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On Hermite expansion of x?

by ZBIGNIEW SADLOK (Katowice)

Abstract. We give an expansion of function 2% into the Hermite series.

1. Following [1], by Hermite functions we mean the functions de-
fined by the equality

hy(2) = ( —-1)”(!@? " !)_”2 ezzf“(e-zz/z)(n) .

It is proved in [1] that any tempered distribution f can be expanded
into the Hermite series of the form

f(.’D) = jcnhn7

n=0

where ¢, = (f, &,). The convergence of the series is understood in the sense
of tempered distributions.

In [1] there are expansions of 1, §(#), sgnz and 1/z. Furthermore,
in [2], [3] and [4], 1/|z|, #* for k = 0,1, ..., In|z| and 6*)(x) are expand-
ed into Hermite series.

In this paper we expand »% into the Hermite series. Here, by the
symbol % we mean the function defined by the formula

P z® for x>0,
* 0 for < 0.

We note that 2% is a tempered distributions for any real p > 0.

2. In this section we are concered with finding the Hermite coeffi-
cient a, , of 7. In this case we have:

Uy = (@8, ) = [ oPhy(2)do.
0

We are going to prove the following recurrence equation:

) Vin+1)(n+2) Gppye—(2p+1)a, ,—Vr(n—1) @, ,_, =0
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forn =0,1,2,... To obtain (1) we need the folloving formulae:
(2) Thy = Vn+1 hyy+Vn hy_y,

and

(3) —2h, = V41 by, — Vo hy_y,

for n =0,1,2,... (see [1]). According to [1], we assume that if one of
the factors of the product ab is 0, then the product is taken to be 0, even
if the second factor is not defined. Multiplying (2) by «* and integrating
over (0, o) we get

(4) Gpitm =VN+L Gy +V0 Gy ps

Similarly, multiplying (3) by #?*! and integrating over (0, o), we get
after simple calculations

(5) 2(Pp+1)ayn =Vatl apyy i~V Gy,
Equalites (4) and (5) hold for n = 0,1, 2, ... From (4) have:
(6) Cyi1ntl = ‘/'""1‘2 Qp,nra T Va+1 %p,n

and

(7) Apiln—1 = l/; a’p.n+ Va—1 @p,n—2-

From (6), (7) and (5) we obtain (1).
To apply formula (1) we need to know a,, and a, ;. By simple calcu-
lations we get

— - 1
(8) a,0 = Vo) 27 1 (221_)
By (4) we have a,,,,0 = a, . Hence
_ (1/2 j7e 2P+1r(p+2)
2

Instead of using formula (1) as it stands, we simplify notation by
introducing polynomials W, (x) such that W,y(z) = W (z) =1 and

(9) Walwl =2 Wo(a)+n(n—1) W,_,(=),

for n =0,1,2,... We note that W,(z) = =, W, (z) =z, W,(z) = 2*+2,
W(x) = #*+4-6, ... Generally, for even n, W,(x) are of degree »/2 and,
for odd n, W, (x) are of degree (n —1)/2. By using the polynomials W, (),
a, . can be expressed as follows:

(10) a,, = (Vor n))™" 2”!’( P ?fl ) W.,.(2p +1)
for n» even, and
(11) @y = (V2m nl) 7" 22411 ( L= ) W, (2p +1)

for n odd.
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We shall prove (10) by induction. A proof of (11) is similar and is
omitted here. Instead of (10) we write equivalenty:

{10") Ap.on = Op((zk) !)“”2Wzk(2p +1),

where G’p—( m)” 1’2291’(1’; ) and ¥ =0,1,2,... From (9) we

see that (10°) holds for & = 0 and from (1) and (8) we get that ‘\(10’) holds
for £ = 1. Assume that (10’) holds for I, with 1 <1< k. By (1) we get:

V(2k+1)(25+2) Gy api1) = (20 +1) 8 o+ V2E (2% —1) @541y

Hence, by the induction assumption we obtain after simple calculations

(12) V(2E+1)(2k+2) @y 5041 = Cp((28)!)7(2p +1) Wy (2p +1) +
C 42k(2k—1) Wa_,(2p +1).
By (9) we get '
Waae+1)(20 +1) = (2p +1) Wy, (20 +1) + 2k (25 —1) Wy, (2p +1).

Hence and from (12) we ha,ve
Ay o1y = Op ((270 +2)!)_1/2 W+ (2p +1).

Thus, by induction formula (10) holds for k¥ = 0,1, 2, ... This completes
the proof of (10).
In this way we have proved the folloving:

THEOREM. For any p > 0 the Hermite coefficients a,, , for the function
x% are given by the formulae

— (V2r n1)” 1’22”(?; )Wn(2p+1),
for n even and

@y = (V2r nl) 27010 (p+ ) W, (2p+1),

for m odd, where W, (x) are polynomials such that Wy(z) = W,(2) =1 and
Wn-l-z (.70) = an(w) +n(n—1) Wn—z (.’D)

for n =0,1,2,...

Applying the theorem we shall find the Hermite coefficient when
p =0 and p = .

Note that if p = 0, then % is the Heaviside function H(x). We
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4 1 3
H(.’D) =V'E (ho+mhz+ '/4_! h4+ ooo)+

2 1 7
+—_—-(h1+-—h3+——-—-hs+...

V2w V3t V5!
Vo = f/;’ F(*)(ho+722—7h2+ % s+ ...')—]—

0

‘/x 2 1
+]/5 50(1) (h1+ TR TR

V3!

here we assume that Vo = 0 for z < 0.
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