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BY
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1. Let us denote by K, Ry, H(K), and h(K), an algebraic number
field, its ring of integers, the class group, and class number, respectively.

It is well known that Ry is a unique factorization domain if and only
if A(K) =1 and that every element from Rz has all irreducible factor-
izations of the same length if and only if A (K) < 2 (see [1]).

It is an interesting question to give a pure arithmetical character-
ization for the fields with a given class group or class number.

One of the possible approaches to this problem was given by Sliwa
in [3].

The aim of this note is to give an arithmetical characterization of
the fields with the cyeclic class group or with the class group of the form
Ck, where p is a prime number. Our method is not a generalization of
the method used in [1] and [3].

2. Let us begin with the following pure group theoretical lemma:

LEMMA. Let @ be a finite abelian group and let 8(@) be the maximal
number of elements in the family {H,, ..., H,} of non-trivial subgroups
of G such that for every i #j we have H,nH, = {6}, where ¢ is the unii
element of G. Let
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where G, denotes the maximal p-group contained in G. Then
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Proof. Let » = 8(@) and let J = {H,, ..., H,} be a maximal system
of subgroups with the prescribed property. For ¢ =1,...,n let H; be
a non-trivial subgroup of H,. The set {H;, ..., H,} has the same cardinality
a8 J and the same property. Thus we can choose J in such a way that every
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H, is a cyclic group of prime order. Conversely, if J is a set of cyclic sub-
groups with prime orders, then for every H,, H,eJ, H, + H,, we have
H,nH,= {¢}. Hence

s@) = > 1= Z L 2‘ 21"‘”’—1.
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3. An element d from Ry is said to be completely irreducible if it is
irreducible and d" has a unique factorization for every natural n.

PROPOSITION 1. (i) d e Ry i8 completely irreducible if amd only if
there exists a prime ideal p such that dRg = p°®, where [p] denotes the
class from H (K) to which p belongs.

(ii) There exists a matural number M such that, for every a from Ry,
a™ has a factorization into completely irreducible numbers. Let m(K) be
the least such number M. If H(K) =C, @ ... ®C,,, where n,| ... |n;, then
m(K) = n,.

(iii) The factorization of a € Ry into completely irreducible integers
18 unique.

Proof. The sufficiency of the condition contained in (i) is obvious.
To show the necessity let us consider the factorization of dRj into prime
ideals dRgx = p, ... p;. We have
(1) dnkRK= (p(l)rd[pl] )nk/ordlpll. . (p?rd[t"] )nklord[l’gl .

Let d; be any generator of p™®i, All d, are irreducible and we have
ark = ydirlord®l  gulordled -y e U(K).

But d"¢ is an element with the unique factorization, so p, = ... = p;
and ¢t = ord[p,]. This completes the proof of (i).

The inequality m(K) < n, follows from (1) and (i). To show that m (K)
= n, we consider the class X from H(K) such that ord X = n, and two
prime ideals p € X, P e X~ !. The integer a € R defined by aRx = pP
is irreducible and one can easily see that the minimal number M such that
a™ has the factorization into completely irreducible numbers is equal to n, .
Hence (ii) is proved.

(iii) follows from the fact that the representation of every non-
trivial ideal is unique as a product of prime ideals.

Thus the proof of our proposition is complete.

In the following proposition we give another arithmetical characteriza-
tion of m(K).

PROPOSITION 2. m(K) is the minimal number M with the following
property : if a™ has a unique factorization, then a™ has a unique factorization for
every natural number n.
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. Proof. We show that m(K) = n, (see Proposition 1). Assume that
X e H(K) has order n,. If p is a prime ideal from X and P is a prime ideal
from X!, then the ideal p P is principal, generated, e.g., by a and, obvious-
ly, a" has a unique factorization for n =1, ..., n;, —1, but not for n» = n,.
This shows that m(K) = n,.

To prove m(K) < n, let a € K¢ be such that a"* has a unique factor-
ization and let a = d, ... d, be a factorization of a into irreducible integers.
By Proposition 1, a"™ has a factorization into completely irreducible
integers. Hence all d; for ¢ =1, ..., s are completely irreducible, say:
d;Ry = priPid, If a™ has a non-unique factorization for a certain natural
n, then in the set {[p,], ..., [p,]} one can find a minimal equality (see [3])
different from [p,]°"4% = E, say

[P [p T =B, Do, #0,0< ¢,<ord[p]

(this follows from (iii) of Proposition 1). The ideal p{ ... pSs is principal,
generated, say, by b, and b is an irreducible integer, but not a completely
irreducible one. Moreover, b divides a, which shows that a does not have
a unique factorization, and we obtain a contradiction.

Now we can find an arithmetical interpretation for the constant
8(H (K)) which we denote simply by s(XK).

Two non-unit integers a, and a, from Ry are called completely rela-
tively prime if, for every natural number », a} and a7 have no common non-
unit divisors. One can easily see that a, and a, are completely relatively
prime if and only if every b dividing both a™&) and a® is a unit.

PROPOSITION 3. 8(K) t8 the maximal natural number n such that there
exists a set {a,, ..., a,} with the following properties: for every i =1, ..., n,
a; 18 not a product of prime elements (n is prime if x| ab implies = |a or = |d), a;
and a; are completely relatively prime for i +# j, and (a; aj)’”m has a unique
factorization.

Proof. Let a,,...,a, be an arbitrary set of pairwise completely
relatively prime integers satisfying the conditions given in the proposition.
For : =1,...,n let d; be any completely irreducible element dividing
a?®, &, By = pyi®d, [p,] # E.

For ¢ # j the clements d; and d; are distinct and d,d; has a unique
factorization. If now (g) denotes the cyclic group generated by g, then
for ¢ #j

D> N<Ips)> = E.

Hence n < s(K).
But we can find s(K) classes {X,, ..., X )}, neither of them equal
to the unit class, such that (X;)N(X;> = F for ¢ # j. Let p; be a prime
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ideal from X,. The ideals pf*®? are all principal and generated, say, by d;
fori=1,...,8(K). The set {d,, ..., dgx)} has 8(K) elements and (d,d,)™®
has a unique factorization for every ¢ = j. This completes the proof.

COROLLARY. For every set A of completely irreducible but not prime
numbers with card A > 8(K) we can find two elements d,,d, € A such that
d,d, has a non-unique factorization and 8(K) 18 the minimal number with
this property.

From the Lemma and Proposition 1 we obtain the main theorem of
our paper.

THEOREM. (i) H(K) = 0, if and only if

m(E) =n and $(K) = (n), where o(n) = ) 1.
pin
(ii) H(K) = C} if and only if
-1
p-1°
(iii) H(K) is a p-group if and only if m(K) = p* for a suitable natural
number k.

m(K)=p and 8K)=
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