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TLet A4 be a Banach algebra with the norm [-|. An element xed,
x + 0, is called a left (right) topological divisor of zero in A if

(1) lim[jzz,| =0  (lim[fz,x] = 0)

for some sequence (w,) of elements of A satisfying

(2) s =1, =n=1,2,...
Condition (2) may be replaced by

(2') [#a] >8>0, n=1,2,...

An element xed is called a topological divisor of zero if it is both
right and left topological divisor of zero. The concept of topological
divisors of zero was introduced by Silov [2], who proved that in any
Banach algebra with unit element either there are topological divisors
of zero, or the algebra in question is a division algebra (i.e. either the
algebra of complex numbers in the case of complex scalars or any one
of the three finite dimensional division algebras over reals (reals, com-
plexes or quaternions) in the case of real scalars). Kaplansky [1] extended
this result onto algebras without unit, changing, however, the concept
of topological divisors of zero: he considered in formula (1) the formal
sum 1-+x instead of x, since the product x,(z-+1) makes a sense. There
is no mention in the literature of the subject, whether in Banach algebras
without unit elements there are topological divisors of zero in the sense
of formula (1).

In this paper we are going to fill this gap. We formulate and prove
the results for a wider class of topological algebras, namely for
locally bounded, or p-normed algebras (see [3]), i.e. for metric alge-
bras, where the metric |z—y|| is given by means of a p-homogeneous
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norm, 0 < p <1, i.e. of a functional |z| satisfying the following condi-
tions:

i. ||#|| = 0, and ||z]] = 0 if and only if x = 0;

ii. oty < llall+ [yl

iii. oyl < || y];

iv. |laz|| = |a|”|lz| where a is a scalar, p — a fixed real number
satisfying 0 < p < 1.

Here we do not assume the completeness, as we did in [3].

A part of the proof presented here is analogous to that of Silov [2].
We formulate our results for algebras over real scalars, including, of
course, algebras over complex scalars.

| P iy

LeMMA 1. Let A be a metric algebra with jointly continuous multipli-
catton. If a sequence (x,) of elements of A is bounded, while the sequence
(Yn) = A tlends to zero, then both x,vy, and vy,x, tend to zero.

Proof. It is easy to check that for a sequence y, — 0 there exists
a sequence a, of scalars, tending to infinity, such that a,y, — 0. We
have now x,,/a, — 0 by the definition of boundedness, and z, ¥, = a;, ' 2, a4, ¥y
tends to zero as well as y,,.

LemMA 2. Let A be a complete metric algebra with unit e, x,e A, x, — x,,
and let @y, be imvertible in A,n =1,2,... Then x, is invertible in A, pro-
vided the sequence (x;') is bounded in A.

Proof. For any increasing sequence k, of integers we have w,x, ' —
— @y, = & —¥, — 0. If (23,") is bounded in A together with any its
subsequence, then by multiplying the above sequence by =,' from the
left, and by w;nl from the right, and by application of Lemma 1 we obtain
@y —w ! — 0. So (5,') tends to some element y, being a Cauchy sequence
in a complete space. We have z,y = ¢ = lima,'®, = yx,, and y = x, ",

LEMMA 3. Let A be a real p-normed algebra with unit e, and A, — ils
subalgebra such that for each weA,, x # 0, there exists an inverse x 'eA.
Then A, is a division algebra.

Proof. Let wed,,z 0. It is to be shown that a2 'ed,. Let A,
be a commutative subalgebra of A4, containing z, and form

Ay = {2y led:y,2¢d,,y #0).

It is easy to check that 4, is a commutative division algebra con-
taining x. Therefore A, is homeomorphically isomorphic either with the
field of complex numbers or with the field of reals (cf. [3]). In either case
x satisfies a quadratic equation ax®+4-bx-+c¢ = 0 with real coefficients.
Since z is invertible, we may assume ¢ # 0, otherwise we would mul-
tiply this equation by «~'. This implies that the unit ¢ of 4, isin 4, = A4,,
and by multiplying the equation by #~' we have cx™' = be—axeA,.
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LEMMA 4. Let A be a p-normed algebra, and suppose that its comple-
tion A has a unit element e. Then either A is a division algebra or A has
topological divisors of zero.

Proof. Suppose that A is not a division algebra. By Lemma 3 there
is an element yeA non-invertible in 4. Since the set of all invertible
elements in 4 is open in A and A is dense in A, there exists in 4 an ele-
ment »z which is invertible in 4. This implies that on the segment con-
necting ¥ and # there exists a point #, non-invertible in A4, which is a limit
point of elements z, which are invertible in 4. Clearly, weA. We shall
show that x is a topological divisor of zero in A. In fact, by Lemma 2
the sequence (') has no bounded subsequence, and consequently
lm |z, Y| = co. We set now y, = a7 '/|[z."l, 80 [¥a] =1 and we have

gl = (@202} ll <l =l I+ - 0,
n
and, similarly, y,2 — 0. Since A is dense in 4, we can choose elements
#ned in such a way that |y,—z,| <1/2n,n =1,2,... We have |2, > 1,
[w2nll = [l2(2n—@n+0)l| < @] |[2n—®al| + |J@@,]| — 0, and, similarly, 2,2 —0.
Thus x is a topological divisor of zero in A.
From this our main result follows:

THEOREM. Let A be a p-normed algebra over real scalars. Then either
A has topological divisors of zero or A is isometrically homeomorphic with
one of the three finite dimensional division algebras over reals (reals, com-
plexes or quaternions).

Proof. If the completion 4 of A has a unit element, then our the-
orem follows from Lemma 4, since any p-normed division algebra is
homeomorphically isomorphic with one of the three finite dimensional
division algebras (cf. [3]). Assume then that there is no unit in 4 and

denote by A the p-normed algebra obtained from A by formal adjunc-

tion of unit element e. 4 is a complete p-normed algebra with the norm
le+-2e|]| = |||+ |A|". We may also assume that A is commutative, since
it is sufficient to show that any commutative subalgebra of A contains
topological divisors of zero unless it is a field (let us remark that if every
commutative subalgebra of A is a field, then A is a division algebra).

By Lemma 4 (applied to the algebra obtained from A by formal
adjunction of unit) there exist elements z,e¢eA and real numbers 4,,
n=0,1,...,such that

(@y+208) (X +Ane) >0 and |||+ |4)° = 1.
Hence the sequence (1,) is bounded and some its subsequence con-
verges, say, to u. We may assume therefore that

(g +Ag€) (¥n+ue) — 0.



234 W. ZELAZKO

If 7y = p = 0, then there are topological divisors of zero in 4. So
assume |i,|+ |u| > 0. We have x,x, -+ ux,+ 42,14 ue — 0. Hence one of
the numbers 4, and u equals zero, otherwise ¢eA contrary to our assum-
ption. Consider therefore two cases:

1° If 2, = 0, we have x,(x,+pue) — 0. If (x,) converges in A, say
to y, we have xz,(y+ue) = 0, and for some zed we have z(y--ue) # 0
(otherwise —y/u would be a unit element in A). Therefore there exists
a sequence (z,) of elements of A tending to z(y+pue). There exists a 6 > 0
such that for large » we have |z,| > é. Obviously limx,z, = 0, so x,
is a topological divisor of zero in A. If (x,) diverges in A, then for any
increasing sequence of integers k, we have (@, —xk,) = (2t pe)—
—&y(@x +pe) — 0, and there exists such a sequence k, that |z, —ay [| > o
> 0. Thus also in this case there are topological divisors of zero.

2° If u =0, then (x,+ie)x, >0 and |,/ > 1. There exists, as
before, an element yeA such that z = y(x,+4e) #0. So zed and
lim #,z = 0. Thus also in this case there are topological divisors of zero
and our theorem is proved.
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