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1. Let f(x) be Lebesgue integrable in (—1, +1%. The Legendre
series corresponding to this fun~,tion is

(1.1) fla)~ Z an Pn(2)
n=4Q
where
+1
(1.2) an= (n+13) | 1(2)Pu2)ds,

-1

and Py(x) is defined by the following expansion:

(1—2xz+ 22)_”2 = 2 2" Py(x) .
n=0

2, Let {8, be the sequence of partial sums of a given infinite series
D a,. Let the sequence {1} be defined by
('1__@:}—1)_.180—1-12_18’1 -I- v +1-8,

tn:"‘ 3

Pa

where
1

pn=1+31+ .. +11-}-1'

1e series Y a, is said to be absolutely harmonic summable, if the series
Tl p) ;

(2.1) 2 |tn — tu—1

n

is convergent. It is known that this method of summability is absolutely
regular and implies absolute Cesaro summability of every positive order
(see [2]).
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In a recent paper Varshney ([8]) has applied the method of absolute
harmonic summability to the series

. Y 1 CO8 0 + by sinnd
(2.2) ,;21 Tatrt]

where a, and b, are the Fourier coefficients of a function f(w), which is
periodic with period 2= and integrable (L) over (—=, =).

He proved the following theorem:

THEOREM A. If

p(t) = H{f(@+1)+F@—1)}

is of bounded variation in (0, w) then the series (2.2) is absolutely summable
by harmonic means.

This theorem of Varshney is analogous to that of Mohanty ([3]) on
the absolute Riesz summability of the series (2.2).

In the present paper the author intends to apply the method of
absolute harmonic summability to the series

(2.3) N ol
ne=l

where a, is given by relation (1.2).

We establish the following new result:

THEOREM. If f(2) is of bounded variation in (-1, 415, then the series
(2.3) s absolutely summable by harmonic means al an internal point @ of
the interval (—1, +1). '

3. The proof of the theorem will be based on the following lemmas:

LeMma 1 ([7], p. 440). Uniformly for 0 <t < =

- ”

n

. Tgint

(3.1) I 2 v"’ < K,
m

where m and n are any positive integers.
LeEMMA 2 ([1]). If 0 <t < =, then

. Teos(k+1)t| 1
(3.2) 'Z h+'i'"‘ ~ 0 (1 1 log ,)

Lumva 3. If 0 <1< w, then for all positive integers m and m’

n’

. \sin(n—k)t 1
(3'3) Z '—I"‘ﬁ'-- == () (1 -4 1()g t‘) .

k=m

The proof follows from Lemmas 1 and 2.
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LEMMA 4 ([2]). If {pa} is a non-negative and non-iner easing sequence,
then for 0 < a<b < 00,0 <t < n, and for any n and a,

(3.4) \Zpke'i(')lr—k)t‘ \{ KPT )
where Pp= Puy, T = [1/t]; Pp = po+ D1+ P2+ ... +Pn, and K is a fired
constant.
i 1
LemmA 5 ([8]). For p, = 1+{,+...+m, we have

[nj2] -2

- Du(n +1) — pe(k +1)
(3.5) é: IA [(fn—k)log (n—k+1 ] l = 0@,
(3.6) hﬁb/z] (I(: —!—‘1,‘ log(ﬁn—k—}—l)) =0 (n)

LEMMA 6 ([4]), p. 78). For 0 < 0 <
sin f

(3.7) | Ppt1(cos 8) — P, _y(cos 6)| < M, "

’
where My is a constand.
LEMMA 7 ([5], D. 208 and [6], p. 196; for a = f == 0).
" w2 k(0)cos {(n+ %) 60— w/4} -+ O (n—92),
for e<O<n—e, 0<e<m2; k= ]/2/1-cs1n0
w2k (0)[cos{(n+ %) 0—=/4} + (nsin )20 (1)],
_ for en <0< mn—e/n.

Pﬂ,(-cos 0) =

Here ¢ 18 a ficxed number.

4. Proof of the theorem. From the definition, we have

n—1
1;'—{ = 2 (-?_k __pk—l) a”"'_kPH-‘-k(l-’E)_
o = \Pn Pn-r log(n—%k +1)
w1 ot
= _-.1..___2( Pu _ P ) af‘twkpn—k(@_
PnPu—1 E+1 wn-41/log(n—k-+1)

7l

pnp,. 1 (j [Z (];%_Ei—ﬁ%i)ﬁg(;'é—z-ﬁ)l)l’ﬂ i) Ly~ ’l/)]dl/

n-1
= . N\ ([ Pu P ) _ Pailw)
upnpu . ’ f(l)[ E41 a4l log(fn—k-{—l) *

X (@ {Po—k+1(y) —-P'n—k—l(.?/)})] ay .
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Thus, in order to prove the theorem, we have to show thai

DPn _19&_ I ",__’1(_32)___
(4.1) Zanpn 1 .} 1) 2/ (}Ti ﬁ’u—i—'l)log(n—k +1) 7

[d'yu” er1(y)—Po—p- (Q/)}]dy _

On integration by parts the expression on the left hand side becomes

Pn Pk ]-')n—k(‘a") n ‘Y _ T ) ]+1_
2 Wnpus [/ ) 2 (7r+1 w+1)109:6n—-k+1){1”""”("’) FroralUl] |

-+l -1
% P, x(2) ) : "
jQJMJ,WJMM_MMUNMM>uwame
+1 n—1
Pa ] N
- zpnp% ' j 2/ Ir+1 n }-1) o
In Ir('r)

{ P01 () —'Pn---k—l(?/)}df (3/) "

log(n—k—}—l)

Substituting # = cos 0 and y = cose the above expression becomes

4.2
( ) ) Zu_p?;pn 1

™ 'J'lq‘
J Z 2 Pk £y plcox 0) v
lq+1 n-1)logn—-k+1) *

K AP pa1(cosg) =Py (cosqg)}df (cosp)

¢I| n 0— :/mm 04 (/npf. n—cl) n

—'p'llpn——

e/} ‘n 0— (/nr)n /8 t/upﬂ n—ef)’ .
= J1+J2+Ja'|‘J4‘+‘J5:

say, where ¢ is a fixed number, ¢ 2 6 < n—+¢, ¢ > 0 but fixed.

Now,
iy ”“1’
) /sin g
4‘-3 J < - 'j ]’n ' f
(4.3) .._J PP I»—}-] (,, — k) log(n - k¥1) ldf (coxg)]
\ "-'1 ol n
1 1 h| 1 1 £
- Py WA 4\J (ﬁ STkt i) j |df (cos)g|
=0 .

= 01) [ 1df(cosp)l = 0(1),

by the hypothesis.
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We now discuss J.
Denoting » = [1/p], we have

o+ clnp" n—1

Pn Pk Pn-—k(cose) -
(44) Jo< 22pﬂpn-1l J Z (Ic-l—l n+1)1og(n—k+1) %

0— c/m:n k=0

% {Pack11(0087) — Pr-soalcospl} f (cosp)|

{ 0+¢-Iup«,. nf2]-1 .

‘ \ ((Pn Pr \ DPu_p(cosh)
+2'2pnpn 1‘ . 2« (7c+1 n+1)1"bg(‘n—k+1)’<

§0- clnpn k=0

X {Pp-psi(cos@)—P, _r_;(cosp)}df(cosyp)

U-Itlnpn n—1

J 21 (____ Pk -P'u x(cos 6) %
k+1 mn+1)log(n—k+1)

U—-cinph k=2

X {Pp_p+1(cos@)—P,_y-1(cosp)}df (cose)

= JS.I '|'Ja,z +J3,a ’
CER
'ﬁ 0+tln,p,. n;} -
Pa . J sing .
(4.6) Ja, \24 p'np'n 1 j k+1 (n—k)log(n—k+1) ldf((,os(p)]l
1 O—cinph k=0
4 n—1 ,
< - 1 ﬁ pﬂ f
<Ay
4 ¢Zl’npn~ 2/(’)&—]()(/('+1) AVIZ, = 0(1),

A being a fixed constant.
Using the first part of Lemma 7, we have, after some simplification

0+cinph (n/2]—1

v 1 D Dr L(B)k(p)
J”"“E 2pnpu_,| f . 2 (k+1_n—|—1)(n—k)log(n—]c+1) X

o—cinpn k=0

X Co8 {(n—L +3)0— —}sm l(n E+3)gp— smgqndj(cosqo .-}-()(l)

!)-H'/'n.n,. [nfi] -1

- 2 o J \‘- Pa(n+1) — pe(k+1) k() k() singp
(n+1) p,,p,,_

i (n—=k)(k+1) log(n—k-+1)

— (-;71.7),; k=0
[mu{ (n— K+ 1) (0 -F¢)— :‘} sin {( ,—/»+s)(r;—-¢)j]dj( osq))i+0(1>

“odap e+ 0(1),
say, where M is a constant not necessarily the same at each occurrence.
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By Abel’s transformation and using Lemmas 2, 3 and 5, we obtain

0+CIWP?I
pu(’n +1)—Pinsy —1(['"’/2_]_2
Toz1 = [24 (n+1 D Dn . ,f , (21 +D)log([nf2]+2) ~
r41 8—c/npn
« g ) arteosm] ¢
Vo 1A N paln+1)— pr(k+1)
S f PO pﬂ ’)’1_ 1)- Px )
+0[ﬁg(n+1)pnm_l('°g 0-+q»)k2« (n— k)log (n— k+1)|
o\ 1
= 0(1)2/ (n+1)pnp,,,_
=0(1).
ol-cmm n—1 |0 | I
Pn '
L 2§Z PuPns J Z (% +1)log(n— Ic+1)|d"("°qu
acl'rmn k=0

04 r‘/'rmu

— 0[2, [ 1df(cosp

Yo t/mm

= 0(1).
Thus, we have
(4.6) Jyg = 0(1).
Proceeding in the same way, uhung Lemma 5 (.5 6) and the identity

1 1 1
L) (n—k) (k+1)(n—k) (m+1)(k+1)’

it can be ecasily seen that

(£.7) Jip=0Q1).
Combining. (4.5), (1.6) and (L.7), we get
(4.8) Jy= 0(1).

Finally we consider J,.

(Inm. 2% -1

f Z (_.7’_"_ . 1{»_) P, i(cos 0)

\’ 1
E+1 wn1lllog(n —k+1)

. = S
% qupn—-l

J

elt’'n k=0

X AP, - p1(cos @) — L —p—a1(Cos )} df (cosp)] .
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By using the first part of Lemma 7 and simplifying, we obtain

o—c/npp n—1
_ 1 BN pe\  k(6)E(ep)
Jo= ; 2PnPn—1 ‘ e“-L kf;’ k +1 n +1) (n—k)log(n—k+1)

« COR {(n_ k+3)0— ’I‘}sin {(n—-— k+ 3)p— g}sin%qadf('cow)’ +0()

0-tlwpn n— 1
ECT T M) N
(n—k)log(n—k+1)

2 Pnpn—

X [sin{(n— E+3)(04+9)— l—t}—- sin {(n — k- 5.)(6—-9))}] sintpdf(cos) +

a—(lnp.; n—1
A NP e ) L L aiieoso)]
+0 [2 (k +1 = -{—1)(fn,—-lc)2 log(n—k+1) |df(('0w)|_ +

PaPn—1 _
elfn k 0

+0(1)
L Jon+doa+das+0(1),

say. Writing 6 —¢ =t and T = [1/t], we have

00— t'll n n— 1

(0) k(6+1)

Jas ‘< E}Ip{{__ (k-l—l w—l—l)-log(n—k,—l—l)‘
t‘lnpn k=0
xsm(”w k;—%)tqm%(e 1ydf {cos (6— 1)} +
00 0—cf) n 2] -1
Y { \1 DPn pk) k(B)k(0—1
;—J Jpnpn 1 k ‘. k +.1 n+1/log(n—k-+1)

SO AR G 46— t)df {cos (0— 1) +

n—=k

0—cl) " -1 -
+> j 3 (2 )A()(—r)
2pnp,, 1 k+1 a- { 1/log(n—k+1)
r/nm; l=[n{2]

in(n—%4 1
x‘.‘._"_l..(%fﬁ)’ sing (0 —t)df {cos (6 - b))

=y —i—-Jé,z,-z +d22,3
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say. Now, since [sin(n—k)t| = (n—k)¢ and pu(n+1) = pe(k+1) for k < n,

we have
0— rll n o n-1

- Dn Px (n—k-+4)t .
(.9) oz *259:1};_1" J 2/ (l. o +1) log(n—k+1) “

einpr

< (n ldf{w"( — 1)}

P w1

\ |
= 0l) Z {Papu-i}’ 2, 7{-%’—1'1'

- k=0 =
_ >1pn.pn—l

pn_pn 1

—0(1).

Using Abel’s transformation and Lemma 5, we have

Sm‘ . 1 (10 f_) p‘n('n‘+1)—‘p['nl‘.’.]-l(['n/2])

Jazz =0 L'-J (A1) paprs V= 8 (2] 1) Tog([nf2] + 2)

-1
O—ef} 0
X f |df {cos (0 —1)}] ]-{-
eluph
+0 [2/ n J‘-l)p,,;n,,_ (]0“! )
nf2] -2 ([T

pn n+1 —p (k4+1) o
24 ‘ (n— k)log( kl‘ }_",1_)\ f |f{cos(0—1)}

e/npn
= 0 o] ,Z (n+1 5%;;@',;;
—0 (1 9}%‘0'/.&)) ,
pr
~where 7 is a fixed number > x. llence
(4.10) Jypn == O(1).
By the identity
1 1 1

4+ F T k+1) (%) " (1) (k1)

)
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we have

°.°_1 o
e $
e 2PnPn—1
T+1

O—cftn m—1

f NV Pn—2:r _Sin(n—-k+§)¢ 9
kE+1  (n—k)log(n—k+1)"

cinpy  k=[n/2]
x Vsint(0—1)df {cos(0—t)} ‘+
0—c) n -1

' Pt sin(n—k+Ht
+22(n+1( pﬂpn_) f k+1 (n—1k)log(n— k-{-l)x

oinply  k=[n/2l

% Vsink(0—1)df {cos(B—t)}‘
=I,+1,
gay. Since for k > [n/2], pa—pr = O(1), we have
(4.11)
I,=0 LTZ oo

b—eft'n  m—1

) D= D 1
f 2/ (k+1) n—k)log(n—k+1)df{cosw—t)}ﬂ

Inpu k=[(n{2]

> n—1 b—el¥n
_ol 1 1 f
=0 Z'npnpn—_l Z (’n—k)log(n—k—'r-l_) Id/{cos(f)—t)}|]
-1 ke=[n/2] rinpd

( Eoﬂoglogn)
=0 >
4 nlog?n

=0(1).
Using Abel’'s transformation again, and in view of the relations

b
2, sinnt = O(Lf1); 2 cosnt = O(1/t),

@©

we have
‘ 2 l p’ﬂ . 1 )
(112) L= ()[TZ’ I 1) puPn—1 Z [ k+1 log('n—k+1)H F
1 °°1 1 Pa-
rol; [ 1 ]
t) T+1( 1)1)11?11. 1 N
1 '?1 1
=0 (?) [T‘H nzloéﬁ]
1 1
= o3 (Tlog'f)
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Similarly for ¢/yn < ¢ < 0—¢/np;, we have

J2'1 = 0(1) and J-_w,_a = 0(1) .
Thus, we get

(4.13) J,= 0(1).

J, and J; can also be disposed off in exactly the same way as J,
and J, respectively.

This completes the proof.

I am thankful to Dr. D. P. Gupta for his valuable huggeqtlons and
encouragement during the preparation of this paper.

References

[1] G. H., Hardy and W. W. Rogosginski, Notes on Fourier series IV. Summabz-
lity (R;), Proe. Cambridge Philos. Soe. 43 (1947), pp. 10-25.

(2] L. McT'adden, dbsolute Norlund Summability, Duke Math. Journ. 9 (1942),

pp. '168-207.
" [3] R. Mohanty, On the absolute Riesz summability of a Fourier series and allml
series, Proc. Loondon Math. Soe., Ser. 2, 52 (1951), pp. 295-320.

[4] N. Obrechkoff, Formules asymptotiques pour les polynomes de Jacobi et sur
les séries swivant les mémes polynomes, Annuaire de 1'universite de Sofia, Faculté Physico-
Mathématique, 1 (1836), pp..39-133. _

[6] G. Sonsone, Orthogonal Functions (English Edition), New York 1959,

(6] G. Szegb, Orthogonal Polynomials, Amer. Math. Soc., New York 1959,

(7] &. C. Titchmarsh, The theory of functions, Oxford 1939.

[8] 0. P. Varshney, On the absolute harmonic swummability of a series related lo
a Fourier series, Proc. Amer. Math, Soc. 10 (1959), pp. 784-789.

DEPARTMENT OF MATHEMATICS
VIKRAM UNIVERSITY
UJJAIN, INDIA

Regu par la Rédaction le 23. 4, 1966



