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Let A be a one-point extension of some algebra B by an indecomposable
B-module M. Assume that the ordinary quiver of 4 does not contain oriented
cycles and that M belongs to a preinjective component of B. In the present
paper we prove that under certain conditions, which imply that A is of wild
representation type, the Euler form attached to A is strongly indefinite.

Introduction

Let A be a finite-dimensional k-algebra whose ordinary quiver Q, does not
have oriented cycles. One can define on A4 two quadratic forms, the Tits form ¢,
via the bound quiver of A4, and the Euler form g, via the Cartan matrix of
A (see [2], [3], [10]).

Let A be an algebra of wild representation type of the form

.

where M is an indecomposable B-module belonging to a preinjective com-
ponent C.
Let K = Hom(M, B-mod) be the vector space category attached to M and
indK the full subcategory of K having as objects the indecomposable ones of K.
In the present paper the following Theorem 2.8 is proved:

If the preinjective component C of the Auslander—Reiten quiver of B is of tree
type (1.1), if the category ind K contains as full subcategory one of the categories
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L of List A (see Preliminaries), and if the connected components of L are
path-incomparable (2.1), then the Euler form q, is strongly indefinite (1.2).
Further, if gldim A < 2, then the Tits form t, is strongly indefinite.

The proof of this theorem is based on the combinatorial Lemma 2.2 and
on the evaluation of g, on the dimension vector of some special 4-module (cf.
2.3 and 2.4 of [8]). Moreover, our present method is completely different from
the methods used in our previous papers [5], [6], where we attacked similar
problems using tilting theory.

Note that there is a long list of papers concerning the above-mentioned
quadratic forms and their relation to classification problems of representation
theory (see for example [2], [10]).

1. Preliminaries

Throughout this paper all k-algebras A are associative, unitary, basic and
finite-dimensional over a field k. The field k is assumed to be algebraically
closed. All A-modules are finitely generated left A-modules. The corresponding
module category is denoted by A-mod.

As usual, any algebra 4 will be represented in the form kQ/J, where Q is
the ordinary quiver of A and J is an admissible ideal [4]. We denote by Q(0)
(resp. Q(1)) the set of vertices (resp. of arrows) of Q.

An algebra A is said to be directed if Q does not have oriented cycles. In
the following all algebras are assumed to be directed.

Let I', be the Auslander—Reiten quiver of A [4]. The vertex of I',
corresponding to the indecomposable 4-module X will be denoted by [ X]. Let
7 (resp. 77 ) be the translation of I' , determined by DTr (resp. Tr D). A path ¢:
[X,1-[X,]1—...=[X,] of irreducible maps in I', is said to be sectional
provided 7[X;,,] #[X;_,] for all i, 1 <i<n [I].

To any connected component C of the Auslander—Reiten quiver I', of
some algebra A, there is associated its t-orbit graph G (C) [10].

DEerINITION 1.1. A preinjective component C of I, is said to be of tree type
if its t-orbit graph G ,(C)} is a tree (with simple edges).

Let A = kQ/J be any connected algebra. Write a for the idempotent of kQ
corresponding to the vertex o of Q(0). Let W be a system of relations for the
ideal J [2]. For any two vertices a, Se€Q(0), denote by r(x, f, W) the
cardinality of Wn(aJp). Let t,: Z2? - Z be the quadratic form given by the
formula

)= Y x2— Y xx+ Y o, B, W)x,x,.
2eQ(0) a—PeQ(1) a.fe@(0)
This form is called the Tits form of A [2].
Let {P, |xeQ(0)} be a complete set of nonisomorphic projective indecom-



STRONGLY INDEFINITE QUADRATIC FORMS 343

posable A-modules. The dimension vector dimM of an A-module M is defined
as

(dimM),c00) = (dim,‘HomA(P(a), M))aeQ(O)'

Let C, be the Cartan matrix of A, which is defined as the matrix whose ath
column equals the transpose of dim P(a) (see [10]). For z, w in Z%® consider
the bilinear form <{z,w),=2zC;"wT. The associated quadratic form
q4(z) =<z, z), is called the Euler form of A.

For any two A-modules X and Y, write %X, Y), for the k-dimension of
Hom (X, Y) and (X, Y), for the k-dimension of Exty(X, Y), i> 1.

On the set § of the dimension vectors of A-modules the Euler form g,
coincides with the function f(dimM) = Y 2 o(— 1) (M, M), () [10]. Since 4 is
a directed algebra, the global dimension of A is finite, which implies that the
sum above is finite.

Moreover, if the global dimension of A4 is less than or equal to 2, then the
Tits form ¢, coincides with g, [2].

In the remaining part of the paper we will often use the above (%)
homological interpretation.

Let g be any quadratic form with integral coefficients.

DerINITION 1.2. The form ¢ is said to be strongly indefinite if there is
a positive integral vector z with g(z) < 0.

Let C and B be two finite-dimensional algebras and M a B-C-bimodule.
Consider the triangular matrix algebra

B M
A= [ ’ C].
We will identify, as usual, the category 4-mod with the corresponding comma
category (see [9]). The A-modules will be represented by triples (X, f, Y) with
X a C-module, Y a B-module and f a C-module homomorphism from X to
Homg(M, Y).

Let D be the full subcategory of B-mod consisting of the modules Y with
Hom(M, Y) # 0 for any indecomposable direct summand Y; of Y. The
representation type of 4 depends on the representation type of B and on the
representation type of the full subcategory C of mod 4 consisting of the triples
(X,f, Y) with YeD.

If C = k, then the algebra A is called a one-point extension of B and if M 1s
an indecomposable B-module, then the representation type of C can be
determined using vector space categories as follows (see [9], [10]):

Set K =Hom(M, B-mod) for the vector space category
(D, Hom(M, B-mod)). The category C is representation equivalent to the
subspace category U(K). Consequently, in order to determine the represen-
tation type of C we have to find K and the representation type of U(K).
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Write ind K for the full subcategory of K with objects the indecomposable
objects of K. By Nazarova’s theorem ([7], [9]), we know that if any object of
indK is one-dimensional, then U (K) is of wild representation type if and only if
indK contains as full subcategory one of the categories (I) to (VI) of List
A below. (The points of List A denote one-dimensional indecomposable
objects. Two points x and y are connected by a path of arrows if and only if the
vector space of their morphisms is nonzero.) Further, List A contains two more
categories. Category (VII) consists of two indecomposable objects,
a one-dimensional and a two-dimensional one, and no nonzero morphisms
between them. The endomorphism ring of the two-dimensional object is trivial.
Category (VIII) consists only of an m-dimensional indecomposable object,
m = 3, with trivial endomorphism ring. (In List A, two-dimensional objects are
denoted by squares and m-dimensional objects, m > 3, are denoted by
triangles.)

It is rather well known that if the subcategory ind K of some vector space
category K contains as full subcategory (VII) or (VIII) of List A, then the
category U(K) has wild representation type.
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Let L be any full subcategory of K such that any of its indecomposable
objects is one-dimensional. If x and y are objects of ind L, then we define: x < y
if and only if Hom(x, y) # 0. This relation is a partial ordering on indL.

Any linearly ordered full subcategory H of indL will be called a chain of
indK. Two chains H and H' of indK are said to be isomorphic if they have the
same number of objects.

We say that a morphism ¢: x —» y of ind K corresponds to an arrow of C if
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¢ equals Hom ,(M, f), where f/: X — Y is an irreducible morphism of 4-mod.
A chain H of ind K will be called sectional if the morphisms of H correspond to
arrows of C, and if these arrows form a sectional path of C [1].

2. Evaluating the forms on particular vectors

From now on we assume that B is an algebra with a preinjective component
C and M is an indecomposable B-module such that [M]eC. Let K be the
vector space category Homg(M, B-mod). In the following any indecompo-
sable object Homyz(M, X) of K will be denoted just by the corresponding small
letter x.

DerINITION 2.1. Two subsets X, Y of indK are said to be path-incompar-

able if for any xeX and yeY, there is no path of C connecting [X]
and [Y].

LEMMA 2.2. Let C be a preinjective component of tree type. If ind K contains
as full subcategory L one of the categories (IIHV1) of List A and if the connected
components of L are path-incomparable, then:

(x) Either there is some full subcategory L of indK such that L is one of the
categories (II}-(VI) of List A and any morphism between two objects of L
corresponds to an arrow of C, or indK contains as full subcategory L one of the
categories (VII) or (VIII). In both cases the connected components of L are
path-incomparable.

(B) If all morphisms of some chain H of L correspond to arrows of C, then
either H is sectional or ind K contains as full subcategory L one of the categories
(I) or (IT) of List A. Again the connected components of L are path-incomparable.

Proof. (x) Let H be any of the chains of L and ¢: x -y some morphism
between two neighbouring vertices of H which does not correspond to an
arrow of C. Since C is a preinjective component, there is some chain of
irreducible morphisms f: Z,—»Z;,,,0<i<n—1, with X =Z,, Y=Z, and
such that the morphism

¥ = Hom(M, fyo...0f,_): X =20—2,... 2 24— 1 = Z, =)

is a nonzero morphism of indK. Any z, is path-incomparable to any connected
component J # H of L, because x and y have this property.

If there is some i, 1 < i < n—1, such that dim,z;, > 3, then (VIII) of List
A is contained as full subcategory in indK.

If there 1s some i, 1 < i < n—1, such that dim, z; = 2, then z, together with
any other object of L\ H form a full subcategory L of ind K which coincides
with (VII) of List A.

Ifforanyi, 1 €i<n-—1,dim,z, = 1, then we replace ¢ by the path y and
we obtain from H a new chain H'. This chain H' is path-incomparable to any
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connected component J # H of L. If there are some morphisms of H” which do
not correspond to arrows of C, we repeat the above procedure until we achieve
finally some full subcategory L of L which either (1) coincides with (VII) or
(VIIT) of List A, or (ii) has the property that there is a chain H” obtained from
H such that any morphism of H” corresponds to an arrow of C. Obviously the
number of objects of H” is greater than or equal to the number h of objects of
H. We choose a linear subchain H' with maximal object x the maximal object
of H together with h—1 consecutive objects of H” starting with the unique
neighbour of x. Now, H' is isomorphic to H and its morphisms correspond to
arrows of C. This procedure can be applied to any chain of L. This closes the
proof for the cases where L consists only of chains (cases (II}{V)).

We are now going to study the remaining case (VI) of List A. Now,
L consists of a chain H and another component N of the form shown in Fig. 2.

o N

Fig. 2

By the preceding discussion we may assume, without loss of generality, that the
morphisms of H correspond to arrows of C. If the morphisms x— y or z— y of
(N) do not correspond to arrows of C, then we can find as before nonzero
morphisms : x;, -y and w: z, =y corresponding to arrows of C.

Notice that x, and z, are path-incomparable to the chain H. Moreover,
there is no path between (X, ] and’ [Z,], since G4(C) is a tree. Hence, there is
no nonzero morphism between x, and z,.

If the k-dimension of x, or z, is > 2, then we conclude as before that ind K
contains as full subcategory (VII) or (VIII) of List A.

If dim,x, = dim,z, = 1, there are two cases:

(i) There is no nonzero morphism from x, or z, to w. Now, the objects w,
X,, z; and any two neighbouring objects a, b of H form a full subcategory of
indK which coincides with (II) of List A.

(ii) There is some nonzero morphism from x, or z, to w, say from x, to w.
"As before we can find some nonzero morphism A: x, —t of ind K corresponding
to an arrow of C. Notice that ¢ is path-incomparable to H. If dim,t > 2, then
we conclude using the same argumentation as before. If dim,t =1, then
consider the full subcategory N’ of indK consisting of the objects x,, z,, y, t.
Again it is easy to see that the only morphisms of N’ are the k-multiples of 4,
Y and w. Hence, N’ is of the form (N) and its nonzero morphisms correspond
to arrows of C. The full subcategory L of indK consisting of N’ and
H coincides with (VI) of List A and has path-incomparable components.

(B) Assume that some chain H is nonsectional, i.e. H contains two
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morphisms x—y—z, with [X] =1[Z]. Consider the Auslander—Reiten se-
quence 0— X —-J —-Z —0. The middle term J 1s the direct sum of Y and at
least another indecomposable module U, with dim,u = 1, because the function
dim, Homg(M, —) is additive and dim, x = dim,y = dim,z = 1. Moreover, for
any other indecomposable direct summand ¥V of J not equal to Y or U we must
have Homg(M, V) = 0. Of course, the corresponding object u of indK is
path-incomparable to the remaining connected components of L and there is
no nonzero morphism between u and y. Using u, y and objects of the other
connected components of L we, see that in each case indK contains as full
subcategory one of the categories (I) or (II) of List A.

LiMMA 2.3, Let C be a preinjective component and let [X], [Y] be two
vertices of C. If Ext'(X, Y) # 0, for some i = 1, then there is a path in C starting
at [Y] and ending at t[X].

Proof. We will prove our lemma by induction on i.
For i=1, we have Extg(X,Y)= DHomg(Y,tX)#0. Since C is
a preinjective component, there is a path from [Y] to 7[X].
Assume that our lemma is true for any n < i. We are going to prove it for
=i > 2. Consider the short exact sequence

(¥) 0- Y5 I(Y)—L-0,

with Y5 I(Y) an injective hull of Y. Now, Exth(X, ¥) = Exty (X, L) # 0.
Hence, there is an indecomposable direct summand L of L such that
Exty (X, L)# 0. Since [Y]eC it follows that [L]eC. By the inductive
assumption, there is a path in C starting at [L] and ending at 7[ X']. Moreover,
from the above exact sequence (¥) we obtain a path in C from [Y] to [LT].
Hence, there is a path starting at [Y] and ending at 7[X].

LEMMA 2.4. If X and Y are path-incomparable subsets of indK, then for any
xeX and yeY we have Exty(X, Y)=0, for any i>1.

Proof. If Exth(X, Y) # 0, then there is a path from [Y] to t[X], by
Lemma 2.3. Hence, there is a path from [Y] to [X]. This is impossible, because
X and Y are path-incomparable.

LEMMA 2.5. Let C be a preinjective component of tree type and let
¢ =foof10...0fh-1t [Xo] > [X(]— ...~ [X,], n21,
be a path in C, where f; is the arrow from [X] to [X+,],0<i<n—-1.If s

sectional, then there is no path in C with domain [X,] and range t[X,].

Proof. We will prove our lemma by induction on n.

Forn=1,let y =g,09,0...09,: [Xo]—=[Y]—...>1[X,] be some path
from [X,] to 1[X,], with go4: [X,]—[Y]. The neighbour [ Y] of [X,] does not
coincide with [X ], since there is no path from [ X ,] to t{X,]. Considering the



348 N. MARMARIDIS

vertices [ X ], £X,], [Y], the arrows f;, g, and the path g,0... 0g, we observe
that the graph G,(C) associated to C is not a tree. This is a contradiction.
Assume that our lemma is true for any m < n. We are going to prove it for
m=mn. Let Yy =g,09,0...09,: [Xo]—>[Y]—...>7[X,] be some path from
[X,] to 7[X,], with g4: [X,]—=[Y]. The neighbour [Y] of [X,] does not
coincide with [X ], since there is no path from [X,] to t[X,] by our induction
hypothesis.
' Considering the vertices [X,], [X,], [ Y], the paths ¢, g,0...0g, and the
arrow g, we observe that the graph G4(C) is not a tree. This is again
a contradiction.

LeMMA 2.6. Let C be a preinjective component and let

¢ =fofi0...ofp-1t [Xol=[X(]—...»[X,], n2>1,
be a path in C, where f; is the arrow from [X] to [X;+1], 0<i<n—1.

x) Homy(X,, X,) =0 and Exts(X,, X,) =0 for any i > 1.

B) If @ is sectional and C is of tree type, then Exty(X,, X,) = 0 for any
iz 1.

Proof. o) It is obvious that Homy(X,, X,) =0, since C is a preinjective
component. If Extj(X,, X,) # 0 for some i > 1, then, by 2.3, there is a path in
C starting at [X,] and ending at t[X,]. This implies the existence of an
oriented cycle in C containing [X,]. This is impossible.

B) If Exty(X,, X,) # 0, for some i > 1, then, by Lemma 2.3, there is a
path in C with domain [X,] and range 7[X,]. This is impossible because of 2.5.

Let A be an algebra such that its ordinary quiver Q, does not have
oriented cycles. Assume that A can take the form

B M
0 k[
where I’y has a connected preinjective component C and M is an indecom-
posable B-module with [M] in C.
Let S be an additional simple injective 4-module which does not belong to

B. If n: P(S)— S is the projective cover of S, then the kernel of n equals M and
we have the short exact sequence

0-M->P(S)—»S5-0.
For any A-module X we consider the induced exact sequence:
0 - Hom (S, X) — Hom ,(P(S), X) -» Hom (M, X) —
— Ext}(S, X) — Ext4(P(S), X) —» Exti(M, X)—> ...
— Extiy(S, X) — Exti(P(S), X) - Exty,(M, X) > ...
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Because of this sequence we obtain:

(*) %5, X)— (S, X), = (P(S), X),— (M, X) ,

{xx) M, X),=""S,X), for any i>1.

For any A-module Y we denote by Y" the direct sum of n copies of Y.

LEMMA 2.7. If X is a B-module such that for any indecomposable direct
summand X ; of X we have [X;]€ C and Homgz(M, X,) # 0, then the value of the
Euler form q, at dim, X +dim,S" equals

(=D X, X)p+n*—(M", X)g.

8

i=0

Proof. We have

g,(dim, X +dim, 8" = ¥ (—1) (X, X),
i=0
+ 3 (=1 s, 8,4+ Z (=1 X, S+ 3 (= 1) (8", X),,.
i=0 i=0
Since S is an injective A-module, we have (8", §"), = 0 and (X, §"), = 0, for
i 2 1. Moreover, %X, S"), = 0, because no factor of X is isomorphic to S, and
°(S", $"), = n?, since S is a simple A-module. Hence,

€T

q,(dim, X + dim, ") Z (— 1y {X, X),+n +Z( 1) i(s", X),.

i= i=0

We replace °(S", X),— (5", X), by °(P(S)"; X),—°(M", X),, and (", X), for
i22by "1(M" X), because of (x) and (). We have °(P(S)", X), = 0, since
no factor of X is isomorphic to S. Now,

q,(dim, X +dim, S")

(_1): i(X’ X)A+n2—-°(M", X)A+ Z (_l)l i—l(Mn, X)A

0 i=2

M8

Finally, since B-mod is a full subcategory of 4-mod closed under extensions,
Z,2),=4Z, 2", for all B-modules Z, Z’ and i > 0. So,

q,,(dim, X + dim, 5"

(- DX, X)B+n2—-°(M", X)g+ i (— 1) "{M™, X)g.
i=2

™8

i=0

Since Homg(M, X} # 0 for any indecomposable direct summand X, of X and
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since C is a preinjective component we see by 2.3 that (M", X)y,=0fori> 1.
Hence,

g,(dim, X +dim,$" = ¥ (= 1) (X, X)5+n—°(M", X),.
i=0

THEOREM 2.8. Let C be a preinjective component of tree type. If indK
contains some full subcategory L which coincides with one of the vector space
categories of List A and if the connected components of L are path-incomparable,
then the Euler form q, is strongly indefinite.

Proof. Because of Lemma 2.2, we may assume that ind K contains as full
subcategory L one of the categories of List A with the additional property that
the morphisms of L correspond to arrows of C and that any chain H of L is
sectional.

Let {x,,...,x,} be the set of objects of L and {X,,...,X,} the corre-
sponding set of preinjective indecomposable modules. Let X be the direct sum
(X )"®...®(X )" Since Exty(U, U) is 0 for any preinjective indecomposable
B-module U and for i > 1, we see by Lemmata 2.4 and 2.6 that (X, X), = 0 for
i=1. Hence, the formula for ¢q,(dim,X +dim,S") obtained by 2.7 is
%X, X)p+n*—"(M", X),.

Now, using the fact that for any two path-incomparable connected
components X and Y of indK and for any xeX and any yeY we have
Homg(X, Y) = 0 and Hom,g(Y, X) = 0, we are able to determine the value of
q, at dim, X +dim,S" for cases (I}-(VIII):

5
) > ni+n*—n@n+... +ng).

s=1

5
(I > ni+n*+ngns—nn, +... +ng).

s5=1

;
) Y nZ+n?+nn,+nyn,+ns(ng+n)+ngn,—n(n 4+ ... +n,).
=1

s=

8
IV) Y ni+nP4n,(ny+nd+nyn,tns(ngt ... +ng)
s=1

+ng(n, +ng)+n,ng—n(n + ... +ng).

9
(V) Y nl+n’+nyny+ngng+ ... +ng)+nslng+ ... +1no)

s=1

+ng(n,+ ... o)+ n (ng+ng)+ngng—n(n, + ... +ng).
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9
(VD) Y nl4n*+nin,+nyns+nyngtnsing+ ... +ng)

s=1

+ng(n,+ ... +ng)+n,(ng+ng)+ngnyg—n(n, + ... +ny).

2
(VII) Y nZ+n®—n(n, +2n,).

s=1

(VIII)  n2+n*—mnn,.

In each case, the form ¢, evaluated at the vector v = (n, n,,...,ny) given below
takes negative value.

MELLLLLD, (@222 1,00 (d)6222221.1),
(IV) (8, 4, 2,2, 2,2, 2, 1, 1), (V) (30, 15, 10, 10, 4, 4, 4, 4, 4, 6),
(VD) (12, 4, 3,2, 5,2, 2,2,2, 2, (VI) (2, 1,2, (VII) (1, 1)

Clearly, the assumptions of 2.8 imply that A4 is of wild representation type. This
justifies the title of our paper.

Under the same assumptions as in the above theorem we obtain
COROLLARY 2.9. If gl.dim A < 2, then the Tits form t  is strongly indefinite.

Note. There is in preparation a joint paper with J. A. de la Peia, where
Corollary 2.9 is shown to be valid in a much more general situation.
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