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INTERPOLATION BY THE FOURIER-STIELTJES TRANSFORM
OF A POSITIVE COMPACTLY SUPPORTED MEASURE

BY

J. FLOREK (WROCLAW)

Let G be a locally compact abelian group with additive operation, and
G its dual group with multiplicative operation.

DerinitioN 1. A < G is called a topological Sidon set (is said to have the
Fatou-Zygmund property) if every bounded (hermitian) function @ on A is
the restriction to A of the Fourier—Stieltjes transform of a bounded Radon
measure (positive measure) u,. In both cases a set K = G is said to be
associated with A. if pu, can always be chosen so that suppu, < K, where
supp 14 denotes the support of u.

By the open mapping theorem, there exists a constant C, called a Sidon
constant, not depending on the function @ such that ||y,l| < C|®P|,. Evident-
ly, every Sidon or Fatou-Zygmund set is uniformly discrete. Thus there
exists a neighbourhood U of the neutral element e in G such that

(%) 4,-UnA, U =0 for every 4, # 4,5, 4y, ,eAu {e}.

In the whole paper the letters U and V will denote some neighbour-
hoods of e.

It was proved by Drury [2] that if G is discrete and A is a Sidon set not
containing e, then A has the Fatou-Zygmund property. Moreover, for every
¢ > 0 the measure y, can be chosen so as to have |ji,(y)| < ¢ for y¢ AU le}.
Déchamps-Gondim proved in [1] that if A is a topological Sidon set having
an associated compact, then, for every U and ¢ > 0, y, can be chosen to
satisfy |, (y)] <€ for y¢ A-U. A closed set A is called a Helson set iff cy(A)
= A(A). It was proved by Smith [6] that every Helson set has the corre-
sponding Fatou-Zygmund property (see Remark 2).

It is well known [5] that every topological Sidon set in a metrizable and
separable group has an associated compact set. We shall show that the same
is true for every set with the Fatou-Zygmund property. Namely, we shall
prove that a symmetric topological Sidon set not containing e and having an
associated compact set is a Fatou-Zygmund set also having an associated
compact set (may be a larger one). Our main result is as follows:
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THEOREM. Let A be a symmetric topological Sidon set not containing e, C
its Sidon constant, and K < G a compact associated with A. For every ¢ > 0,
every U satisfying (), and any hermitian function &, |®|,, < 1, there exists a
positive measure u, such that for a suitable compact set K, = K, (C, U, ¢) we
have

(i) suppp, = 2K+Ky, llu,ll < Cy/e, €, = C,(0);

(i) fo(d) = D(A) for AeA;

(ii)) |pe(VI <€ for y¢UwA-U.

The following notion will be useful in the proof.

DEerFINITION 2. A subset F of G is called a dissociate set with respect to V
if F is asymmetric and, for every pair of different finite asymmetric sets
A, Bc FUF™?, the sets (J[] 1)V and ([] 4) -V are disjoint.

AeA AeB

LEmMMA 1. Let FcG be finite and dissociate with respect to V. If
fe LY (G) is such that suppf cV and |f|, =1 then, for every hermitian
function ® on F U F™', |®|, < 1, there exists a measure Pye L, (G) satisfying
the following conditions:

(1) supp Py < supp f, |Ply = 1

(2 Py(A-y)=D(A) f(y) for AeFUF! and yeV;,

(3) Po(y) =S () for eV,

4 [P, < D% for y¢VOF-VUF™'-V.

Proof. We shall use the Riesz product method, so, for any xe G, we set

R, (x) =[] g4(x),
AeF

where

B {l+¢(l)l(x)+d’(l)l(x) for 12 # e,
9% =11 L o)) for A% =e.

Since |®|, <3, we get R, = 0. For P, =R,-f we have

Po) = [fOR, ) dx= ¥ [le®-F(»(T147")

G ScFuF—1 4eS AeS

where ) " indicates that the union is taken over asymmetric sets only. Let

ye(J] A)V for some S. For S = @ this means that ye V. Since F is dissociate
AeS ) a
with respect to V and suppf < V, we have

P, =F((ITA )T eW.

AeS AeS
For S = @ this means that P,(y) = f(y). f y=21-v (e FUF~, ve V), then

Py(y) = Py(A-v) = f() 2 (D).
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If y¢ VOUF-VUF™!-V, then since ye([]A)V, we have |S|>2 and

. AeS
|Pe ()| < |®]%. )
LEMMA 2. Let E be a finite dissociate set in an abelian discrete group Q2
and let ¢: EOE™' — G be such that ¢ (&)™ = ¢(£7"). For 0 < ¢ <} and any
function ge L, (G), |g|; = 1, there exist functions P,, P,e L' (2 x G) satisfying
(1) P,+P,, P,—P,cL! (2 xG);
(2) supp Py, supp P, = Q2 xsuppg, |Pyly, |P3|y <1;
B) P&, D=0, P;¢, N =eG(e)"y) for (eEVET!, yeG;
(@) Pi(e, ) =4(»). Pyle,1) =0 for yeG; )
(5) P (&, N, IP2(&, M < &* for S¢EVE™! U le), y€eG.

Proof. First we show that the set F = |(¢, o (Q): éeEl is dissociate
with respect to the neighbourhood e xG in the group 2 xG. Let A4,
B c FUF™! be asymmetric and different. Then the sets

A,='E€EVE™": (&, 9(§))eA] and B,=[{lecEUE™': (£ ¢())eB)

are different and asymmetric because if & & 'e A, then (£, ¢(£))e A and
ELeE™ ) =(E @) 'ed, so & =& Since E is dissociate,

IT¢=I1¢

{eA,p feﬂq,

Hence the sets

exG)[[A=(]] &xG and (exG[[A=(]] &G
AeA ¢EA¢ AeB {eB(p
are disjoint. X )
_ We define feL‘t(Q xG) by f(w, x) =g(x). Then supp f cexG and
f(e.y) =4g(y) for ye G because

fE = ,fg(x)m(gmdw)dx.
G

We now use Lemma 1 for F = {(¢, ¢(&)): €€ E) and V = e x G, thus getting
two functions P, and P_, which correspond to the constant functions @ = ¢
and # = —¢ on FUF~'. For P,=4(P,+P_,) and P, =3(P,—P_,) the
conditions of Lemma 2 are satisfied. Conditions (2) and (5) follow from (1)
and (4) of Lemma 1. Since f(e,y)=4g(y) for yeG and (. 7)
=(E, e(©))(e, (&)~ 'y), we get (3) and (4) from (2) and (3) of Lemma 1.

The following Lemma 3 is the well-known Drury Lemma adapted for
topological Sidon sets ([4], Lemma 3.2). The proof will be omitted since it is
analogous to that of Drury.

LEMMA 3. Let A be a symmetric topological Sidon set with Sidon constant
C associated with a compact K < G, and Q a finite group of hermitian
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functions on A with values in the torus group T = R/2nZ. Then, for weQ,
there exist measures u,, u%e M(G) such that
(o) pi+ tos Hi— o€ M, (G);
(B) supp p,, supp pf < 2K, llpll, llpdll < C?;
(V) b (A = @(4) for e A;
&) 11gylla@> lg3lla@ < C?, where g, (@) = i, (¥), g5 (@) = i%(y) for e,

~

yeG

In the proof of our Theorem we shall use the Drury method ([4],
Theorem 3.3).

Proof of the Theorem. It is enough to suppose that A is finite. In
fact, if a set = is such that for every finite symmetric subset F — E there
exists a positive measure yy satisfying (i)iii) (for A = F), then any *-weak
accumulation point of the net |ur: F finite, symmetric, F c Z} satisfies (i}~
(iii) for A = E. Now let Q consist of all hermitian functions

w: A=Z@)=11,i, -1, —i) and m(w)=w@).

Let A, be an asymmetric subset of A4 such that A, U A5 ! = A. It is easy
to see that E = {n,},., is a dissociate set in Q. Let ¢: E — G be defined by
¢@(m) = A. Since A, is asymmetricc we may extend this definition to
¢: EOUE™'— G by putting ¢(n;) =171 Let 0 <e <3 and ge L, (G) be
such that |g|; = 1, suppg is compact, and |§(y)| < &2 for y¢ U. By Lemma 2
we obtain two functions P,, P,e L'(22 x G) satisfying:

(@) Py+ Py, P,—Pe L} (2 xG);

(B) supp Py, supp P, = Q xsuppg, |Pyly, Py < 13

(Y) Py(m;, A) =¢ for Ae A;

(&) 1P, (&, y) <& for E€Q, y¢U; and |P, (&, y)l <& for £, y¢A-U.

For weQ let us set PL(x) = P, (w, x), P2(x) = P,(w, x) and let u,, u*
have the same meaning as in Lemma 3. We define

c* = _[P:,;_l *ugde  and o= (P2 _ xp,da.
fe] Q
By (o) and (o) we have
(Pl -1 —P2 _)x(uf —p)+(P) 1+ P2 _)x(uf+p)e L (G).
Hence 6*+d0¢e L', (G). Moreover, by () and (P),

suppo, supped < 2K+suppg and  |lo%||, |led|| < C2.
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Using computations from [4], Theorem 3.2, we also have

(09) () = [(PZ,- ) (W) A () da = [ [ P2, (x) A(x) dxa(2) da

Q QG

= [ [ Py(wa™?, x) A(x) 7, (o) dxdat
QG

= [ [ Py(wa™?, x) A(x) 7, (wor ™ 1) dxdoer (2)
NG
= Py(m,, Yoo (4).
Hence, by (y) and (y), (62) () = ew(4) for Ae A. Further
@3 () = [(P2,_1) () gy@)da = [ [(P? ) ())§,(&) & (o) ddox
2 2h
-

[ Py (o™, x)7(x) G, (&) & (@) dxdadé

G
[ Py(@a, x)y(x) & (") dxdag, (&) & (w) dE
G

(%) () = [P1 (&, VT ©) & (@)de

and arguing as above we obtain |(6*) (y)| < &2C? for y¢ U. Thus we infer
that the measure

o+ok
ToT% 11 (G)

Vo =

satisfies the following conditions:

suppv, < 2K +suppg,  |Iv,ll < 2C%,
[9,(A)—w(A) <eC®> for AeA
and |
19, (P < 26C*>  for y¢UuA-U.

Let H denote the set of all hermitian functions from A into the closed unit
disc. Since the convex hull co (Z (4)) of the set Z(4) contains all complex

numbers z such that |z| < cos(n/4), it follows that H = ﬁco (€2). Replacing ¢
and g by s/4\/§C2 and a suitable g' with a compact support K,
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=K, (C, U, ¢), for every function #e H we obtain a measure v,e€ L (G)
satisfying:

16C*
Sllpp Vo < 2K+Kl’ ”V,,II |¢|cn ’

Ve (A)— P (A) < |<15|°o for AeA,

19 () <|¢|w§ for y¢A-U L U.

Finally, we apply the foregoing inductively to @, & —v,, etc. to obtain v,, v,,
etc. in LY (G) such that

|z V(D) —D(A)| < 2""“1 for AeA,

IVk()’)I< Eo-k+t for y¢A-UuU,

16C*

2—k+1

il <

The measure y, = Z v, has the desired properties.
k=

Remark 1. If A is finite, then, for any ®€ H, u,e L (G).

The next result is similar to the result of Smith [6].

CoROLLARY 1. If e¢A=A"'<cG and A is a topological Sidon set
associated with some compact set, then every hermitian function belonging to
Co(A) is the restriction of the Fourier transform of a positive L,-function on G
with a compact support.

Proof. Let & be a hermitian function, |®|, <1, #eCy(A4), and
={led: 27" <|P(A)| < 27"

Since P, are symmetric, the functions @, =®-yxp are hermitian on 4 and
|®,|, <27 "*1. The Theorem yields a positive measure u, such that f,|,

=&, ||ull <D-27"*1 suppu, < L, where D is some constant and L is some
compact set. Since P, are finite, by Remark 1 there exist measures f,e L', (G),

Ifily <D, supp f, = L, flp, = 1. Hence, for

p= p*fell(G),

n=1
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we get ||yl < 2D?, suppu < I? and
= z ﬁn'P,,'f;llP,, = z ?,=9.
n=1 n=1

Remark 2. Whereas in [6] it is proved that, for any Helson set A4 < G,
every hermitian function ®eCy(A) can be interpolated by some f with
fell (G), in Corollary 1 more is supposed, namely the existence of an
associated compact set and the assertion obtained is respectively stronger.

It was proved by Hartman [3] that if A is a Sidon set in an abelian
infinite discrete group, then every function bounded on A is the restriction to
A of the Fourier-Stieltjes transform of a continuous measure. It was shown
in [4] that if e¢ A4 and if A is a Sidon set in an abelian infinite discrete
group, then every hermitian function bounded on A is the restriction to A of
the Fourier-Stieltjes transform of a continuous positive Radon measure.

CoROLLARY 2. If G is a nondiscrete group, e¢ A =A"* < G, and A is a
topological Sidon set associated with some compact set, then every hermitian
function bounded on A is the restriction of the Fourier—Stieltjes transform of a
positive, compactly supported continuous measure.

Proof. Let u, and u  denote the discrete and continuous parts of g,
respectively. Analogously as in [4], Theorems 1.4 and 4.3, we are able to
prove the following two propositions, respectively:

(A) If A is a topological Sidon set and U satisfies (*), then

sup ‘min(IM|, IN)): M-NcA-UuU and
card \M-N c AU} <1, leAule}] < .
(B) If G is a nondiscrete group and A satisfies the assertion of (A). then
f4(G) = {(G\1-U L U)".

Finally, by the Theorem, there is a positive compactly supported measure p
such that ji(1) = 1 for Ae 4 and |i(y)] < 3 for y¢ A-U L U. By (A) and (B) we
have |, <3, and so |i.(4) = 4 for Ae A. We now use our Theorem again
to show that, for a hermitian function @€ L*(A), there is a positive compact-
ly supported measure v such that

b

Na=——.
.uclA

Now v *p, is positive, continuous, compactly supported and (v*yu,) |, = ®.

We wish to thank Professor S. Hartman for his interest and encourage-
ment.
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