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Area methods, extremal problems and extremal domains
for pairs of conformal mappings

by KaziMIERZ WiropArRCZYK (L6d7)

Abstract. In the classes of pairs 'F, G} ofl functions F and G analytic and univalent in the
unit disc and satisfying the condition F(z)G({) # | there (generating, in the special case.
bounded, Bieberbach—Eilenberg and Grunsky--Shah [unctions) or the condition F(z)+G(J)# 0
(generating, in the special case, Gelfer functions), by applying coefficient inequalities of Grunsky -
Nehari type. a characterization of extremal pairs maximizing functionals dependent on the
derivatives F™ and G'™, n =2, 3, is given.

1. Introduction, notations and statement of the results. The present paper
deals with the class C of pairs |F, G} of functions
F(zy=a+a,+a,z*+ ..., G@)=b+b z+byz2*+ ...
univalent in 4 = {z: |z] < 1} and satisfying the condition
F(z2)G() # 1
for all z, { belonging to 4, and the class D of pairs {F, G} of functions
F(2) = 1+2a,z+2azzz+ very G@2)=142b,z4+2by2%2+ ...
univalent in 4 and satisfying the condition
Fiz)+G({)#0

for all z, { belonging to 4. These classes, some other classes to them as well
as some their subclasses have been intensely investigated since 1934 (cf. e.g.,

(1]-[3] and [5]-[12]).
Let K, K, L;, P and Q stand for mappings defined as follows:

K(z) = [z/(z—1*][1+ab— Jab(z+1/2)], K(2) = z/(z— 1)?,
L) =z/[z-0@=+0]). P@=@@-D/z+1), Q(2)=1/z—z,
and let

An=an/ala anbn/bla n=21 3.
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If z;, z, and |F, G) belong to 4 and C, respectively, let
Ala, b, z,, z,, F, G)
_ [F"(zl) 482 ba
Fl(z;) “1-F(z)G(z;) '
_ [F"%zl) yy Gla)+2
F'(zy) 1-F(2,)G(z3)
1-F(z,)G(zy)
b(1—ab) F'(z;)(1-1z,1%)’
_ 1—F(z,)G(zy)
F'(z,)(1 —|21|2)’
and, if z,, z, and {F, G} belong to A and D, respectively, let
F"(zy) F'(z,)
2,24, F,G)=|— +4
?G 2, F, G) [F @) T Fe+6@)

](1 —1z,/}) =22, a,b#0,

F'(Zl)](l ~lz,)~-22,, a=b=0,

via, b, z,, z,, F, G) =

a,b#0,

a=b=0,

](1 ~lzy|%) -2z,

_ . F,z(zl) 222
xuhzbfuGy—[ﬁna}+m%F@J+G&ﬂP]u—uﬁ),

F(z4)+G(zy)
F(z))(1=z3)

o _F(z) 3(F@)Y
{F’“}"F%a)'z(F%a))'

In this paper we investigate a problem of finding the sharp estimate of the
functionals

A=|A(a, b, zy, z,, F, G)v(a, b, z, z,, F, G)| +
+|A(b, a, z,, z,, G, F)v(b, a, 25, z;, G, F)|,
where [F, G} ranges over C, and
¢ =lo(zi, 22, F, QY 2y, 22, F, Gl +lolzz, 21, G, F)¥ (22, 21, G, F),
X =Ix(z1, 22, F, G’ (21, 22, F, Gl +1x(22, 21, G, F)Y?(23, 2y, G, F),
where [F, G| ranges over D.
For 'F* G*! belonging to C, we define
a[1-f(0)g(0)]—(1—ab) f(0)+[1-abf(0)g(0)] f(2)
1 —abf (0)g(0)+{b[1—/(0)g(0)] —(1 —ab)g(0)} f(2)’
F*op(z)—a
1@ =

',’(21) 2y, F, G) =

where

F**(z) =

(1.1)
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b[1-f(0)g(0)]—(1—-ab)g(0)+[1—abf(0)g(0)]g(2)

G** —
| &) = abf ©9(0)+ (a[1—/(0)g (O] (1 —ab) £ (0)} 4 ()’
' _ G*oq(2)—b
9(2) = 1—aG*oq(z)
and for {F*, G*} belonging to D, we define
Fr* () = [1-/(0)g(0)][1—f(2)]
1+£(0)g(0)—2f (O)+[1+(0g(0)—29(0)] f (2)’
_F*op(z) 1
/@) F*op(z)+1°
U2 e [1-/(0)g(©1[1—g()]
1+/(0)g(0)—29(0)+[1+/(0)g(0)—2f (0)}g(2)’
_ G*ogq(z)—1
99 = v oq+ 1’
where

p(z) =(z—z)1-2,2), q(2)=(z—2)/(1-2;2).
The results obtained in this paper will be formulated as follows.

TueoreMm 1. If |F, G} belongs to C, then the corresponding A does not
exceed

A* =4(v(a, b, zy, 25, F, G +v(b, a, 23, z;, G, F))).

T he estimate is sharp for each a and b such that ab > 0. All the extremal pairs
are given by formulae (1.1) and (1.1) with the functions F*, G* satisfying the
equations (Figure 1)

F*(z)=\/‘—;;12' \‘;‘Li’:{f,«e«.

G*(z)=\él€ 1 \a/bil“:fx(eﬂ'

when ab > 0, where sgn{ba,} =sgn{ab,} =sgni{l— /ab}, —n<a <,
and the equations

F¥*(z) =K '[a, K(¢“2)], G*(z) =K '[b K (¥ 2)]

when a=5b =0, where a, >0, b, >0, —nt<a,f<n

TueoreM 2. If {F, G} belongs to D, then the corresponding ¢ does not
exceed

3

(1.3)

= 2(I¢'(Zl’ 22, F’ G)'+"I’(229 2, G! F)I)
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The estimate is sharp. All the extremal pairs are given by formulae (1.2),
with the functions F*, G* satisfying the equations (Figure 2)

(14 F*@2)=P '{K'[a;K(e"2)]}, G*(@2)=P 'K '[bK(2)]},
where a;, >0, b; >0, -t <a, f< 7.

Turorem 3. If {F, G} belongs to D, then the corresponding y does not
exceed

x* = 6("//2(21’ ZZa F’ G)|+|¢2(Zz, Zy, G, F)I)

The estimate is sharp. All the extremal pairs are given by formulae (1.2),
with that the functions F*, G* satisfy the equations (Figure 3)

(1.5) F*(2)=Q '[4a, L, (¢'2)], G*(2) =Q '[4b, L, (¥ 2)],

where a; >0, b, >0, —n<a, <, || =I]=1,
Ay—ay = =2Im{{,}i, [Im{{ )} < 1—ay,
B,—by = —2Im{{;}i, Im{{}|<1-b,.

Thus, for every a,, b,, the functions F*, G* belong to one-parameter families,
where the parameters are a,, b, or {,, {,, respectively.

The paper ends with a few applications and remarks. In particular, we
obtain the sharp estimate for bounded, Bieberbach-Eilenberg, Grunsky—
Shah and Gel'fer functions.

2. Proofs. If g,, k =1, 2, are mappings defined by the formulae

w 1

2.1 = — . b # 0,
(2.1) g (w) a(l—bw) b(w—a)’ a, b #

=w—1/w, a=b=0,
when {F, G) belongs to C, and

1 1

22 = —_—
(2.2) g2(w) wel wal

when [F, G| belongs to D, and if

aD

Y aA=alF@). Y G =g[1/G@],

(23) T

=g, [F(2)], =g¢,[-G(2)],
where 0 < |z] < 1, then
(24) Y qlelP+icd?) <0

9= -
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in virtue of (24), (2.6), (2.11) and (2.7) of paper [15]. In particular,
(2.5) leil? +lef)* < lely|? +1e2 4|,

and the equality holds if and only if

(2.6) c;=c¢2=0, ¢q=2,3,..

and, if —n <eg, 7.<n, then

2.7 Re{cicl, explei)+cic,y exp(ti)) < el > +]c2,|?

in virtue of the Cauchy-Schwarz inequality and (2.5), with the equality
holding if and only if

(2.8) cl =¢l, exp(—é&i), ci=7c%, exp(—ri).
Proof of Theorem 1. For ab# 0, from (2.1) and (2.3) we have
ci = a3/(ba,), ¢ty = —1fba;), cp=ay/bay),

(2.9)
C% = —fs3/(ab,), Cz—l = 1/(ab,), C% = —Bi/lab,),
where
b a; a b}
— 2 1 - )
a3 = A3 A ab)zy B3 B3 B b(l b)2
Since {F, G} belongs to C if and only if {F, G} belongs to C, where
F 2y __ 1/2
T IC
i _
(2.10) z

. Jb+g(2) [G(f)-b ]*/2
G(z2)=Y—F——", =l—1 .
(2) I+ Jag(d g(2) 1—aG ()

therefore, if F(z) =d+ad,z+a,z>+ ..., G(z) =b+b,z4+b,z*+ ..., then it
follows from (2.7) and (2.9) that

; a3 B3 1 1
@11) ~Re {e Ba,yte (asl)z} S iBa,? Viab,

In consequence, from this, (2.10), and because & t are arbitrary we

get that
b+2./bja)a a+2 b
@10 [+ LD gy 1 |p, 4 OIS A g

< 2(|ba, | +1ab, ).

Now, note that in (2.11), along with the extremal pair {F*, G*}, also
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the pairs (F*, G¥), —n<a, f<n, F¥ = F*(e"z), GF(2) = G*(eP'2) are ex-
tremal. So, assume that 'F* G*) is an extremal pair for which bd, > 0,
db, > 0, and let ¢ =t = . Then, by (2.1), (2.3), (2.6), (2.8) and (2.9),

1 z2-1 1 1 22-1

G 0P ) = L goae— =t
ol =g % TNFe T, .
whence, by squaring the above equalities and replacing z* by z in them, we

obtain (1.3).
Moreover, let observe that {F** G**] belongs to C if and only if
F*, G*! belongs to C, with

a+f(z) F**op™1(z) = F**(zy)

F*@ T1+b(2) f@= 1—F**op 1(2)G**(z,)’
_b+g(2) _ G**0q ' (2)=G**(zy)
C@=1Tue P 167 og (@ F* )

which is equivalent to (1.1). From this and (2.12) the inequality A < A*
follows.

oa
7 7
F*(4) o 6*(4) -7 F*(A)
OD
bo
~7 &
O<ab<! 1<ab
b
r=Vg. 1=V¢
Fig. 1

The case a=b =0 is proved in an analogous way.
Proof of Theorem 2. From (2.2) and (2.3) we have

2.13) ci = (43— A3 +ad)/a)), cly = —1/2a)), c¢g=(Ay—a)/2ay),
i = ~(By—B3+b})/(2by), %, =1/2by), g = —(By—by)/(2by),
and since {F, G} belongs to D if and only if {F, G} belongs to D, where
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e 1+ @ _[FE3)-1 e
2.19) ) ﬂﬂ_hﬂiﬁJ’
' . 14g(2) L _[6Ey—17]~
6@ =100 y(u)—[——G(zzm] ,

therefore, if F(z) = 1 +24,z+2d,2%+ ..., G(z) = 1+26,z+2b,2%+ ..., then
from (2.7) and (2.13) it follows that

(A, —A2+a? .&—ﬁ+ﬁ% 1 1
2.15 —R ! o < .
@) °%ea & R (SalEe
From this and (2.14) we obtain the inequality
(2.16) (A2 +ay) b)) +1(By+by) ayl < 2(|ay| + [b,]).

Assume that {F* G*} is an extremal pair in (2.15) with @, >0, #, > 0,
e =1 =n. Then it follows from (2.1), (2.3), (2.6), (2.8) and (2.13) that
. 1 1=z A 1 1-z?
F*(2)] = » —g2[-G*(2)] =
92[ ()] 2\/‘: z 2 2\/1'77 2
By squaring the above equations and replacing z> by z in them, we
immediately obtain (1.4).
Since {F** G**} belongs to D if and only if {F* G*} belongs to D,
where

L+1(2) F**op~! (2)— F**(z,)

Fr@) =2 f(0) = meis )

o 1-1(2) F**op 1 (2)+G**(z,)
e 14g(2) _ G**0q™ ())—G**(z,)
O YO T o T ey

which is equivalent to (1.2), therefore, by applying (1.2) to (2.16), we obtain
the inequality ¢ < @*.

o

o
0 1

F*(4), G*(4)
Fig. 2

Proof of Theorem 3. It follows from (2.15) that
(2.18) (A3 — A3 +a?) bi| + (B3 — B3 +b) af| < lay|* +1by|?
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if |F, G} belongs to D; by Theorem 9 [16], the equality in (2.18) takes place
only for pairs satisfying equations (1.5). The inequality y < x* follows from
(2.18) after applying (2.17) and (1.2).

FX(4), 6*(4)

Fig. 3

3. Conclusions. Let S, denote the class of all functions F(z) =b+
byz+ ... +b,z"+ ... univalent in 4 and such that [F(z)| < 1 for z belonging
to 4. From Theorem 1, if G = F, F(z) = F(Z) and z, = Z, = z,, we obtain
at once the sharp result and all extremal functions in the class ;.

The function F(z)=bh,z+byz*+ ..., univalent in 4, is called a
Bieberbach—Eilenberg function, respectively a Grunsky—Shah function, if
F(z) F({) # 1, respectively F(z) F({) # —1, for all z, { belonging to 4. From
Theorem 1, if G=F and z; = z, = z,, respectively, G = —F and z, =2,
= z,, we obtain the sharp estimate and all extremal functions in the class of
Bieberbach-Eilenberg functions, and in the class of Grunsky—Shah functions,
respectively.

By S(b,) we denote a subclass of the class S; of those functions F for
which b=0, 0 <b, <1, b, — fixed. Since, if F belongs to S(b,), then also
F, belongs to S(b,), where F,(z) =exp(—ai)F[exp(ai)z], —n <a<m,
therefore, the welkknown sharp estimate in the class S(B,) now follows from
Theorem 1 (see e.g., [13], [14]): |b,| < 2b,(1—b,).

The function F(z) = 1+2a,z+2a,z>+ ..., univalent in 4 is said to
belong to the Gel'fer class if F(z)+F({) # O for z. { belonging to 4. From
Theorem 2 and from the estimate y < y* when G =F and z, =z, =z, we
obtain the results of Grin§pan and Kolomojceva [4] and Gel'fer [3].
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