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Let the function f be defined and continuous in the closed interval
[@, b]. In [1] the following definition has been introduced:

Definition. A point ze[a, b] is said to be a point of absolute con-
tinuity of f if there is a closed neighbourhood of # in which f is absolutely
continuous.

If there is no neighbourhood of « in which f is absolutely
continuous, then x is said to be a point of non-absolute continuity
of f.

A point of absolute continuity and a point of non-absolute continuity
will be shortly written as ac-point and nac-point, respectively. Let @&
and N denote, respectively, the set of ac-points and nac-points of f in
[@, b]. It is easy to see that the set G is open and, consequently, N is
closed. Of course, ae N and beN. In [1] and [2] we have proved some
results on ac-points and nac-points.

Now let us take @G to be any open set in [a, b] and N the complement
of G with respect to [a, b]. In this paper we ask, whether it is possible
to construct a continuous function f on [a, b] such that its sets of ac-
points and nac-points are precisely the sets G and N, respectively. Here
we answer the query in the affirmative sense.

THEOREM 1. For each closed set N < [a,b] there exists a function
f such that each point of N U {a} U {b} is a nac-point of f and each point
of (a, b)\N s an ac-point of f.

Proof. Let (a;,b) (¢ =1,2,...) be the components of the set
(¢, ))\N = G. Then G = UJ (a;, b;). Let (a;, p;) (¢ =1,2,...) be the
components of interior of N. Put Int (N) = N,. Let 4 be any positive
number with 0 < u <1 and let F be any continuous non-differentiable
function on [a, b]. We define two sequences of functions {¢,} and {y,}

as follows:
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From the definition of f we infer that f(B)—f(a) > 0. For each 6 >0
there exists an open set

- Q(ai,m) < (a, B)

such that (a, ) N U E, = @ and Z(ﬂi— ;) < 6. Of course,

D If(B)—f o]—z Z[%(ﬂ@ — @nlay)]

=1 n=1 1=

= 2[%(19)—%(0)]
= f(8)—f(a).

Then f cannot be absolutely continuous on an interval containing
points of the set N. Hence each point of N is a nac-point of f. The function
f is constant on each component of (a, b)\N. Hence each point of (a, b))\ N
is an ac-point of f.

In [1] it is proved that if f is differentiable, then the set of nac-points
of f is non-dense. Here we prove the following theorem:

THEOREM 3. For each mon-dense closed set N < [a, b] there exists
a differentiable function f such that the set of nac-pomts of f is equal to
N v {a} v {b}.

Proof. Let (a,,b,),n =1,2,..., be components of (a, b))\ N. Let
g(x) = 0 for xeN U {a} U {b} and let

g(w) = (bn— an)'Sin[ZTC(bz— n)_l(w_a"n)] for {Ue(a/n, bn)'

Then ¢ is a continuous function.
Let

z
F(z) = [ g(t)dt.

Then F is differentiable and F(x) = F'(x) = 0 for zeN U {a} U {b}.
Let ¢, () be a differentiable function defined on (a,, b,) and such that,
for each ¢ > 0, ¢, is of unbounded variation in (a,, a,+ ¢) and in (b,,— ¢, b,,),
and ¢, is bounded in (a,+ ¢, b,— ¢), |¢,(2)] < F(x) in the whole interval
(a'n’ bﬂ)'

Let

f(a) = F(x) for xeN U {a} U {b},

on(®) for we(ay,b,).

It is easy to see that f is differentiable.
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(4 (@—a,) sin in 6, <o < }a,+b,),

n

#n(@) = | u"(b,— ) sin — in }(a,+0b,) <z <b,,
\ 0 elsewhere;
B.—x .
”n [.F(ﬂn)—F(a7)— {F(‘Bn)_F(an)}] m (an7 ﬂn)?
'pn(w) = ﬂ”_ On
0 elsewhere.

Let ¢ = Yo, and y = D'y, . Since ¢, and y, are continuous and each
series converges uniformly in any interval, the functions ¢ and y are
continuous and so is the function f = ¢+ .

We show that every point of G is an ac-point and every point of
N v {a} U {b} is a nac-point of f. Functions ¢,(x) and f(r) are differen-
tiable on the set @\ | {27 !(a,+ b,)}. Bach Dini derivative of fis bounded

n

on each closed interval contained in (a,, b,). Then the function f is absolu-
tely continuous on each closed interval contained in G. Hence each point
of the open set @ is an ac-point of f. The function ¢,(z) is of unbounded
variation on each interval containing the point a, or b,,. The function f has
also the same property. Hence each point belonging to Fr(N U {a} U {b})
is a nac-point of f.

If # is an ac-point of f, then there exists a neighbourhood of x in
which the function f is differentiable a.e. From the definition of y,(x)
and f(x) we infer that in each interval containing interior points of N the
function f is not differentiable a.e. Hence interior points of N are nac-
points of f.

In [1]itis proved that if f is a continuous function of bounded variation,
then the set of nac-points of f is perfect. We shall prove that this property
is a characterization of the set of nac-points of f, where f is a continuous
function of bounded variation.

THEOREM 2. For each perfect set N < [a, b] there exists non-decreasing
continuous function f (so f is of bounded variation) such that the set of nac-
points of f is equal to N v {a} U {b}.

. Proof. Let {F,} be a sequence of perfect sets of measure zero con-
tained in N and such that | J E, is dense in N. Let ¢,(2) be a singular
n

non-decreasing function transforming the set F, into the interval [0, 27"],
non-constant on each interval containing points of E,. We shall prove
that f = )p, is a function possessing the required property.

If (a, B) is an interval such that (a, )N # @, then (a, g)NJ E, # 9.
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If (a, B) is an interval such that
N v {a} v {b} N (a, p) #9,

then there exists a, or b, belonging to (a, ). Hence f is of unbounded
variation on (a, 8). Then each point of N U {a} U {b} is a nac-point of f.
The remaining points are ac-points of f.

Finally, the authors are grateful to Dr. P. C. Bhakta for suggesting
the original problem from which the problem of this paper emerges.
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