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On an integral inequality
for piecewise continuous functions

by P. S. Simeonov and D. D. Bainov (Plovdiv)

Abstract. In the paper, the decision problem of integral inequalities of the type Bellman—
Bihari is discussed. The obtained results can successfully be used in the fundamental, qualitative
and asymptotic theory of the differential systems with impulse effect.

1. Introduction. Systems with impulse effect [2]-[4] are characterized by
the fact that their solutions have first order discontinuities at the moments of
impulse effect where they are left continuous.

The qualitative research of similar systems often involves a new class of
integral inequalities where the estimated function u(f) is piecewise continuous
and its jump at the discontinuity points t, depends on the value u(t,) (or
u(t;—0)). The analogue of the Gronwall-Bellman inequality [4] is an
example of a similar inequality,

t
u®) <c+pusyds+ Y Biu(t;—0).
a a<t; <t
The present paper considers the problem for the solvability of an
integral inequality containing a large class of inequalities, often met in the
study of systems with impulse effect [4}-[8].

2. Preliminary notes. Let R" be the n-dimensional Euclidean space with
norm || and let B, = {x€R" |x| <r}. The space R" will be considered to be
semiordered in the following sense: we will write u <vif u; <v,,i=1,...,n
If G = R", then the function y: G = R" will be called nondecreasing in G if
u<v ueG, veG implies that y (u) < ¥ (v).

Let the function K(t,s,u) be defined for a <s<t <f < o0, ueB,
(0 <c < ).

We will say that conditions (K) hold provided the following conditions
are satisfied:

(K,) The function K(t, s, u) is continuous with respect to u for all ¢+ and
almost all s, and it is measurable with respect to s for all ¢+ and u.
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(K,) For all ¢t and for almost all s, the function K (¢, s, u) is nondecreasing
in B..

(K,3) For each d € (0, ¢), functions y,(t, s) and v,(z,t,8) (@ <s<t <t <pP)
exist, summable with respect to s in {a, t], and such that

sup [K(t, s, W) < py(t, 8),  sup [K(t, s, u)=K(t, s, u)| S v,(t, ¢, 5).

u] <d Ju| <d

(Ky) im {pu(t,s)ds =0 for a fixed t or 1.
t—l—'0+ 1

t

(Ks) lim [vy(r,1,5)ds =0 for a fixed r or 7.
t“l—’0+ a

(Ke) lim (vy(z,t,8)ds =0 for a fixed t #7; or v #1;,

t—t=04 a

where the sequence |r;} is such that a <1, <... <71, <..., lim7;

i—®
=B
3. Main results. The basic results are grounded on the following lemmas:

LemMma 1 [1]. Let the following conditions be fulfilled:

1. Conditions (K,{Ks) hold.

2. The function ¢: [a, B) = R" is continuous and |¢@ ()] < c.

3. The function v: [a, ) = B, is the maximal (minimal) noncontinuable
solution of the equation

v(t) = q)(t)+‘jK(t, s, v(s))ds, t€la, B).

4. The function u: [a, f) = B, is continuous and satisfies the integral
inequality

t

AW =u@)—e@—fK(t, s, u@s))ds <0 (0<4(), tela, h.

Then for te[a, B),
u(®y<v(@) (v@) <u(y).

LeEmMMA 2. Let the following conditions be fulfilled:
1. Conditions (K HK,) and (K¢) hold.

2. The function ¢: [, ) = R" is piecewise continuous and |¢@(a)| <c.
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3. The function v: [a, f) = R" is the maximal (minimal) solution of the
equation

(1) v(t) = o)+ [K(t, s, v(s))ds, te[a, f).
4. The function u: [o, B) = R" is piecewise continuous and satisfies the
integral inequality

a) = u(t)—(p(t)—_l[K(t, s,u(s)ds<0 (0<4(), tela,p).

5. For each ye(a, B) the inequalities

sup |v(t)) <c, sup |u(t) <c
tefa,y] tela,y]
are satisfied.
6. The discontinuity points of the functions ¢, v and u are contained in
the sequence \t;}.
Then for t€la, )

2 u(t) < o(f) ((r) S u ().

Proof. In virtue of Lemma 1, inequality (2) holds for ¢ €[a, 1,) N [a, B).
Assume that for some i =1, 2, ... and for every t€[a, ;) N [a, f)

(3) u(r) < v(o).

Since the function K(t, s, u) is nondecreasing with respect to u, for
te[t, ti+ ) N{a, f) we have

i

) u(t) < o(r)+ f K (T.’, s, u(s))ds < v(t)
and

w(f) < (D,-(t)+.‘[K(t, s, w(s))ds, telt, 1,4,) N[, B),

where
_Ju(), tE(T;, Tiv 1),
wie) = {u(t,-+0), t=1,
5) 8,() = 0+ [K(t, 5, v()ds,  t€(tir e 1) ALk, B,

(6) ?,(t;) = P;(r; +0).
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(5), (6) and conditions 1 and 5 of Lemma 2 imply that the function &;(t)
is continuous on [t;, 7;4,) N [a, f) and

|P; (z)| = |P; (z; +0)]

=|o(r+0)+ lim jK(t, s, v(s))ds|

l—'f"+0a

=lp@+0)+ lim [K(t, s, v(s)ds]
l-’tl'+0a

=lv(r; +0)| <c.

Then, in view of Lemma 1,
) u(t) =w() <¢(), te(w, 1) Nla, B,

where £(t) is the maximal solution of the equation

®) E) =)+ [K(t, 5, &(9))ds, telr, 1vy) N [a, ).

However, (5) and (8) imply that the function

a(t) _ {U(t), te[a’ Ti] N [aa ﬂ),
@), te(, 1) Nla, B

1s a solution of (1) in the interval [a, ;. ,) N {a, B). Then, (3), (4) and (7) yield
that ‘
u(t)ga(t)sv(l‘L [G[a, Ti+1)m[a7 ﬂ)

Hence, inequality (3) is verified for each interval [a, 1) N [a, B), i
=1,2,..., ie, inequality (2) holds for te[a, f).

THEOREM 1. Let the following conditions be fulfilled:

1. Conditions (K,}{K,) and (K¢) hold.

2. The sequence {t;}2, is such that

A<t <..<t;<..., limt;=8.

3. The function ¢: [a, B) = R" is piecewise continuous and |@(a) <c.

4. The functions Y,(t,s,u), i=1,2,..., are defined for t,sela, f),
u€eB,; they have values in R"; they are nondecreasing in B, for fixed t and
s; they are piecewise continuous with respect to t for fixed s and u.

5. The function v: [a, f) = R" is the maximal (minimal) noncontinuable
solution of the equation

O o0 =@+ (Kl s v@)ds+ ¥ wilt, to o), tefa, B.

a<t; <t
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6. The function u: [a, f) = R" is piecewise continuous and satisfies the
inequality

(10) A(t)zu(n—w(r)—_'[K(t,s, u(@)ds— Y ¥ilr, t;, u() <0,

a<t; <t

0< A(r), tefa, p).

7. For every ye(a, B) the inequalities

sup |v(f)| <ec, sup |u(t) <c
tefa,y) tela,7]
hold.
8. The points |t;} and the discontinuity points of the functions @, u, v and
W, i=1,2,..., are contained in the sequence \1;}.
Then, for te(a, p),

(11) u(®) <o) (w() <ul)).

The verification of inequality (11) over the interval [a, ;) N [a, B), i
=1, 2,..., is proved by induction with respect to i, employing the same
arguments as in the proof of Lemma 2 with the only difference that the
function

(bl(t) = (P(t)+ _[K(t’ S, U(S))ds+ Z lpk (t’ lk’ v(tk))a
a a<ty <t;
te(t;, 1+ 1) N[, )
is used and Lemma 2 is applied instead of Lemma 1.

Remark 1. Theorem 1 still holds if in one and the same summands of
(9) and (10) the values v(r;) and u(t;) are replaced by v(t;,—0) and u(t;—0).

Remark 2. Note that the discontinuity points of the function u(r) may
not coincide with the “jump” points {;}. This is of particular importance in
view of the applications in the theory of stability of systems with impulse
effect in the cases when the moments of impulse effect of the considered
system are not fixed [7].

COROLLARY 1. Let for a <t <fi<

u(t)<c n Pi+j n pi p(s)u™(s)ds + Z ( n pj)ﬂiu(ti)’

a<y; <t as<t; <t a<y <t St;p<t

where p; >0, B, >0, ¢=0, p: [« B)—[0, ©) is continuous, u: [a, f)
— [0, o) is piecewise continuous, m > 0.
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Then, for m # 1

u()<c [] p,(l+[f)[1—(m—l)‘ n pi (L4 B~ 1 p(s)ds|HE=—m

a<f;<t a A <3

Jor uall t Z a for which

(m—l)| [T p(Q+B))" " p(s)ds < 1

a a<ep<s

while for m =1

u(y<e [ p(1+5) exp(|p s)ds) for t > ua

<
1<t, 1

Remark 3. For p, =1, m =1, the result of Corollary 1 coincides with

the result of Lemma 2 [4] and is actually a generalization of the Gronwall-
Bellman Lemma.
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