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Let {A,} be an arbitrary fixed sequence of real positive numbers.
The aim of the present paper is to estimate the optimal constant yx in
the inequality
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which should hold for every sequence {a,} of real numbers. Namely,
we shall prove the following theorems:

THEOREM 1. If a sequence {1,} is mon-decreasing, then u < 4.
THEOREM 2. Let o, = A +...+4,. If o0, > + o© for n - oo and

o, = 4+ oo, then u > 4.
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Assumptions of both theorems are satisfied by the sequence 4, = 1,

n =1, 2,...,hence we have x4 = 4. In this case (1) turns out into Hardy’s
inequality (cf. [3]). One also has the value u© = 4 in the case of the sequ-
ences 4, = 1—¢", where 0 < ¢ <1, 1, = 1-+Inn,and some others (cf. [2]).

Let us introduce the notation

on = D oi® and o, = Ao, +240keh,
k=n

for n =1,2,..., where gy = 0.

The proof of theorem 1 will be based on the inequality

(2) g < 25upw,.
n
In order to prove this inequality, put

An = ﬂ.lal—I—...—l—lnan
and

A\ 1 .
l":Z(—k—) and o = —  for 1<E<n.
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Now the identity
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can be easily transformed into the form
n ’l’l:1
= ZlieZaHf&Z A0y Ay,
k=1 k=2
whence, applying Schwarz’s inequality, we get the estimation
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from which it follows that
22 [ op+ 22 (})* ok 1] k.
k=1
Now, if n - + oo, then
S <2 S
Oy,
k=1 k=1

which already demonstrates the validity of (2). It seems worth-while
to notice that in this proof the only property we have used is that of g,, 7 0.

Proof of theorem 1. If a sequence {4,} is non-decreasing, then
Opik = Op_1+(k+1)4,, whence

Z O'fz+k Z Gn-l“‘kl)

k=1

and, therefore, 1¢,< h(s,), where s, = 0,_,/4, and h(s) = 3 (s+k)7>
k=1

This implies the estimation w, < ¢(s,), where ¢(s) = h(s)+2s*h*(s) and
wn = 22 0,[14+2(2%0,)8%]. If we shall show that for s > 0 there is ¢(s) < 2,
then o, < 2, which will prove theorem 1 in virtue of (2).

Proof of the estimation ¢(s) < 2. Using the identity

1
s+1 < (3+k)(s+k+1)




s+1 8+ (8+1)2

°° 1
Z(s—{—k s+k+1)2>lf (8 4)( s—i—x—l—l) 2(s+2)%’

whence
h(s) < ! + 1 1 f >0
OST1 T e serep rs=0
Performing elementary calculations, we get the estimation
p(8) <2—2(s+1)(s+2)"* —(s+1)"*(s +2)7"(s* + 25>+ 5s* + 65) < 2

Proof of theorem 2. For a given N > 2 take the sequence {a,}

defined by the formulae a, =0 and a, = 1/Vo,_; for 2<n <N, and
» = 0 for n > N. Consider the numbers
-1
af,)
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n=1 On
By the definition of x, we have u > ny. We shall show that liminfy,

>4, and so that u > 4 which will prove the theorem. N
The formulae defining A,’s give here 4, = 0 and

HMZ

2y oo (A —
A4, =22 4.4 >f—f=2(Va,,—Val) for 2 <mn < N.
Vo Vour 3 Ve
Hence, it follows that
N-1
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We have assumed that the series 2 o, ' is divergent. It follows then

n=1
from Stolz’s lemma (cf. [1]) that the right-hand side of inequality (3)
tends to

. 0, 2 .
4 lim (1 — —1 =1 if N > oo.
N—00 Un

This completes the proof.
Final remarks. Let us consider the operation

oo - fEte)
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defined in the space l,. Hardy’s inequality states that the linear opera-
tion § is bounded and |§|| = 2. One can regard our results as an esti-
mation of the norm of I, for somewhat more general operation

lla1+...+l,,an}
Mt +4, |

Under appropriate assumptions we get the same result ||S|| = 2.

Although there are nowadays several proofs of Hardy’s inequality
(see [3]), one can treat our considerations as one another proof. However,
the case of Hardy’s inequality turning to the equality must be dealt
with separately. It is known that the case takes place only if a, = 0,
n =1,2,... Is the same thesis valid for inequality (1)? (P 817)

§{a,) = {
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