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On linear differential equations with transformed
argument solvable by means of right invertible operators

by D. PRZEWORSEA-ROLEWICZ (Warszawa)

Abstract. Two types of differential equations of order ¥ with variable coeffi-
cients and with delayed argument are solved by reduction te an initial value problem
for equations with right invertible operators. The first of them is one in which the coin-
cidence conditions are of a special form, namely =) ({, +0) = ¢® (f) = 0 (k = 0, 1, ...
...; N— 1), where ¢ is an initial function determined on the initial set E‘o' The second
one concerns a singular case, when Fy is one-point set, i.e. the case when it is impos-
gible to apply the method “step by step’. A corollary for equations with advanced
argument is also given.

In the papers [3] and [5] theorems about existence and uniqueness
of a solution of an initial value problem for equations with right invertible
operators (obtained in the papers [2] and [4]) have been applied to obtain
conditions of solvability of linear differential equations with argument
transformed by means of an involution. The purpose of the present paper
is to indicate other linear differential equations with transformed argu-
ment which can be solved using the solution of an initial value problem
for equations with right invertible operators.

The following notions and results given in [4] will be applied in our
subsequent considerations.

Let X be a linear space over field of real or complex scalars. Let A4
be a linear (i.e. additive and homogeneous) operator defined on a linear
subset 2, of X, called the domain of A, and mapping 2, into X. The
collection of all such operators will be denoted by L(X). Denote by Z 4
the kernel of an Ae L(X) i.e. the set Z, = {wre 9,: Az = 0}.

DEFINITION 1. An operator De L(X) is said to be right invertible,
if there is an operator Re L(X) such that

9 =X, RXc9%, and DR =1,
where I denotes the identity operator.

The operator E is called right inverse of D. The collection of all right
invertible operators belonging to L(X) will be denoted by E(X).
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DEFINITION 2. An operator Fe L(X) is said to be initial operator
for De¢ R(X) corresponding to a right inverse R of D if

FX =2Z,, F'=F and FR =0.

The kernel Z, of the operator De E(X) is said to be the space of
constants for D. Write

N
(1) QD) = D @D where DeR(X),Qy, ..., Qy_re L(X),
k=0

O =1.

An initial value problem for the operator @ (D) defined by (1) is to
find all solutions of the equation

(2) QD)z =y, yeX
satisfying the initial condition
(3) FD's =vy,, where y,eZ, (k=0,1,...,N—1),

F is initial operator for D. _

The initial value problem is said to be well-posed, if this problem
has a unique solution for every yeX, yg, ..., Yny_1€ Zp. This means that
a well-posed homogeneous initial value problem has only zero as a solution.

THEOREM 1 (cf. Corollary 3.1 and Theorem 3.2 of [4]). Let De R(X)
and let F be an initial operator for D corresponding to a right inverse R

R . N—1
of D. If the operator I+Q is invertible, where we write @ = Y Q,R"~%,
%=0

then the initial value problem (2)—(3) is well-posed and its unique solution is

-1 N-1 N-1
(4) T = RN(I-l‘é)-l(?/—Z sz Rk_j?lk) + 2 R*y,.
k=0

i=0 k=j

Now suppose that we are given a projection operator Pye L(X)
such that P¢D = DP,if both superpositions PyD and DP, are well defined.
‘Write

(5) P1=I—Po, .X0=P0X1 Xl =P1.X.

P, is obviously a projection operator. Observe that for an arbitrary ze¢X
and a positive integer N we have

(6) PyD*s —®,, wherea,eX,,implies o, = Dz, (k =0,1,...,N—1).

Indeed, by definition we have P,z = z, and z; — P,D*2 = D*Pyx
= Dkwo-
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THEOREM 2. If the operator I +P1Q (which maps the set Dy, p g into
X,) is invertible (where Q is defined in Theorem 1), then the following problem

{7) P,Q(D)x =y, yekX,
(8) P, D*x = D*z,, xyeX,nPpn-1 (k=0,1,...,N—1)

with the conditions

(9) FP, Dy = FP, Dz (k =0,1,...,N—1)
has the unique solution
. N-1
(10) » = @+ B (I+P1Q) " (y—Py ) QuD™o—
m=0
N-1 N-1 N-1
— D Qn D B "FD'a) + Y R*Flia,.
m=0 k=m k=0

Proof. Observe that from Property (6) it follows that the imposed
conditions (8) are of a sufficiently general form. Formulae (8) and (9)
together imply that

(11) FD*¥P,x = FP,D*x = FP,D*x = FD*xy, (k =0,1,..., N—1).

By our assumption P,D = (I—P,)D = D(I—-P,) = DP,. Corn-
ditions (8) imply

P,Q(D)P,x
N-1 N-1
=P, Z‘ @uD™P& = P,D"P,2+P; ) @,D"Px
M=0 m—0
N-—-1
=PID¥+P;, ) Q. D™(I-Py)
m=0
N-1 N-—-1
=P, D¥s+P, ) Q,D"a—P, D QD" Py
m=0 m=0
N-1 N—-1
=P, D"a+P, Y @QuD"a—P, > Q.P.D"w
m=0 m=0
N-1
=P,Q(D)z—P; > Q, D",
m=0

N-1

= y—Pl Z QmDmxn'

=0
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N-=-1
Write: & = Pz, 4§ =y—P; ) @, D™x,, Qn =P.Q,, (m =0,1,...
1n—'0
., N—1), @N = I, Q(D) = 2 @ml)’". Using these notations we obtain
me0
the equation
12) QD)Z =§, where &,jeX,,

together with the initial eonditions
(13) FD*z = FD*2, (k =0,1,...,N—1).

These last conditions follow immediately from Formulae (11). Observe
that the operator
N— N-1

I+ ZQmRN‘ =1+ ZP QuB ™ =I+P, Y QuR'™ = I+P:Q

m=0 m=0 m=0
is invertible by our assumption in the space X,;. Thus Theorem 1 implies
that the initial value problem (12)—(13) has the unique solution

-1 N-1

& = RV(I+P, Q)" (§ — S‘ Q. 2 B<™FD*a, ) + E‘l REFD*z,.

k=m k=0
Hence problem (7)—(8)—(9) has a unique solution of the form:
x = Pyx+P,x = w0+5~v
N-1

= o+ EBY(I+P,Q) [y — P, 2 On D= 2 QR ™ FD*w,) +

N-1
+ ) R*FD*a,,
=0
which was to be proved.

Now consider the following differential equation with delayed argument:

N-1 M
(14) 2™ (1) + Z D agMaB () = (1), to<i<T,
=0 j=0
where
(15) B <ho(t) =t (j =1,2,..., M) for 4, <t<T,

with the initial conditions

(16) 2™(t) =™ (1) on the initial set B, (*) (k =0,1,..., N—1),
and

(17) ad®(t,40) =g®(t) =0 (k=0,1,...,N =1).

(') Le. on the set Hy = {f}n{hy(), ..., har®): h;j() <t for t,<t< T and
j=1,2 ..., M}.
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Write
(18) = {we O(Ey Ut T]): :1; = 0},
Pom =w|Eto’ le =$|[‘0rT]’ .Xo =.PDX, Xl —_—.PIX.

The projection operators P, and P, are well defined on the space
X. We shall assume that

(19) y,a¢X;, hjeC[t,T] (k=0,1,...,N-1;4=0,1,..., M),
@y @y @V VX,
These assumptions immediately imply that
(20) ¥(t) =0, ay(te) =0, ¢®(t) =0 (k=0,1,...,N—1;
j=0,1,..., M).

We also write

Za,k,(t)w(h () for t,<t<T

(21) (@e)(?) = (k=0,1,..., N—-1),

0 for te K,
2(t for t, <t T
@vay) =" P
0 fOI' te E‘o;

¢
(22) D =—g{, (Bx)(t) = fm(s)ds, (Fzx)(t) = z(t,) =0 for all zeX,

to

~ N_l .
Q= 2 Q. RN~

k=0

By definition, P,Q, = 0, hence

23) P9, =9Q, (k=0,1,....,N—1) and I+P,Q=1I+9.

By usual estimations we prove that the operator I +é is invertible
in the space X,. Thus we obtain the following

THEOREM 3. If conditions (19) are satisfied, then the initial value
problem (14)—(16)—(17) has the unique solution

(24) ¢ —g+RV(I+Q)

in the space X,, where R and Q are defined by Formulae (20), (21).
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Proof. Observe that the space X, the operators D, R, F, Q,, ..., Qx,
N .
Q(D) = D 9, D" Q, P,, P, satisfy all conditions of Theorem 2. Put z, = ¢.

k=0

By definition of the initial function ¢ and of the operators @, (Formulae
N-1 N—1
(20)) we have Y @Q,D"x, = Y Q,D™p = 0. Since (FD*z,)(t) = (FD*p)(t)

m=0 m=0
= ¢®(t,) =0fork =0,1,..., N—1, Theorem 2 implies that our problem
has a unique solution which is of the required form.
By an obvious change of variables we obtain

THEOREM 4. The differential equation with advanced argument

N-1 M
2™ (1) + a ()@ (1) =y (1), T<t<diy,

where t = ho(t) < h;(8) (j =1,..., M) for T <ttty with the conditions

d®(t) = g™ (1) on the set B, (k=0,1,...,N—1),

defined}byE,o = (LU {(ha(8), oy hag(B): By (1) S tofor T<t<to(j =1,2, ...,
veey MY,

z®(t,—0) =o®(t) =0 (k=0,1,..., N—1),
has the unique solution
2 =p+(—1)EY(I+Q)y
in the space X = {we O([T, to]u By): (ty) = 0, where
1° ¥, a,,,eilz hje O[T, Tl (k =0,1,...,N—1; j =0,1,...,M),
@@y ey, o e Xy,

20 X.o = .PoX, 'Xl = PI.X, .Poaz' = wlﬁto, le = ml[T-tol fOT .’L‘ex,
D, R, F are defined as before,

M
i (Wyalh, T<i<t,
2 (G = | WOl O TSiSt L v,

0 for te B,

N-—1
Qe =X for T<t<t, and O for t<E, and Q=) QR"™™

k=0

Consider now a differential-difference equation with delayed argument:

N—1 My
(25) ™MW+ Y N ay()a®(t—hy (1) = y(t) for t>0,
k=0 j=0
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where hy,;(f) are given continuous increasing functions defined for ¢ >0
and such that hy(t) <t for ¢ >0, hy(0) =0, h(t) =0 (5 =0,1,...
ceiy My; £ =0,1,..., N—-1).

Suppose that the given functions belong to the space X of all piece-
wise continuous functions defined for ¢ > 0.

Since t — hy;(t) > 0 forallt >0(j =0,1,..., M;; k =0,1,.,., N—-1),
we conclude that in our case the initial set E, contains only the point 0.
Since no initial function is given, we only can assume that the values
of the unknown function and its derivatives up to and including the order
N —1 are given at 0:

(26) #*¥(0) = z,, where x, are arbitrarily fixed constants

(k =0,1,..., N—1).

Put
d 11
(27) D =-—, (Ro)(t) = fm(s)ds, (Fa)(t) = #(0) for weX
dat ;
and
(28)  (4x=2) (1)
My
= Y a)aft—hy(1) (b =0,1,..,N—1), Qy=1I for zeX,

N-1

N
QD) = Y @D Q=D QR"
k=0 k=0

By similar estimations, as those used in Theorem 3, we conclude,

that the operator I +(:? is invertible in the space X. Thus Theorem 1
implies immediately the following

THEOREM 5. If the given functions satisfy the above conditions, then
the initial value problem (25)-(26) has the unique solution

1

. N- N-1 N-1
& = RN(I+Q)—1(y— D 0n ) R"‘"‘wk) + ) Ets,.
k=m k=0

me=0

For instance, this theorem can be applied to the equation

N-1 M .
™) NI NN Y B N
© (t)+k2=(1 %ak,(t)w (Mt) g(t) for t>0.

All the results obtained here are true for vector valued functions
(if the coefficients are square matrices satisfying the above conditions)
and for some partial differential operators (compare with [4]).
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