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Introduction. In this paper we give a method of description of some
algebras with the aid of idempotent algebras, i.e. algebras in which each
fundamental operation f; is idempotent, which means that it satisfies
the equation f;(x,...,x) = ®. This method is useful especially if some
representation of the corresponding idempotent algebra is known.

By a retraction of an algebra 2 we mean every endomorphism r
of A such that r(r(x)) = r(x).

I. Let K be an equational class of algebras and U be a system of
axioms of K. Let each algebra €e¢K be of the form

A = (X; {fe}ier) -

We denote by U* the set of axioms obtained from U by adding
to U all equations

(1) filwy ..., @) = (iel)

and by K* the equational class of algebras corresponding to U*.

THEOREM 1. The following two conditions are equivalent:
(¢;) AeK and A satisfies the equations

(2)  fil@yy ...y @) :f:i(fm'(ﬂ’n ooy @)y ooy fi(@1y onny wn))
= Fillp (@0 g ven s @)y wer g Jily ooy @))  For ol 4, jeI;

(¢y) There exists a retraction v of A into A such that r(A)e K* and
for every wx,...,x,eX we have

(3) fi(wla Vet y wn) =fi(T(£U1), '“’T(wn)) fOT any tel.
Proof. (¢,) = (¢,). From (2) we obtain
Jilz, ..., ®) :.fa( i(m’-'-am):'--sfi(ww--am))
:fi(fi(wy-"737)7"'7.]‘}(37)"'7“3))
= Ty ensg®) (tyjel),
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We put
(4) r@) =fil@,...,2) (iel).

It follows from (4) and (2) that » is a homomorphism of 2 in-
to 2. Further, »(r(x)) = f;(fi(z, ..., 0),..., fi(#,...,®)) =fi(x,...,x) = (),
hence r is a retraction.

It wer(A), then fi(w,...,x) = r(x) = x for any iel. Consequently,
r(®) is a subalgebra of 2 in which all axioms from U* are fulfilled. For-
mula (3) follows easily from (4) and (2).

(¢3) = (¢;). Consider an arbitrary equation @, = @, from U. Let
@y (k =1, 2) denote the expression obtained from @, by replacing any
variable x; occurring in @, by r(«x;). Since 7 (2)e K*, U is a subset of U*
and (3) holds in 2, we have @, = @] = &, = @, in A. Hence AeK.

It remains to prove that (2) holds in 2. If xer(2), then (1) holds
and hence, by (3), we have in

r@) = fi(r(@), ..., r(x)) = fi(a,
and
Jilfi(@yy ooos @15 ooy (Fi(@ny oovy @a)) = filr(a1), .., 7))
=r(fi(w1,...,wn) :f,-(f,; e 1 50 ) i3 ,ft [y < 5 13 )]
= fi(r(fe@ss ooy @)y ooy 1 (fil@yy ooy @) = r(fil@r, - 20))
= felr (@1) y oon s #(@a)) = fulwgy ovs 25).

This completes the proof.

II. Examples. 1. Let us consider a generalized diagonal algebra, i.e.
an algebra @ — (X;d(wy,...,x,)), where the operation d satisfies
the axiom d(d(zy,...,23),...,d(@], ..., %) = d(2],...,2}). It is easy
to verify that d satisfies (2). Thus D is of the form described in (¢,), where
r(@) is a diagonal algebra (see [1]).

2. Let & = (X; +) be an algebra, where - satisfies the axioms
r+y =y+w, (2+y)+z=a+(y+=z), ztety=z+y.

We obtain such an algebra if X is the set of real numbers and x|}y
= [max(xz, y)] ([w] denotes the mtegral part of x). It is easy to verify

that (2) holds in 6 and hence & is of the form described in (¢y), where
7(&) is a semilattice, i.e. an algebra of sets with union.

3. Let P = (X;0) be an algebra in which o satisfies the axioms

(xoy)oz =wo (yoz), w@woyoz =x020Y, XOLOY = TOYOY = X0Y.
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It follows from theorem 1 that ﬁ is of the form described in (c,),
where 7(9D) is a quasi-abelian semigroup (see [2] and [3]).

4. Let 9 = (X; 4,-) be an algebra, where 4 and - satisfy the
axioms

vty =y+te, wy=yuw,

(@+y)+z =2+ (y+2), (zy)z=ua(y2),
e+ae+y =a2t+y, xxYy==cy,

v (y+2) = wytaez,  wty-s=(@ty) (@-+a),
r+r = x-x.

It is easy to verify that (2) holds in 55, and hence Q is of the form
described in (c,), where r(Q) is a distributive quasi-lattice (see [2]).
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