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Suppose R is a G-graded Cohen-Macaulay k[x,, ..., x,]-algebra where G is
a group and k a field. We study the completion functor from graded R-modules
to R-modules where R is the completion of R, with special emphasis on
Cohen-Macaulay modules. We prove that if the orders of elements of finite
order in G are invertible in k and the orders of finite subgroups of G are
bounded, then almost split sequences of graded Cohen—Macaulay modules go
to direct sums of almost split sequences of Cohen-Macaulay modutes over R.
Moreover, we show that R is of finite graded Cohen—Macaulay type if and only
if R is of finite Cohen—Macaulay type.

Introduction

Before stating the main results in this paper, we need some notation and
definitions concerning graded rings and modules for arbitrary groups.

Let G be a group which we write additively even though it may not be
commutative. By a G-graded ring R we mean a ring (not necessarily
commutative) together with a direct sum decomposition R = 1l R, such
that R,R, = Ry, for all hand g in G. A G-graded R-module C 1s an R-module
C together with a direct sum decomposition C = 1l ,;C, such that
R,C,c Cyy, for all h and g in G. An R-module morphism a: B—C of
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G-graded R-modules B and C is said to be of degree 0 if «(B,)) = C, for all g in
G. We denote by Mod(grR), the category of G-graded R-modules together
with degree 0 morphisms.

Throughout this paper T denotes a polynomial ring k[X,, ..., X,] with
k a field and the X, indeterminates. We always assume that a G-grading on
T has the following properties: (a) T, = k; (b) each X is homogeneous; (c) each
T, is of finite dimension over k = T;. By a G-graded T-algebra R we mean
throughout this paper that R is a T-algebra by means of the ring morphism f:
T — R and that T and R are G-graded rings such that R is a finitely generated
G-graded T'module and f: T—R is a degree 0 morphism of G-graded
T-modules. Hence R is left and right noetherian. Also for each finitely generated
R-module C we denote by C the completion of C in the m-adic topology where
m=(X,,...,X,), the ideal in T generated by the indeterminates X,, ..., X,.

Suppose R is a G-graded T-algebra. Then a G-graded R-module C is said
to be Cohen—Macaulay if it is free when viewed as a T-module. We say that R is
a Cohen—Macaulay G-graded T-algebra if R i1s a G-graded Cohen-Macaulay
R-module. We say that R has isolated singularities if gl.dim R, = dim T, for all
nonmaximal prime ideals p of T Throughout the rest of this introduction we
assume that R is a Cohen-Macaulay G-graded T-algebra with isolated
singularities.

Our main results are the following theorems connecting the subcategories
CM(grR), and CM(R) of Cohen—Macaulay modules in the categories
mod(gr R),, finitely generated G-graded R-modules with degree zero mor-
phisms, and modR, finitely generated R-modules, respectively.

THEOREM A. (a) The category CM(grR), has almost split sequences.

(b) If 0 A—-B—-C—0 is an almost split sequence in CM(grR),, then
0—A—-B->C—0is a direct sum of almost split sequences in CM(R) provided
the orders of elements of finite order in G are invertible in k.

This result about almost split sequences is used to prove the following
result about when R is of finite graded Cohen—Macaulay type, i.c. when there
are only a finite number of isomorphism classes of indecomposable modules in
CM (grR), up to shift.

THEOREM B. Suppose G has the following properties. (a) the orders of
elements of finite order in G are invertible in k, and (b) the orders of finite
subgroups of G are bounded. Then R is of finite graded Cohen—Macaulay type if
and only if R is of finite Cohen—Macaulay type.

These results generalize our results in [4]-[6]. These generalizations were
inspired by conversations with H. Lenzing, who pointed out interesting
examples from his work with Geigle on two-dimensional graded rings where
indecomposability is not preserved under completion. Lenzing has given
a different (independent) proof for the first theorem (when G is abelian), using
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the result for G = Z. We take the opportunity to thank Lenzing for his
hospitality during our stay in Paderborn. We would also like to thank M. Van
den Bergh for helpful conversations about graded rings.

1. Preliminaries

In this section we first give some preliminary results about graded T-algebras.
We end the section by giving an existence theorem for almost split sequences.

Denote by radR the ordinary radical of R and by gr-radR the graded
radical. For general background on graded theory we refer to [11]. For the
first 3 lemmas we assume that if 7 is the order of an element of finite order in G,
then t is invertible in k.

LeMMA 1.1. Assume that R is a finite-dimensional k-algebra.

(a) If R is a graded division ring, then H = {geG; R, # 0} is a finite
subgroup of G. Also R is semisimple and is the direct sum of at most |H|
indecomposable R-modules, where |H| denotes the order of H. If H is trivial, then
R is a division ring.

(b) gr-radR = radR.

Proof. (a) It is well known and easy to see that H is a finite subgroup of G.
Since by assumption |Hj is invertible in k, rad R = (0) by [8]. Further R, = D is
a division ring, and as a left D-module, R, =~ D for each ge H [11]. Hence the
last claim follows.

(b) Since R is artin, gr-radR is nilpotent, so that gr-radR < radR. By
a graded version of the Wedderburn theorem

R/gr-radR ~M, (D) x ... xM, (D,),

where each D, is a graded division ring and M, (D,) denotes the ring of n; x n,
matrices over D, (see [11]). By (a) each D, is semisimple, so that
rad(R/gr-rad R) = (0), and hence gr-radR = radR.

LemMA 1.2, (gr-radR),, = radR,, and hence (gr-radR)* = radR.

Proof. By the graded version of Nakayama’s lemma we have
mR < gr-radR [11], and we also have mR, = radR,,. By Lemma 1.1 we have
for A = R/mR ~ R, /mR,, that gr-radA = rad A, since A is a finite-dimensional
k-algebra. Taking preimages we get (gr-radR), =radR,,. We have
radR,, = radR, and since (R,/radR,)* = R,/radR,, is semisimple, we have
radR,, = radR, and consequently (gr-radR)* = (radR,)" = radR.

LEMMA 13. Let A be indecomposable in mod(grR),.

(@) If A is not projective, then P(A, A) c rad End(A), where P(A4, A)
denotes the maps - A— A which factor through a projective module.
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(b) If A is not projective, then A has no nonzero projective summands.
(c) A decomposes into a direct sum of at most n indecomposable summands,
where n is the order of the group H = {geG; A, # (0)}, where

A = End(A4)/gr-rad End g (A4).
(d) If G has no nonzero elements of finite order, then
Endg(A)/gr-rad Endg(A4) and Endp (A,)/rad Endg (4,)
are division rings and A is indecomposable in modR.

Proof. (a) Since the endomorphism rings of indecomposable modules in
mod(gr R), are local, mod(gr R), has projective covers. Let P— A be a projec-
tive cover for A in mod(grR),. We then have an exact sequence
Hompg(A, P)—Homg(A, A)—Homg(A4, A)— 0, which under completion goes
to an exact sequence

Homg(A, P)—>Homg(A, A)—»Homg(A4, A) = (Homg(A4, 4))" -0.

It follows that (P(A, A)" = P(4, A). Clearly P(A, A) < gr-rad Endg(4), so
P(A, A) c rad Endg(A) then follows from Lemma 1.2.

(b) This is a direct consequence of (a).

(c) A decomposes into at most n indecomposable summands by Lemma
1.1 (b). By Lemma 1.2, A = Endg(A)/rad Endg(A), so that also A decomposes
into at most n indecomposable summands.

(d) This is a direct consequence of Lemma 1.1 (a), Lemma 1.2 and part(c).

LEMMA 1.4. Let A and B be indecomposable in mod(grR),.

(@) End,(A) is a graded local ring.
(b) If A~ B, then there is some geG such that A ~ B(g), where
B(g), = B+, for all heG.

Proof. (a) Let u and v be elements in I',, where I = Endg(A), which do not
have left inverses. It is then sufficient to show that u+ v does not have a left
inverse. Assume to the contrary that there is some wel _, such that
w(u+v)=1=wu+wo. Since Iy is a local ring, wu or wro must have a left
inverse, so we have a contradiction.

(b) This is proved as in [6, Prop. 9].

LEMMA 1.5. If P is indecomposable projective in mod(grR),, then gr-rad P is
the unique graded maximal ideal in P.

Proof. Since the endomorphism rings of indecomposable objects in
mod(gr R), are local, the category mod(gr R), has projective covers. Hence P is
a projective cover for each nonzero factor module, in particular for
P/M,nM, =P/M 1LP/M, if M, and M, are distinct graded maximal
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submodules of P. Since P is also a projective cover for P/M,, this easily leads
to a contradiction.

To state the next theorem we need to observe that the subgroup

H generated by {geG; T, # 0} is commutative since T is a commutative
domain.

THEOREM 1.6. Let R be a Cohen—-Macaulay G-graded T-algebra.

(@) If C is an indecomposable nonprojective module in CM(gr R),, there is an
almost split sequence 0 -A—->B—-C—0 in CM(grR), if and only if C, is
a projective T.-module for each nonmaximal prime ideal p in T.

(b) If A is an indecomposable noninjective object in CM(grR),, there is an
almost splir sequence 0 +A—->B—-C—0 in CM(grR), if and only if A, is an
injective object in CM(R,) for each nonmaximal prime ideal p in T

(c} If there is an almost split sequence 0 - A—-B—C—-0 in CM(grR),,
then A = DTr (—d), where d = degX,+ ... +degX,.

Proof. This is a generalization of [4, Th. 1.1] (and [5]), and the proof is
similar to the proofin [4]. We only make a few extra comments. We first recall
that D denotes the duality Hom,( , T) between CM(grR), and CM (grR°?),, Tr
denotes the transpose and Tr, = Q4Tr, where Q¢ denotes the dth syzygy.

We note that for each g€ G there is a degree zero isomorphism of graded
T-modules Hom (B, C(y)) ~ Homg(B, C)(g) for all geG. Also the category
Mod(grT), has enough injectives [11] and injective envelopes. When C is
indecomposable in CM(grR), and C, is T,-projective for each nonmaximal
prime ideal p in R, then End,(C)°®, the endomorphism ring of C modulo
projectives, is a finite-dimensional k-algebra, and a crucial point is to show that
there is a nonzero degree zero map f: I' =k such that f(radI')) =0. Let
n=gr-radl’. Then nnl"y =radl',, and k is the unique graded simple
T-module. Hence we have a nonzero degree zero map I'/n—k, and we are
done.

We also have the following information on right and left almost split
maps.

ProPosITION 1.7. Let R be a G-graded T-algebra which is Cohen—Macaulay
with isolated singularities.

(a) If P is indecomposable projective in CM(gr R),, there is a minimal right
almost split map E— P.

(b) If I is indecomposable injective in CM(grR),, there is a minimal left
almost split map [ —F.

Proof. (a) By Lemma 1.5, gr-rad P is a graded maximal submodule of P. By
[2] there is a Cohen- Macaulay approximation g: E — gr-rad P in mod(gr R),,,
that is, E is in CM(grR),, and for each map h: C — gr-rad P in mod(gr R),, with
C in CM(grR),, there is some t: C — E with gt = h. Since the endomorphism
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rings of indecomposable objects in mod(gr R), are local, it is easy to see that ¢:
E — gr-rad P can be chosen to be a minimal map. Hence g: E— P is a minimal
right almost split map.

(b) follows from (a) by duality.

2. Completions of almost split sequences

Let R be a Cohen—Macaulay G-graded T-algebra with isolated singularities. In
this section we assume in addition that if G has an element of finite order ¢,
then ¢ is invertible in k. In [6] we proved that if R is commutative positively
Z-graded, then almost split sequences in CM(grR), stay almost split under
completion. This is not true in general, but we prove in this section that an
almost split sequence goes to a direct sum of almost split sequences under
completion. For this we need the following characterization of a direct sum of
almost split sequences.

PROPOSITION 2.1. Assume that C in CM(R) has no nonzero projective
summands. Then the following are equivalent for an exact sequence

0-DTr,C5LHBSC—0 in CM(R).

(a) The sequence is a direct sum of almost split sequences.
(b) A map heEndg(C) factors through ¢: B—C if and only if
herad Endg(C).

Proof. (a)=-(b). Let C=C,1l ... 11C, be a decomposition of C into
a direct sum of indecomposable modules and denote by

0-DTr,C,54B,%C,—0

the almost split sequences. For h in Endg(C), denote by h;;: C;~ C; the induced
maps. Then herad Endgz(C) if and only if each h;; is not an isomorphism. If
herad Endg(C), then h;; must factor through g;: B;— C;, so that h factors
through g: B—C. If h¢rad Endg(C), then some map h;: C;—C; is an
isomorphism, and hence does not factor through g;: B;— C;. Consequently
h does not factor through g: B—C.

(b)=(a). The assumption in (b) means that ImHom(C, g)=
rad End(C) = End(C). If

0-DTr,CLB%C—0

is a direct sum of almost split sequences, we have Im(C, g') = rad End(C). By
the theory of X-determined morphisms an exact sequence of the form

0->DTr,CL5ES C—0

is uniquely determined up to isomorphism by the End(C)°P-submodule
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Im(C, ¢”) of End(C)® (see [1, Prop. 9.6]). Hence it follows that our two
sequences are isomorphic.

We can now prove the main result of this section.

THEOREM 2.2. Let 0— A4 L B4 C—0 be an almost split sequence in
CM(grR),. Then 0> AL B4 C—0 is a direct sum of almost split sequences in
CM(R).

Proof. C is indecomposable nonprojective in CM(grR),. By Lemma 1.3,
C has no nonzero projective summands. Since 0 > AL B4 C -0 is almost
split. we have Im Homg(C. g) = gr-rad End(C)*". Since exactness is preserved
by completion, we get Im Hom  (C. §) = (gr-rad Endg(C)°?)*, which by Lemma
1.2 is rad Endz(C)°*. Then we are done by Proposition 2.1.

3. Finite Cohen—Macaulay type

Let R be a G-graded Cohen—Macaulay 7T-algebra with isolated singularities. In
this section we compare the representation type for R and R. We follow the
outline for the corresponding result when R is commutative and G = Z [6].

In addition to the behavior of almost split sequences given in Theorem 2.2
we need the following result about right and left almost split maps.

PROPOSITION 3.1. (a) Let P be indecomposable projective in CM (gr R), and
g: E—> P a right almost split map in CM(grR),. Then g: E — P is right almost
split in CM(R).

(b) Let I be an indecomposable injective object in CM(grR), and f: [ - F
a left almost split map in CM(grR),. Then f: [ - F is left almost split in CM(R).

Proof. (a) We have seen in Section 1 that a right almost split map g: E—~ P
corresponds to a Cohen—Macaulay approximation g: E —gr-rad P. From the
theory of Cohen—Macaulay approximations [2] it follows that 4:
E - (gr-rad P)" is also a Cohen-Macaulay approximation. From Lemma 1.1
we know that (gr-rad P)* = rad P, and hence we get a right almost split map g:
E-P.

(b) Similar to (a).

We now get the following main result of this section.

THEOREM 3.2. (a) If R is of finite graded Cohen—Macaulay type, then R is of
finite Cohen—Macaulay type, and for every indecomposable module C in CM(R)
there is some indecomposable module B in CM(grR), such that C is a direct
summand of B.

(b) If R is of finite Cohen—Macaulay type and there is a bound on the order
of the finite subgroups of G, then R is of finite graded Cohen—Macaulay type.

Proof. (a) Assume that R is of finite graded Cohen—Macaulay type, and let
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B,,..., B, be a complete set, up to shift, of indecomposable modules in
CM(grR),. Let & be the finite set of indecomposable modules in CM(R) which
are summands of some B;. Then clearly the indecomposable projective
R-modules are in %, and it is easy to see that & is closed under irreducible
maps, by using Theorem 2.2 and Proposition 3.1 (see [6]). Then it follows from
[3] that all indecomposable modules in CM(R) are in &.

(b) Let A and B be indecomposable in CM(grR),. If A~ B, there is by
Lemma 1.4 some ge G such that A ~ B(g). Denote by N the bound on the
order of subgroups of G of finite order. Then it follows from Lemma 1.3 that
A decomposes into a direct sum of at most N indecomposable summands.
From this it follows that if R is of finite Cohen—Macaulay type, then R is of
finite graded Cohen-Macaulay type.

4. Localizations

Throughout this section we assume that R is a graded T-algebra with grading
group G. In the previous sections we have been mainly concerned with
relations between R and its completion R, particularly properties of the
completion functor from gr(R), to mod R. In addition to R, the ring R, is also
naturally associated with R. One of the major differences between R and R, is
that while modR is always a Krull-Schmidt category, modR,, is rarely
a Krull-Schmidt category. However, it follows from Lemma 1.2 that if G has
no nonzero elements of finite order, then {modR_),, the full subcategory of
mod R, consisting of those R, -modules isomorphic to A, for some A in
mod(gr R),, is a Krull-Schmidt category. For this reason, we assume through-
out this section that G has no nonzero elements of finite order.

Our first aim is to study the full subcategory CM(R,) of modR,, when
CM(grR), is of finite type. To this end we assume now that R is a Cohen--
Macaulay T-algebra with isolated singularities. '

PROPOSITION 4.1. Suppose CM(grR), is of finite type. Then the functor
mod (gr R), »mod R, given by Ar— A, induces a bijection between the isomor-
phism classes of indecomposable Cohen—Macaulay modules in mod(grR), and
those in CM(R,,). In particular, CM(R,,) is a Krull-Schmidt category of finite
type.

Proof. Suppose A and B are indecomposable modules in CM(grR), such
that A, ~B,. Then A~ B and so 4 ~ B by [10, Lemma 5.8]. Thus the
localization functor mod(grR), - modR,, induces an injection from the iso-
morphism classes of Cohen-Macaulay modules in mod(grR), to those in
modR,,.

Next suppose 4 is an indecomposable Cohen-Macaulay module in
modR,,. Then A is a Cohen-Macaulay module in mod R. Since CM(gr R), is of
finite type, by Theorem 3.2 there is some B in CM (gr R), such that 4 ~ B. Since
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B~ B, we have A~ B, because modules in modR, with isomorphic
completions are isomorphic (slight generalization of [10, Lemma 5.8]). Hence
B is an indecomposable module in CM(gr R}, such that B, ~ A, which finishes
the proof of the proposition.

As an immedatie consequence of this result we have the following,

CGROLLARY 4.2. If there is an indecomposable Cohen—Macaulay R, -module
A whose endomorphism ring is not local, then R and R are of infinite
Cohen—Macaulay type.

We next want to consider the special case when R is a quasihomogeneous
k-algebra, k a field. This means that R = 1l ,zR, is a commutative graded
ring with grading group Z, the integers, satisfying:

(@) Ry =
(b) R; are finite-dimensional k-vector spaces with R, =0 for all i <0.
(c) There are a finite number of homogeneous elements x,, ...,x, such

that R = k[x,,...x,].

Then R is a graded local ring with graded radical (x,,...,x,) which is
a maximal ideal in R. Then of course R,, is a local ring with radical mR,,. We
now want to investigate the Krull-Schmidt subcategory (modR,), of modR,,
in this special case.

PROPOSITION 4.3. Suppose M is in (modR,), and ... 2> P “>P,
4o, M -0 is a minimal projective resolution of M. Then Q' (M) = Imd, is in
(modR,), for all i = 0.

Proof. Suppose 4 in mod(grR), is such that 4, = M. Let
=0, 20,2450

be a minimal projective resolution of A4 in mod(grR),. Then Kerd, « m@Q, for
all i = 0, which implies that

- (Ql)m(al - (QO m (30)“1 Am 0
is a minimal projective resolution of A, =~ M over R,,. Since (Qk(4)),, = (M)
for all i >0, Q(M) is in (modR,), for all i > 0.
Similar arguments show the following.

PROPOSITION 4.4. Suppose A and B are in (mod Rm)0 Then ExtR (A, B)and
Torfm(A, B) are in (modR,), for all i > 0.

Thus we see that the Krull-Schmidt subcategory (modR,), of modR is
quite large. It would be interesting to have some description of this sub-
category.

Now some of the modules in (mod R,,), can be described without reference
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to the graded ring R. For example, let ¢ be the radical of R,,. Then R, /r' is in
(modR,), for all i > 0. Therefore each indecomposable summand of £/(R, /1)
has a local endomorphism ring for all j and i = 0. This naturally suggests the
following question. If S is a local ring with radical r, then does every
indecomposable summand of ©/(S/t') have a local endomorphism ring for all
j and i = 0?7 Or can this property be used to test in a fairly effective way
whether a local ring is the localization of a quasihomogeneous ring at its
graded radical? Clearly the same type of remarks pertain to the class of
R,-modules in (modR,,), which can be described solely in terms of modR,,
without reference to mod(grR),.

5. Examples

This section is devoted to giving examples illustrating previous results.

A finite-dimensional G-graded k-algebra R is automatically Cohen—Ma-
caulay with isolated singularities, and CM(grR), 1s the same as mod(grR),.
Since further R = R, we have the following special case of Theorem 2.2.

ProrosITION 5.1. Let R be a finite-dimensional G-graded k-algebra, where
G is a finite group whose order is invertible in k. [f 0+ A—>B—-C—0 is an
almost split sequence in mod(grR),, then it is a direct sum of almost split
sequences in modR.

This result generalizes the following result about skew group ring
constructions from [12].

COROLLARY 5.2. Let A be a finite-dimensional k-algebra and G a group of
automorphisms of A with the order of G invertible ink. [f 0> A—->B—->C-0isan
almost split sequence in mod A, then 0> AGR ,A—-AGR B> AGR® ,C—-0 is
a direct sum of almost split sequences of AG-modules.

Proof. AG is a G-graded algebra, where (AG), = A, for ge G. The fuctor
AG® ,: mod A - mod(gr AG), is an equivalence of categories [11]. The claim is
then a direct consequence of Proposition 5.1.

Interesting commutative examples are provided by the graded algebras
studied by Geigle and Lenzing [9]. As Lenzing pointed out to us there are
examples where indecomposable graded modules decompose under comp-
letion, and this inspired us to generalize our results from [6].

For example, let R = k[x, y, z]/(x?+ y> +z*), where the characteristic of
k is not 2, and let G be the abelian group with generators X, y, Z and relations
%% =jy* =2* Then G ~ Z®Z,. We define degree x = %, degreey = y, degree
z = Z. R is known to be of finite Cohen -Macaulay type. and hence R is of finite
graded Cohen—Macaulay type. The AR-quiver [or R is the translation quiver
ZE, [9], and for R it is known to be ZE,/{t>, where 7 is the translation DTr.
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Using that almost split sequences in CM(grR), go to a direct sum of almost
split sequences in CM(R), that the ranks of the indecomposable modules arc
known in both cases and that rank is preserved by completion, it is easy to see
that up to shift there are exactly two indecomposable modules in CM(grR),
which decompose under completion. One module has rank 4 and the
completion decomposes into a direct sum of two nonisomorphic indecom-
posable modules of rank 2, and the other one has rank 2 and the completion
decomposes into a direct sum of two nonisomorphic modules of rank 1.
A similarly defined example from [9] is R = k[x, y, z]/ix*+y? +2z%),
where the characteristic of k is not 2. Then R is graded by the abelian group
G with generators X, y, 7 and relations %? = > = 7 in a similar way as before,
and G ~ Z®Z,®Z,. Then R has AR-quiver ZD, [9] and R has AR-quiver
030. Here both indecomposable modules in CM(R) have rank 1. In

C<I\_/I(grR)0 there is only one indecomposable module, up to shift, which has
rank greater than 1, and the completion of this module decomposes into
a direct sum of two isomorphic modules of rank 1.

As mentioned in the introduction. Lenzing has given a different proof of
Theorem 2.2 when G is abelian. He reduces to a skew group construction and
the Z-graded case.

If R is a G-graded T-algebra of finite graded Cohen—Macaulay type, it
would be interesting to know if there is always a Z-grading on R such that each
homogeneous component R, of R is finite-dimensional over k. It would also be
interesting to know if any Cohen-Macaulay T-algebra of finite Cohen-
Macaulay type is of the form R for a Cohen-Macaulay Z-graded T-algebra
R such that each R, is finite-dimensional over &k, when k is an
algebraically closed field of characteristic zero. For finite-dimenstonal algebras
this is known to hold since every k-algebra of finite representation type is
standard [7]. (But it is not true if k has characteristic 2.) In the case of
two-dimensional tame orders it follows from the work on the classification of
such orders of finite representation type [13]. Finally, the only known
commutative rings of finite representation type are also completions of graded
rings.
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