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Let us consider a set

(1) (@), fo(@), ..., ful(@)

of n real fimction_s of a real variable which have at least n —1 derivatives
on an interval A4.

Definition. We call funections (1) w™-dependent (1 < m < n) on the
interval 4 if the rank of the Wronski matrix

f} fe f,’,
Waldifasoonsf) = [0 S0 o
feen gomn T e

is not greater than n —m at every point of the interval 4.

The term  w-dependent functions (i.e., w'-dependent in the sense of
the above-given definition) was introduced for the first time by Mosz-
ner [7] in 1966 althcugh similar sets of functions were known much earlier
-because of their frequent applications in many branches of mathematics
and classical mechanics ([56], [1], p. 86, [2], p. 109 and others).

The problem of finding the necessary and sufficient conditions for
w'-dependence of the set (1) in 4 was attacked (see [6] and [4]) from the
very beginning but it was only in 1961 that Moszner [6] proved the fol-
lowing theorem:

THEOREM M. The set of functions (1), differentiable up to the order
n—1 on the interval A, is on this interval w'-dependent if and only if there

exisls a sequence (finite or not) of open subintervals é,, d,, ... of the interval A
such that

1. the set (1) is linearly dependent on every 6; (1 = 1,2,...);

2. if oo



144 B. KRASNICKA AND M. MALEC

and
A* = {we d: det W, (f1y o5 iy frars oo fu) =0 for 1 =1,2,...,n},
then A c A*;

3. the set A is mowhere dense.

The necessary and sufficient condition for w™-dependence (1 < m < n)
on A is given in this paper. It is a generalization of Theorem M. Before
we formulate the condition we need to reintroduce an important defi-
nition and to prove an auxiliary lemma.

Definition (see [6]). The set of functions (1) is called linearly de-
pendent up to the order k on the interval A if there exist constants c;
t=12,...,n; 5 =1,2,..., k) such that

(2) gcijf,-(w) = 0 foreachj=1,...,k
and
(3) rank([c;] = k.

Remark. It is clear that the set (1) which is linearly dependent up
to the order k£ (k > 1) on the interval A is also linearly dependent up to
the order k¥ —1 on the same interval.

LEMMA. Suppose that functions (1) are
1. differentiable up to the order n—1 on the interval A4;
2. w™-dependent on A where 1 < m < n.

Then there exists an open subinterval A* of the interval A such that
the set of functions (1) is linearly dependent at least up to the order m on A*.

Proof. Let us denote by r the maximal rank of the matrix

f} f? f,',
Warlfrfur b =0 B B
(v=2)  fn-2) - fln-2)

on the interval 4, and by z, (z,¢ 4) the point at which this maximal
value is realized. From the hypothesis of the lemma and from the defi-
nition of r, it follows that r<n—m << n—1.

Let us consider two cases: r =n—1 and r < n—1.

In the first case, where

rank {W, ., (f1, foy -+ o3 fulomzy = 2 —1,

there exists a minor M (x) of order »—1 extracted from the matrix
Wo-1(f1) f2y ..., f,) Which is different from zero at x,. Fréchet has proved
(see [3], p. 122 and 123) that if functions (1) are w!-dependent on the
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interval 4 and at the point x,¢ 4 at least one of all determinants
det W,_\(f1y--+sJi—1s fi415 --+» fu) 18 DOt equal to zero, then there exists a
neighbourhood of the point x, such that the set (1) is in it linearly de-
pendent up to the order one. Hence, it follows the conclusion of the lemma
for the case r =n—1.
If
ra,nk{Wn_,(fl,fz, °°°7fn)}:c=xo =rs<sn—m<n—l,

then from assumption 1 we can conclude that there exists a neighbourhood
A* of the point x, for which

rank W, _,(fi, fay ---s fuy) =7  for every ze 4*.

Therefore, the hypothesis of Moszner’s theorem (see [6], Theorem T,
P. 177) concerning the linear dependence up to the order n —r is fulfilled.
Hence our set (1) is linearly dependent on 4* up to the order n —r > m.
This completes the proof.

We can now formulate the following theorem:

THEOREM. The set of real functions (1), differentiable up to the order
n—1 on the interval A, is on this interval w™-dependent (1 < m < n) if
and only if there exists a sequence ( finite or not) of open subintervals 6,, d,, ...
of the interval A for which the following conditions are fulfilled:

1. the set (1) is linearly dependent up to the order ;> m on every
interval 6; (1 =1, 2,...);

2. if
X =A\U9d; and X" = {weA: rank W,_,(f1,fa ---, fo) < n—m},
i=1

then X c X*;
3. the set X is mowhere dense on A.

Proof. We start with the proof of the necessity.
. Let us call an element ze 4 a point of local linear dependence
of the set (1) up to the order m if there exists a neighbourhood 4; of the
point = such that the set (1) is on it linearly dependent up to the order
l(Z) > m. We consider now the set K of all points Ze¢ 4 which are points
of local linear dependence at least up to the order m. From the definition
of the set K, we can conclude that it is an open set and that K < (Jé;.
xe K
On the other hand, by the lemma we know that it is not empty. We can
now use Lindel6f’s theorem and take out from the set {d;};.x a sequence
{0z,} such that o
Ué;, = U6é;.
TeK i=1 '
On the set {oz;} (1 =1,2,...), functions (1) are linearly dependent
up to the order I, = I(x;) > m.
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Moszner has shown (see [6], p. 182 and ff.) that if the set of functions
(1) is w™-dependent on the interval 4 and if at a point ae 4 there exists
a minor of rank n—m extracted from the matrix W, _,(fi,fay .-y fn)
and different from zero, then a is a point of local linear dependence up
to the order m for the set (1). Hence, it follows that

ANX"cKc U 6z,
1==1
and, therefore,

NUERD.of
t=1

Let us now assume that the set X is not nowhere dense on 4. There
must then exist an open interval é such that é « X and 6 < 4. The set
of functions (1) is w™-dependent on 4, and thus, by our lemma, there
follows the existence of an open subinterval 6* of the interval é on which
functions (1) are linearly dependent up to the order m. Since ¢* < X
and ¢* is an open set, there must exist an element & such that

(4) Ee 6,
(8) teX.

We conclude from (4) that £ is a point of local linear dependence

up to the order m. Hence &e (Jd;, which is contrary to (5). Thus the
i=1

proof of the necessity is complete. g

The proof of the sufficiency is almost immediate. If zelJdz,
=1

then the w™-dependence of functions (1) at the point z follows from the
linear dependence of these functions at least up to the order m on every
interval &, . If, however, 2« X*, then the rank of the matrix W, (f1,fa).--sfa)
is not greater than n — m, because the addition of one row to the matrix
W.(f1s fey .-y fn_1) May increase its rank at the most on one.

Remark. If the interval 4 is open, then the set X is not only nowhere
dense but also closed with respect to the interval A.
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