COLLOQUIUM MATHEMATICUM

XL DEDIE A LA MEMOIRE D’EDWARD MARCZEWSKI 1979

ON AUTOMORPHISM GROUPS
OF RELATIONAL SYSTEMS AND UNIVERSAL ALGEBRAS

BY

J. PLONKA (WROCLAW)

Let X be a non-empty set and a an arbitrary non-zero ordinal. We
denote by X° the a-th power of X, i.e. X® = X X...X X (a times). Any
subset of X we call an a-ary relation in X and any mapping f: X* - X
we call an a-ary operation in X.

A mapping ¢: X - X will be called a permutation of X if ¢ is 1-1
and onto. We accept the notation ¢z instead of ¢(x) to denote the value
of ¢ for an argument x. A permutation ¢ of X will be called an automorphism
of the relation r < X° if for any sequence (a,, ..., a;, ...)s, Of elements
of X we have r(agy ..., @py...)p<q iff 7(@ag, ..., @a5,...)5¢4-

The group of all automorphisms of the relation r in X we denote
by Aut(X; r). Analogously, a permutation ¢ will be called an automorphism
of the operation f: X“— X if for any sequence (ag,..., @ ..e)p<q Of
elements of X we have ¢f(agy ..., a5y ...)5ca = f(@Bgy ...y Pagy « . )pcq-
The group of all automorphisms of the operation f in X is denoted by
Aut(X; f).

A relational system is a pair (X; R), where X is a non-empty set
and R is a family of relations in X. An algebra is a pair (X; F), where
X is a non-empty set and F is a family of operations in X. We put::

Aut(X;R) = () Aut(X;7) and Aut(X;F)="() Aut(X;f).
reRR - JeF

By the partition = of a non-empty set X we mean the family of sets
{X )¢ such that X,NnX;, =@ for i # j and |J X; = X. We admit the
case where some X, is empty. el

In this paper we prove (Theorem 1) that for every a-ary relation
r in a non-empty set X it is possible to define two operations f,: X* - X
and g,: X* > X such that Aut(X;r) = Aut(X;f,,g,), which implies
interesting corollaries for relational systems and algebras in Section 2.
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1. Let X be a non-empty set and =» = {X,},.; be a partition of X.
If we accept the axiom of choice when |I| > N,, then we have the fol-
lowing

LEMMA. There ewists a binary operation g:X* - X such that
¢ € Aut(X; g) off, for every iel,p(X,) = X,.

Proof. From the axiom of choice it follows that I can be considered
as a set of ordinals and, therefore, we can put the sets X;,? eI, into
the sequence (X, ..., X,y ...)5<xy Where x =min{y: 3 = |I]}.

Let us define the operation g¢: X* - X putting

if a,be X, for some § < x,

{a, 0}N X5,y i a€X, ,beX, , B # B

The sufficiency is trivial.

We prove the necessity. If x = 1, then the proof is trivial. If » > 1,
we use induction with respect to 8. Put § = 0 and assume that, for some
aeXypaec X—X, Then ¢~'a # a and by the definition of g we get
¢9(a, p~'a) = pa and g(pa, pp~'a) = a. Thus ¢ is not an automorphism
of (X;9). If ac X—X, and ¢a € X,, then ¢ is not an automorphism
because otherwise ¢~! would be an automorphism which contradicts
the first part of the proof.

Assume now that for any y < f < x we have ¢(X,) = X,. If for
some ae X, we have ¢a¢ X,, then, by the induction hypothesis,
pa,p 'a ¢ X, for every y <p and, therefore,

pa = gg(a, p'a) = g(pa, pp~'a) = g(pa, a) = a

which is a contradiction. Thus we have proved that ¢(X,) = X,.

Since the mapping ¢~! also is an automorphism, the same argument
shows that ¢~'(X,) = X, which gives finally that ¢(X,) = X, for any
B < % q.e.d.

THEOREM 1. For every a-ary relation r in a non-empty set X it 18 pos-
sible to define two operations: f,: X* — X and g,: X* — X such that Aut(X; r)
= Aut(X;fH g,)-

Proof. Let us define the operation f, by putting, for every
(Goy -+ +s'gy .. )pca € XO

(1) fr(agy ...y Bgy . )pca = a, if |{ap}p<a| =1;

(i) f(@oy ...y Agy +e2)pca = Gy if {ag}s<.| > 1 and r(a,, ..., a;, «e)p<a
holds;

(iil) f,(@gy ..y gy -+ -)p<ca = G, Where Bo = min{f: a; # a,} it
H{ag}s<ol >1 and 7(ayy ..., a5 ...)pc, does not hold.

Put X, = {a|r(a, a,...) holds}, X, = X — X, and define the opera-
tion g,: X3 — X as in the proof of the Lemma for the partition {X,, X,}
of the set X.

g(a,d) =
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Let ¢ € Aut(X;r). In case (i) we have

¢fr(a, a,...) = ga = f,(pa, ga, ...).
In case (ii)) we have

Pfr(@oy ooy Bgy oo )pca = PO = [ (@Boy ...y PAgy .. )p<a

because r(@ag, ..., Pagy ...)s<, holds.
Analogously in case (iii) we have

@ (Boy oovy Gy -2 )pca = @By = [ (PBoy .oy PRgy « . )pca

because ¢ i8 1-1 and r(pa,, ..., pas ...)s., does not hold.

Thus we have proved that ¢ e Aut(X; f,).

Next, since, for every a € X, r(a, a, ...) holds iff r(pa, ¢a, ...) holds,
then ¢(X,) = X, for ¢ = 0,1 and thus we infer that ¢ € Aut(X;f,,g,)
by the Lemma. ‘

Assume now that ¢ € Aut(X;f,, g,). Then by the Lemma it follows
that ¢ (X,)= X, for¢ =0, 1, which means that, for every a € X, 7(a, a, ...)
holds iff r(¢a, pa,...) holds.

Suppose now that [{ag}scal > 1. If 7(agy ...y Ggy ...)p<ca holds, then
we have

Pho = @fp(Bgy ceey Bgy o0)pea = Jr(@agy .oy PBpy «++)p<a

which means that r(ga,, ..., pag, ...)s<q holds. Conversely, if the relation
r(pGoy ...y PAgy ...)p<o holds, then

Je(@oy ovy gy o )pca = A (7 N POy oo )pca = 9 Py = Gy
which implies that r(ag,..., @5 ...)sc, holds. Thus we conclude that
¢ € Aut(X;r), q.e.d.

CoROLLARY. For any graph & = (X;r), where r = X2, there ewxists
an algebra W = (X; f, g) with two binary operations such that AutQ = Aut.

2. It is known ([1]-[3]) that for every m-ary relational system R
there exists an n-ary algebra U such that AutR = Aut%. The following
theorem gives some more information about this:

THEOREM 2. For any relational system R = (X; R) there exists an
algebra A = (X; {f,},er; 9), where the operation g i binary and the arity of
f, 18 the same as that of r, such that AutW = Aut®R.

Proof. For any 'r € R define the operation f, as in the proof of
Theorem 1. Next let us put

X, = {a|r(a,a,...) holds}, X,  =X-X, for every reR.
Thus we have the partitions =, = {X,,, X,,},7 € R, and = = () =,.
reR
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Let the operations g,, r e R, and g be defined as in the proof of the
Lemma for the partitions s, and =, respectively. Then we have

AutR = M Aut(X;7) = M) Aut(X;f,,g,)
reRR reR

= QAut(X;f,)ﬁﬂ Aut(X; g,)
1 relt

= () Aut(X; f,)nAut(X; g) = Aut¥,
reR

q.e.d.

Remark. Sometimes we need not define all operations f, and g.
For example, if we have a graph g = (X;r),r = X%, without loops,
we need not define g, because g is the first projection. Analogously, if
r is included in the diagonal of X? then f, is the second projection.
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