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Let us recall following definitions (cf. Saks [3], p. 169, and Radé
2], p- 540).

Definition 1. Given a function F(w, y), continuous on an interval
I = [a, b;c,d], let us denote for every ze[a,b] by W, (F;z;c,d) the
absolute variation of the function F(x, y) with respect to the wvariable
y on the interval [¢, d], and for every ye [c,d] by W,(F;y;a,b) that
.of the function F(z,y) with respect to z on [a, b]. If

b d
le(F;w;c,d)dw< +o0 and sz(F;y;a,b)dy< + o0,

then the function F is said to be of bounded variation on I in the Tonelli
sense (BVT).

Definition 2. A continuous function F(z, y) will be called absolutely
continuous on an interval I = [a,b;c, d] in the Tonelli sense (ACT), if
it is BVT on I, absolutely continuous with respect to # for almost every
value of ye[c, d] and absolutely continuous with respect to y for almost
every value of ze[a, b].

Definition 3. A continuous function F(x, y) will be called absolutely
continuous on an interval I = [a, b; ¢, d] in the L. C. Young sense (ACY),
if it is BVT on I and if there exist two Borel sets B,, B, such that F(x, y)
is absolutely continuous, as a function of z, on the intersection B,, of
B, with the horizontal line at altitude y for a.e. y e[c, d], F(x, y) is absolu-
tely continuous, as a function of y, on the intersection B,, of B,
with the vertical line corresponding to a given « for a.e. xe[a, b], and
B, v B, =1

Definition 4. A continuous function F(x,y) is called absolutely
continuous on an interval I = [a, b; ¢, d] in the sense of a rectangle function
{ACR), if the interval function & defined for the rectangle I, = [a,, by;
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Coy dy] = I by the formula
D(Iy) = F(by, dg)— F(ay, do)— F(by, ¢o)+ F(ay, ¢,)

18 absolutely continuous.

After Chakrabarty and Lipinski [1] let us introduce the following
definition: ’

Definition 5. A point (z, y) is said to be an ACT-point (ACY-point,
ACR-point, respectively) of F if there exists a rectangular neighbourhood
of (v,y) in the closure of which F is ACT (ACY, ACR, respecti-
vely).

It is easy to see that for every continuous function F defined on
the whole plane the set Gr (Gy,Gg) of all ACT-points (ACY-points,
ACR-points, respectively) of F is open. We shall prove the converse
(even in a stronger form).

THEOREM. For each open set G in the plane there exists a continuous
function F defined on the whole plane and such that G = Gp = Gy = Gp.

Proof. Let @ be an open set on the plane and let B denote the
complementary set of @, B = G".

Let D, be the grid consisting of all squares of the form [k-27",
(k+1):-27"™; m-27" (m-+1)-2~"], where k, m are integers; let E; be squares
of D, which lie in G; E, = |J E}, E — squares of D, which lie in @ but

)

not in int E,, and so on if, of course, such squares do exist.

We have G = (J U E}, where EjeD, and int E} NnintE" =@ for
n=1 1%
1 #j or n # m. o
Similarly, int B = | (U B}, where BYeD, and int B} NnintB}* = @
n=1 1t
for ¢ j or n # m.
One of the sets G and int B, of course, can be empty.
Now we shall define some auxiliary functions.

Function f,(x) is defined on the interval [0,27 "] as follows:

0 for ¢ =2¢-27*"1 ¢ =0,1,...,2%
27"  for # = (2i+1)-27*Y, § =0,1,...,2%"—1;
is linear in the intervals [¢-27%"1, (i4-1):27*1],

i=0,1,...,2% 1,

fn (w) =

g, 1s a continuous, non-differentiable function on the interval [0, 27"]
such that

0n(0) = gn(27) =0, 0 <g,(2) <27 for se(0,27").
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Let us put

Tul®—E-27") fr(y—m-277)

it (w,y)e BY = [k-27", (k+1)-27" m-2"", (m+1)-27"];
F(x,y) = ga(e—k-27") g, (y —m-27")
if (w,y)eB; = [k-27% (k+1)-27"; m-27", (m+1)-27"];
\0 if (z,y)eFrB.
F(x,y) is a continuous function on the whole plane.

I. We shall prove that @ = G, for F.

If (x,y)e@, then (x,%y) belongs simultaneously to at most four
squares, say H}l, B2, E73, Eps. If the rectangular neighbourhood of (z, ¥)
ig sufficiently small to be included in the union of these squares, then
F(x,y) fulfills the Lipschitz condition in the closure of this neighbour-
hood, and so F is ACT there.

If (x, y)eint B, then in the closure of every rectangular neighbour-
hood of (z, y) the function ¥ is not BVT, so («, ) is not an ACT-point
of F.

To prove that the point (x,y)eFrB is not an ACT-point of F let
us consider the square

B = [k-27" (k+1)-27"; m-27", (m+1)-27"].

From the definitions of F(x,y) and f,(x) we have
(k+1):2~"
[ W (F;525m-27, (m41)-27")da

k2—n
k_2—7L+2'—4‘n—1

=@ [ Wy(F;a;me27" me27" 27" ) da.
k2™™

For ze[k-27", k-27"+27*""1] we have

F(z,y) = (@—k-27")- 2" f (y—m-27").
Hence
W (F;2;m-27" m-27"4 2711 — (g—f-27"). 2%+
and
k.2—My2—4n—1
W (F;z;m-27"% m-2""+ 274" ) dg
k.2—"n
— (2—4n—1)2,2—122n+1 =2—6n—2'
Hence
(k+1).2— 7
W, (F;z; m-27", (m+1)-27")do = 1.

k.2~
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If (z, y)eFrB, then every rectangular neighbourhood of (z, y) con-
tains a sequence of squares E;;J such that »; - co and g((w, Y), E;;f) — 0.
Hence, in every rectangular neighbourhood of (z,y) the function F is
not BVT and so (2, y) is not an ACT-point of F.

II. Next we shall prove that G = G for F.

If (z,y)e@, then (x,y) is an ACT-point of F, so (z,y) is also an
ACY-point of F. If (x,vy)eB, then in the closure of every rectangular
neighbourhood of (z,y) the function F is not BVT, so (x,y) is not an
ACY-point of F.

IOI. At last we shall prove that G = Gy for F.

Let (x, y)eG. In this case, similarly to I, we can find a rectangular
neighbourhood of (z, y) which has points in common with at most four
squares of type E7. For the rectangle P = [z, %5; ¥,, ¥,] included in
the common part of the closure of this neighbourhood and of such a square,
say

By = [k-27", (k+1)-27™; m-27™, (m+1)-27"],
we have
B(P) = [fo, (@— k- 27") — f,, (@1— k-27")]- [, (ya—m27") —
—foy (Yr—m-27")].

If f,, fulfills the Lipschitz condition, then @ is AC on this set.
Hence (z, y) is an ACR-point of F.

Let (v, y) eint B. We shall prove that in every rectangular neighbour-
hood of (z,y) function @ treated as a rectangle function is not BV. We
know that (x, y) belongs simultaneously to at most four squares of type B;.
Let us consider common part of one of these squares, say

By = [k-27™, (k+1)-27"; m-27", (m-+1)-27M],
with the closure of an arbitrary rectangular neighbourhood of (z, ).
Evidently, this is a rectangle, say P = [a,, by; €, d,]- Let us choose
Y1) Yz2¢€[Co, do] and a;, bye[ay, by], © =1, .++y P, such that gnl(yl_m'?’_nl)
7 Gn,(Y2—m-27™) and that rectangles P; = [a;, b;; ¥1,¥2], ¢ =1, ..., D,
have disjoint interiors. Since P, B, we have
¢(P;) = F(b;, Yo)— F (b, y1)— F(a;, yo)+ F(a;, ¥1)
=[G, (Ya—m-27™) — g, (91— m27")] g, (b— k-27") — g,, (a;— k-27™)] .
Hence

D
2 | & (P,)|

D
= |9a,(y2—m 27" — g, (y1—m-27")| Ylg, (b;— k-27™)—g, (6;—k-2"™)]

t=1
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and the last sum can be made arbitrarily large, because g, is not BV in
any interval included in [0,27™]. So @ is not BV in the considered
neighbourhood and («, y) is not an ACR-point of F.

Let (x, y)eFrB. Consider the square

= [k-27", (k+1)-2™"; m-27", (m+1)-27"]
and put
P,y = [k-27 72747 k27" 4 (r41)-27%7;
m-2—n+s-2—4n—l’ m-2—n+(s+1).2—4n—1], rs=0,... gint1_1
Then

U LJO P,.3=.E’£",
r= 8=

squares P,, have disjoint interiors and for each r, s there is |D(P,,)| = 27"
Therefore variation of @ over F is greater than or equal to
23n+1_5 o3n+1_ 4

DY o(P,)] =2,
r=0 8=0

If (», y)eFrB, then every rectangular neighbourhood of (2, y) con-
tains a sequence of squares Ej/ such that n — oo and @( (¢, v), E"J) - 0.
Hence @ is not BV in the closure of this neighbourhood and (z, y) is not
an ACR-point of F.

Generalization of this theorem to a space of a greater number of
dimensions offers no difficulty.
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