality holds in (3) for the function

—e"iﬁcosﬂ

€ nB
) = 2fr+ 2o if B #0,
= zexp{Bu; ) e"ﬂz”cosﬂ} if B = 6,

if n24(2nB — D)cosf < 0, where |¢] = 1. Also,

(B) 2 [(h—1)*— {D—2(k—1) B}eos?]|a[* < Doos?f.
k=n41
Proof. We have
s"ﬁzf—(z)- = P(z)cosf+ising for zel

f(z) . ! ’ .
where P(2) € B(a, ¢, n). Hence, by Lemma 2,

L) gop_stang — Py = LEALE)
(6) zf( seef —itang = P(z) e Bu()

for z € B, where w(z) is analytic in &, of form w(2) = b,2"+ ... in & and
lw(2)i< 1 for ze B. So, , - .

o(L+itanf) (of' (2) —f(2) = {(A +iBtanf)f(2) ~ B(1+itanp)af (2)}w(2),

for z e F.
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Substituting the series expansions of f(2) and w(z), we obtain, for
zen,

[«

(7) o(1-itanp) Z (h—1) 02"
k=n-+1
.= [-Dz'l' Z {A - ItB ‘—"ir(k —l)Bt&nﬂ}akzk] 2 bkz"’. -
foni l=n"

We now proceed by a method introduced by Clunie [1].

Bquating the cocfficients of 2* on the two sides of (7) fork = n+1, ...
ooy 2my we obtain g(L--itanf)(k—1)a, = Db, for k = n41, ..., 2n.
Therefore,

2n

2n
D2cos? D2cos?
Q S p-1plap <2 N, <L
e - g
k=n+1 k=n+1

since, we have, for 0 < 7 << 1,

0
' 1
2k At —
D! il = o=

k=n

2

[ wo(re'?) 2dp < 1

5
[».-]
and letbing 7 tend to'l we obtain '[by*< 1.

k=n

Again, for p > #41, (7) can be put in the form
G(2) = H(z)w(z) forzel

with '
n+p 00
G(2) = o(L+itang) D (k—L)meh+ D dye®
E=n-+1 =n+p-+1 '
» 00
and H(z) = Dz+ ) {A—kB—i(k—1)Btanp}a,z", where > 2"
k=n+1 : k=n+p+1

converge§ in H.
Since |w(2)| < 1 for 2z € B, we obtain, for 0 < » < 1,

2r 2z
1 oy 1 .
- 1Py |2 —_ 1Py |2
'Znof |G (re")| dsv<2ﬂof | H (re'®) |2 dg,

so that
n+n oo
gtsectf D' (k—1)2ayr* 4 D' |dyee
fe=n+41 k=n+41

!

D -
<D+, ' |A—kB—i(k—1)Btanp|*|a,l*r™.

k=n+1
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Letting » tend to 1 and rearranging, we obtain for p>n+1,. .
D40 -
© D =12l

k=p+1

<g£[1)0082ﬁ—|- \—T {(D —2 k 1) B}COSzﬂ (k—1) 2}'“74:! ]

k=n+1
T + (2B — D) cos?f > 0, then for b n-+1,
{D-2(k—1 B}coszﬁ (k—1)2

D 2B
<(‘k—1)2[{———7}cos2ﬁ 1] gince B< 0

n2
(k—1)®
%2

1

[(D—2nB)cos?f —n?) < 0.

Hence (9) yields
D+ D2

(b—1)*|ag|* <—cos?f  for p=n+1.

k=n+1 £ v '

Putting p = mn, m = 2 and combining with (8) we obtain (2).

Suppose, now, that n2+4 (2nB —D)cos?f < 0. Let. ¢, be as defined in
the statement of the theorem. Then ¢, is the largest of the natural numbers &
for which k2n%+ (2knB — D)cos?f << 0.

We now establish by an induetive argument inequalities (3) for
m=1;...,¢+1 and the inequalitics

(m-}ﬂn
(10) Z [{D—2(k—1)B}oostf— (k —1)*] a2
k=mn+1
m—1

s o]
< [(D—2mnB)cos?f — mn]l mi s]=_ol uj_. o

for m=1,...,4. . . : :
For m = 1, (3) reduces to (8) whereas the loft member .ofy;(lo“)f_

((D—2nB)eos*f—n?| <

e D

k= n+1

Dzgos? ﬁl by (8)
zag" [.._ ’

=

< {(D—2uB)cos?f — ng}{

so that (10) holds f01 m = 1. ,
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Suppose that (3) and (10) hold for m =1, ..., ¢—1, where 2 < ¢ < ¢,.
For p = gn, (9) yields

(g+1)n
D) (b—1)2lay

k=qn-+1

g—1 (m+1ln

<%[Doos=ﬁ+ 3 D {(D~20—1)Bjoostf— (k1% ay1]

me=1 k=1mu+1

¢-1 m=1
D 1
< po [D cos®f 4 2 {(D —2mnB) cos?f — min?} {WH u,} ],
m=1 -
by (10) for m =1,...,¢—1.
Hence, by Lemma 1,

{a+)n " a—1 2
(k=1 |ay* < { )
2 el
so that (3) holds for m = ¢. Now,
(g+1)n
2 (D —2(k—1) B) cosf — (k —1)?] |, |2
k=gn+1 '
(z+1)n
D—2 28~ g2
U an)zczs B —q*n?) (1) [a?
q " k=gn+l
- [(D—2gnB)cos*f—g*n®] | n ﬁ“ }2
h g*n? RERITEEIE ¥ B

using (3) with m = ¢ (since (D —2¢nB)cos?f—q*n*> 0 because q < q).
Thus (10) holds for m = gq. , _
Hence (3) and (10) hold for m =1, ..., q. It follows, now, by the
argument used above to show that (3) holds for m = ¢, that (3) holds
for m = q,+1.
By the definition of ¢,, we have

(D —2(go+1)nB} 008 f — (g +1)n* < 0.

Hence {D—2(k—1)B}cos?f—(k—1)2< 0 for % > (g,+1)n. Thus, for
23> (g+1)n, (9) yields -
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@0  (m+l)n

g_{'l,cosz,g_,_Z 2 {(D_z(k—l)B)cosﬂﬁ—(k—l)'z}laklﬁ]

m=1 k=mn+l

ag m—1

-D cos? 8+ 2 {(D —2mnB)cos®p —m2n2} {%1_'. H uj}z] )

m=1 )

D

<

by (10) for m =1, 2, ..., g.
Hence, by Lemma 1,

n4n " 29 2
Z (F—1)2 a2 < {__1” u,} for p > (g +1)n.
k=p+1 D* 49

Putting » = mn, m = g,+2, g,+3, ..., we obtain (4).

The assertions in Theorem 1 about the sharpness of (2) and (3) are
easily verified directly.

Finally, we obtain from (9),

»
D [(k—1)y— {D—2(k— 1)B}cos*8] laxl* < Deos2p

k=n+1

for p > n+1 and letting p tend to oo we obtain (5). This completes the
proof of Theorem 1. '

Remark 1. Under the hypothesis of Theorem 1, since D tends to oo
and B tends to — oo &8 o tends to oo, it follows that n2-+(2nB — D)cos?p
< 0 for all sufficiently large ¢ and hence (3) and (4) hold for all sufficiently
large . Also, since g, tends to oo, D/g tends to 2(1 —a) and B/p tends
to —1 as p tends t0 oo, we obtain the following corollary which is an ear-
lier result of the authors [2], Theorem C.

CoroLLARY 1, 'If flz) =2+ 3 @,2° € 85(a, oo, n), then
. k=n+1

(m+1n m—1

3 n 2(1—a)e ¥eosp | |)?
(-1l < | + |
Fe=man -1 * (m—l)! jl;ti] n
Jor m =1,2,...

The result is sharp.
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Remark 2. Choogingn =1land o = (1—a)M, M > > 1 in Theorem 1,
we obtain a result of Plaskota [6]

THEOREM 2. Letf(z) = ; + 2 a#" & Upla, o,m) and a+¢ > 1. Then

(m-+1)n—1 2 )

) D® cos?p

(11) 2_', (B+1Y o * < ?—ﬂﬁ
k=mn e

form =1,2,..., and

2[704-1 —~{D+2( 70+])B}oos=ﬁ][ak| < Doos?f.

k=n

Distimate (11) i8 sharp with equality holding for given m for‘the function

——'D— e—":ﬁ_cosﬂ
e Bzm'n+_l (ma+41)B
fe(2) =z'1{1—-——5—} if B=0,.
S ls(a—l) —ip ,mn+1 v . _
==z expl—mn_l_l e~ *e cosfi if B =0,

where |e] = 1.
The proof is analogous to that of Theorem 1 and is omitted.
For n =1 and ¢ =(1—a)M, M =1, Theorem 2 yields a result
of Kaczmarski [4]. Also, for n = 1, g =0, lettmg e tend to oo, Theorem 2

yields a result of Pommerenke [7]
Chooging » = 1, the above theorems yield results of J akubowski [3]

obtained by takmg o=1—a)M, M =m>1.
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