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On a differential inequality with a lagging argument

by K. ZMA (Katowice)

., The purpose of this paper is to transfer a result of J. Szarski [2]
to the case of differential inequalities with a lagging argument. This
note is composed of three parts. In the first part there is a statement
of the theorem of J. Szarski for a system of differential inequalities
with a discrete lag and parallel to the axis of time. The second part
deals with the same theorem in the case of continuous retardement.
In the third part we consider a partial differential equation, in which
the derivative at a point depends on the values taken by the solution
in a plane set. '

- The author is obliged very much to Professor J. Szarski for his
valuable advices and remarks.

1. Let ™' denote (n+1)-dimensional space of points P (¢, 2y, ..., Zs).
YLet H be a subset of E™** given by

H={t, <t<tyta, ai+N({I—1%) <24 <b—N(t—1), t=1,2,..,n}

where 1,, a, a¢, b¢, N are real constants such that N >0, as < by, 0< a
< (bi—ai)/2N, 1 =1,2,..,n.

Let ay(t), u=1,2,..,m, »=1,2,..,n, be nonnegative real func-
tions defined in the interval (%, {,+ a). Define a subset G of B by

G={—r<t<th, a<H<byy, 1=1,2,..,n},
where t = max {sup a,(t)}.
In the Jl:s’c’;quel we shall use the following notation
X = (%, ey @)y, U= (. mum), Q=I(q, ., q),
X<Y if &<y, i=1,2,..,n.

Let f*t, X, U,Q), u=1, 2, ..., m, be a system of functions such that

(i) The function f* (u=1,2,...,m) is defined on a subset 4, of
(2n+m-+1)-dimensional space such that H belongs to B™™ A 4,.
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(i) It T3> T then f¢, X, U, Q) >, X,0,Q) (u=1,2,..,m)
(iii) The function f* (#=1, 2, ..., m) satisfies a Lipschitz condition
with respect to @

n
17, X, U, Q—F10, X, U, QI <N 3Tl
{=1
where N denotes the same constant as in definition of H.
Under these assumptions the following.theorem may be proved
TemorREM I. Assume functions u(t, X), vi(t, X) (u=1,2, ..., m) to
be defined and continuous in G v H and to hove the differential of Stolz
in H. If

(1) uk(t, X) > vrt, X)

for 1, X)e@, p=1,2,..,m,

(2) gu_ﬂgt’—x‘) ?f”(ty X, U(t— (1), -X); Q(w‘)) y
(3) ) o oy, X,V (e i), X), Q")

for ¢,X)eH, u=1,2,..,m, then the inequalities w(t, X) > v#(2, X),
,u= 1,2,...,m, hold in the whole set H.

" ".The proof of Theorem I is quite analogous to the proof of the theo-
rem of J. Szarski [2] or to the proof of Theorem II in the second part
of this paper. .

Remark In the case of ay(t) = 0, Theorem I remains true under
the assumption that the functions f* satmfy 3 Weaker condltlon (W)
of [2] instead of (ii).

2. Let @ be a seb of points. (¢, X) such that {t < fo, @t < o < by
(t=1,2, ,n)}, where a; and by satlafy the same condltlons as in the
deﬁmtlon of H

We shall consider a system of differential equations of the form

(a) o(t, X
where

(') The functions R*(s;t, X) are defined in B = {s € (0, c0), (¢, X) ¢ H}
and for any fixed (¢, X) ¢ H they are nondecreasing with respect to s.

' [ 6 X, 26~s, X), Q) 4B, 1, )+ (1, X)
0 .

(u) There is a finite number K such that \/ Ris,t, X) < ) K for
. =0
p="1'w2 ey and for (¢, X) e H.
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(iii') The funection f* (u=1,2,...,m) is defined on a subset 4, of
(2n+ m+1) - dimensional space such that H belongs to B ~ 4,.

(iv’) The function f* (u=1, 2, ..., m) is nondecreasing with respect
to Z and satisfies Lipschitz condition with respect to @

n
¢, X, Z, Q—f"t, X, Z,Q)| <L D) [7i— il
{m=]
“where Lma.x[s}l!}p 6[ dR%s,%, X)) < N, and N denotes the same number
M

a8 in the definition of H. |
(v') The functions gx(t, X) are defined in the set H.
Under all the above assumptions we shall prove the following

THEOREM IL. Suppose that functions ur(t, X) and va(t, X), u=1,2,...,m,
are defined and continuous in G* v H and that they have the Stolz diffe-
rential in H. Let

(4) uk(t, X) > vu(t, X),
for 3, X)e@* p=1,2,..,m,

® PG> [ X000 D, @) aRis, 4 X+ X),

6) 2 t X) ff"t X,V (t—s, X), Q(¢")) dRi(s, t, X)+¢(t, X)

for (1, X)eH, u=1,2,...,m. Then
’ us(t, X) >out, X) for (4, X)eH, p=1,2,..,m

' Proof. Since the functions ut(t, X) and we(t, X) are continuous
and because of (4) there is t* such that 7° > i, and

'll:"(t,X)>'Ul‘(t,X), ﬁ=1,2,...,m, if 't0<t<td. .

Let t* denote the Lu.b. of all such 7°. In order to prove our theorem
we have to show that t*={,+a. '

Suppose t* < f,-+a. Then, in virtue of the continuity of ux(f, X)
and v#(t, X), we would have
(7) ur(t, X) zor(t, X) for <ttt pu=1,2,...,m
and there would exist an index ¢ and a point (¢*, X*) e H guch that
(8) ue(t*, X*) = vo(*, X*).

17*
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We ghall consider two cases: (A) the point (#*, X*) belongs to the
interior of H and (B) the point (¢*, X*) belongs to the boundary of H,

Case (A). According to the definition of (¢*, X*) we have
ous(t*, X*)  ove(t*, X*)

(9) 2, = 70 for ¢1=1,2,..,n,
and

* * L] L]
(10) auv(t,X)<afv'f(t,X)-

ot - ot
On the other hand, in virtue of (5) and (6), we have

(11) 3u’(t;'; X*)
Z J fa(t*s X* U(t*—s, X*), Q(uu(t*’ X')))dR:(S, t*, X*)+g°(t*, X*),
0

(12) avv(ta;X*)
< [ £, X%, V(t—s, X*), Q(v°(", X*)) dRi(s, t*, X*)+ g°(t*, X¥) .
0

By (9) and by the choice of i* we have
(13) Q(u"(t*, X)) = Q('v“(t*,' X*) and U(t*—s, X*) 2V(t*—s, XV

for 0<8< 0.

‘The monotonicity of f° and R’ and the inequalities (11), (12) and (13)

give
ove(t*, X*)  ous(t*, X*)

(14) Ta T a

which contradicts (10). So the case (A) does not hold.

Case (B). Here we can assume that the point (¢*, X*) lies on the
intersection of the planes

B =bi—N{j—t), i=1,2,..,r,

156 )
(16) {w;=a;+N(t—to), t=r4+1,r4+2,..7r4+8, r+8<n.

Let us consider onesided partial derivatives of {w(t, X)—v7(t, X)} at
(t*, X*) defined by

o(ur—vv) _o(u=—o°)
oy - 9[zy— 0]’

1=1,2,..,7
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o(u—v7)  o(u”—19)

i=r+1,r+2, .., 78,

Observe that by the definition of (¢*, X*) we have

(16)

dwy  9[m+0]’
(u—7)  a(ur—1°)
ot T 9[t—-0]
- O[uo(t*, X*) — v (1%, X*)]
o <0,
ofur(t, X% —wr(th X7 _
oy = Uy
ofwe(t*y X*) —v=(t*, X*)] =0
K 3m‘ - VY
ofuo(t*, X*)—vo(t*, X*)]
’ ot , <0.

i=1,2,..,r,

t=r+1,r+2,..,7+s,

t=r+8+1,..,n,

Let h(t) denote an auxiliary function defined by
h(t) = “’(ty @1(8)y ooy Te(l)y Toga(l)y oovy Drra(t) s TFyagry ooey m:)—

_'””(ta D1(8) 5 cory Be(8)y Bria(l)y oey Brtalf)y Thratry ooy Wz) '

where

bi—N(1—1t),

o= { s+ N (t—1),

t=1,2,..,r,
t=r+1,r+2,..,r+8.

231

We have h(f) >0 for t <¢* and h(t*) = 0. Hence A'(1*—0) < 0. Since

r r+a
o — o — olue — pe
h’(t)=a[Ltﬂ—N E'a["‘TM”ﬂ+N g'[Law""_]

7

{1

f=r+1

and h'(t*—0) <0, so according to (16) we get

ous(t*, X*)

_ owe(tr, X*)

an |

ot ot

n
>N )

{=1

3.’5(

By (iv') (Lipschitz condition), (11) and (12) we have

‘ us(t*, X*)  dvo(tr, X*)

< [ |7, X T (-8, X%), Q) —f°(t%, X2, V(" —5, X*),Q(0")

0

5y

{=1

L
-<'N2

=1

A

ot ot

ous(t*, X*)  ov(t*, X*)
om¢ ) 04

ur(t*, X*)  owe(tt X*)
35[)4 3.'171

| arzs, v, x2)
0

dus(t*, X*)  oro(t*, X*)
o4

dR3(s,1*, X*)
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whence

duc(t*, X*) auv(t* X*)
at

ou( z* x* (e, XY
i 3.’1/‘1

v

=1

(18)

this contradicts (17). So the case’ (‘B) does not hold either. The proof
is completed.

3. Let us consider the differential equation of the form
‘ oo p(t..a)

(b) a—z%ﬂ;.éf_{w:g F(t z,2(t—8, £),

az(t x)

) aBe(t, @, &)} drifs, 4, ).

Let
H' = {t, <t <tp+a% a+N(—1t) <o < b—N(—1)},

where N >0, a<b, 0 <o < (b—,-_q)/ZN.

Let
AL N(=8—1), t—s>1),
a(t, s)={
R 15 —8 <t
ﬂ( )_{ b—N(t—s—1), jt_‘???o;
b, -8 <t.

Concerning (b) we shall assume that

(i) The function R(t,w £) is defined in H°X <a, b) and nonde-
creasing with respect to ¢&.

(i"') The function r(s t, w) is’ defiried in {0, o0) X H° and non-
decrea,smg ‘with respect to 8.

(iii"") There is a real number M > 0 such that
o 8(t,8) L
a\_/o{r(s!ttm)g_}{“)R(trw’ <M, (ta)eH.

(iv"’) The function F(t,z,z,p) is defined for (¢,2)e H® and for
all z-and p, and 8 nondecreaSIng with respect to z and satisfies Llpschltz
condition with respect to

|F(t, @, 2, ?)""E(t; @, 2, D) ngﬁ_f—"l.

and moreover LM < N.

Under all these assumptions the fblloving theorem, analogous to
Theorems I and II, may be proved.
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THEOREM IIT. Let = {t <1y, a < v < b} and let functions w(t, @)
and v(t, 2) be defined and continuous in G° . H® Let u(t,x) and v(l, )
have the differential of Stolz in HP.

If w(t, %) >v(t, @) for (t,x) e G° and

®  ALe)

wlads [{ [ #to,ut—s, 0, 2D ary,0, o)dns, b, ),
0 a(t,8)
- ,8) ’

.340(1: 2) <J { T F(t,a;,v( s, E),av(t w))dRE(t,m,E)}dr,(s,t,m)
0 a(l,s)

for (t, x) e H°, then
u(t, ) >v(E,2) for (1,a)eH.
The proof of Theorem IIT is analogous to the proof of Theorem II.
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