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On the existence and uniqueness of the solution
of a non-linear functional equation of 7-th order

by MARIAN KwArIsz (Sopot)

Abstract. In the paper the functional equation

w(t) = f(t, 2(B,®), ..., m(B®))

is digscused. An unknown function z is defined in a metric space and takes the value
in another complete metric space. The method of successive approximations is used.
Under some assumptions concerning the Lipschitz coefficients of function f and
the functions g; the existence and uniqueness of solution in the suitable class of funec-
tions is established.

In the present note we consider a non-linear functional equation of
the form

(1) a(t) = f(t, 2(B(1), .., m(B.(1))) ,
with an unknown function # defined in a metric space (M,, o,) having
the range in a complete metric space (M,, p,). The special cases of equa-
tion (1) were considered by several authors: see [1]-[8]. In. the general
case the existence and uniqueness problem for equation (1) was disscused
in [7]. There the comparative method was used and the comparative
equation was solved by the method of iteration. This method permits us
to establish the general results concerning the problem in question but
they are somewhat hidden ‘behind the rather complicated formulas.

In the present note we prove by the Banach fixed- -point theorem
some results concerning the existence and uniqueness problem for equa-
tion (1). This result is more general then the corresponding results estab-
lished in [1], [4], [5], [6], [8]):

1. Let (M, o,), i = 1, 2, be arbitrarily fixed metric spaces and let
(M,, 92) be complete. We make

ASSUMPTION A. Suppose that'

1° f: M1><Mr—>Mzr Bt Ml—’Mly t=1,2,...,r,
where r is a fized positive integer number (the case r = 4 oo is not ex-
cluded), '

\
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2° there emist tye M,, a function @,: My—>M,, p, HeR °=°‘[0, + o0)

such that
(2) Qz(F(a’o)(t)a wo(t)) < Hof(ty, 1), teM,,

where F(x)(t) denotes the right-hand side of equation (1),
3° there emist functions l;: M,—~R_, such that

(3) Qz(f(ta By ooy &)y f(Ey Z,y ..oy Er)) < Zli(t) 0:(®;5 )

for a,n'y te M, and »;,,z,e M,, 1 =1,2,...,7.
Using the notation introduced, we define the set V, of functions «
-defined in M, with range in M, such that @<V, iff there exist ¢, R, and

ea(@(t), 3o(t)) < e 0P (t0y 1), te M.
In V, we define the metric ¢: for @, y<V, we put
e(@,y) = inf{e: gaf2(t), y(1)) < cof (ty, 1), te My}
It is clear that (V,, ¢) is a complete metric space.

2. Now we have
THEOREM A. If Assumption A is satisfied and

4) sup 1.(t) Qﬂt"’—ﬁi(t)) def

<1,
teMa\lto} ¢ o1 (toy 1)

then there exists in V,, a unique solution  of equation (1) and it can be ob-
tained by the method of successive appromimations.

Proof. First we observe that F(V,) = V,. Indeed by (2), (3) and
the definition of ¥V, we have for @eV,

02(o (1), F (@)($)) < 03 (1), F(@o) (1)) + 2 F'(@0) (£), F (@) (1))

< Hol (1o, 1)+ Zle(t) 92(“70(:81' (®), w(ﬂ‘(t)))
=1

< Hol (5, 1) + D Li(t) el (to, Bi(1))

=1
- o®(to, Bi(t)
< Ho?(t t+( sup M S A0
A P A T

X 09{)(%7 1)
< (H +ac) g (B, ?)-
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Further we prove that F is a contraction in V,. For @, y<V, there exist
ceR, such that

Qz(m(t)yy(t)) < cgf (%o, B), te My;
thus for any such ¢ we get

0P (@) (1), F(y)(t 21 () eafo(Bu(8), 9 (B:0)) < 0 D (1) e (to; B:(1)
{m1

i=1

¢
\( sup Zl( ef lto, £:(1) )) cof (to, 1)
LM \{¢o} @1 (to, 2)

= acgef(ty, t);

hence in view of the definition of the metric in ¥, we obtain

Q(F(w)r F('y)) < ag(z, ¥);

now the assertion of the theorem is implied by the Banach fixed point
theorem.

3. In order to. formulate another theorem we introduce

ASSUMPTION B. Suppose that Assumplion A is satisfied and there
exist constants pueR,v, L;, B;eR,_, i =1, ..., 7, such that

(5) L;(1) < Lot (2, 1), te My, i =1,...,r,
(6) orltor Bult) < Bigitay 8), te My, i =1,..,7

From Theorem A we infer
THEOREM B. If Assumption B is satisfied, pu+vp = p and

.
(7) > LBl <1,
i=1

then there exwists in V, a unique solution x of equation (1).
Proof. By assumptions (5)—«7) we have

T T
Pltes Balt BY o (ty, t
sup l.i(t) Q1 (pﬂ’ ﬂl( )) < sup Li@f(to, t) { il ( 09 )
Lel \{to} 4= o1 (%o, ?) 462 \{fg} 4=t et (o, t)
T
f=1

now the assertion of the theorem results by Theorem A.
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