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1. Introduction. In part I of the series by the first-named author
and M. Bhaskara Rao [1] a partial solution of the problem, what transi-
tion functions have every mixture to be non-atomie, is presented. In part IT
[3] we have given a complete solution of the problem, what spaces have
every mixture of non-atomic measures to be non-atomic. We now recon-
sider the problem of [1] and give a neat and complete solution. Results
of [1] will follow from the present ones.

2. Notation. (X, A) and (Y, B) are two fixed Borel spaces, and @
is a transition function on X xXB. We consider only probability measures.
Q is non-atomic if, for all x € X, Q(x, ) is non-atomic on B. The function
Q is uniformly non-atomic if there exists a countably generated B, =« B
such that, for all # € X, @ (z, -) is non-atomic on B,. The word “uniformly”
is used since, for a single measure, non-atomicity means the same as
uniform non-atomicity as noted in [2]. Let A be a measure on A. The
function @ is A-umiformly nom-atomic if there is an 4 e A with 1(4)=1
such that @ restricted to 4 xB is uniformly non-atomic, that is, there
is a countably generated B, — B such that, for all z € 4, Q(x, *) is non-
atomic on B,. The function Q is A-functionally mon-atomic if the vector
measure

Q*: B> L,(X,A, 1),

given by Q*(B) = Q(-, B), is non-atomic, that is, Q*(B) > 0 implies that
there is a C € B, C c B, with 0 < @*(C) < @*(B). Here, as usual, f<g
means that A(x: f(z) < g(#)) =1 and f < g means that f< g but f #g.
The function @ is dominated if there is a measure » on B such that, for
every z,Q(z, -)< ». The function @ is continuous if X is a topological
space and, for every Be B, Q(-, B) is a continuous function on X. The
mixzture of Q with respect to 1 is the measure x on B defined by

#(B) = [Q(z, B)a(a).
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3. Main results. Consider the following statements:
(I) @ 18 A-uniformly mon-atomic.
(IT) @ 8 A-functionally mon-atomic. -
(III) The mixture of Q with respect to A i8 non-atomic.
THEOREM. (a) (I) = (II) and (II) < (III).
(b) (IIX) does mot imply (I) even if Q is mon-atomic.
Proof of (a). .(I) > (II). Let Byc B and A €A witness that
@ is A-uniformly non-atomie. Let {B,,¢> 1} be a countable field generat-
ing B,. To see that @ is A-functionally non-atomic, assume that B € B is
given with @*(B) > 0. If, for every i,
Q*(BNB) =0 or @%(BnB) =Q"(B),
we obtain a contradiction. Indeed, let
o B; if @*(BnB) = @*(B),
f T |Be it @*(BNB,) = 0.
Then
0 = nC‘

=1
is an atom of B, and

Q*(0) = Q*(BNC) = Q*(B) > 0.

Thus, for at least one x € A, we have Q(x, C) > 0 contradicting the
fact that, for all z € A, @ (x, *) is non-atomic on B,.

(IT) < (III). The mixture u of @ with respect to 1 is given by
u(B) = [Q*(B)(2)dA(z) for BeB.

Thus u(B) > 0 iff @*(B) > 0. Moreover, for C c B, C € B, u(C) < u(B)
iff @*(C) < @*(B). Thus the proof of (a) is completed.

Proof of (b). We give an example where (IIT) holds but (I) does
not hold. Let ¥ be an uncountable cardinal and let ¥ = {0, 1}* with B
being the product o-algebra. Let X be the set of all those points of {0, 1, 2}¥
which have infinitely many 2’s and let A be the restriction of the product
c-algebra to X, each factor space having a discrete o-algebra. Let A be
the product measure on {0, 1, 2}*, where each coordinate space has meas-
ure } at 0 and } at 1. The outer measure of X with respect to 4 being 1,
we can restrict A to X and we denote it still by A. For each z € X, let @ (, )
be the product measure on Y, where the a-th coordinate has mass concen-
trated at z, if #, = 0 or 1 and is 4,3 measure if z, = 2. Let u be the measure
on Y given by the product of },3 measures on factor spaces. It can be veri-
fied that @ is a non-atomic transition function on X x B and the mixture
of @ with respect to A is u, and hence is non-atomic. We now show that @
is not A-uniformly non-atomic. In fact, a stronger statement is wvalid:



MIXTURES OF MEASURES 87

Let B, = B be any countably generated sub-c-algebra of B and let
A = {x: Q(», ) is non-atomic on B,}.

Then A(4) = 0.
Indeed, if B, depends only on the first a coordinates of Y, then

A c {x: z; = 2 for infinitely many 7 < a}

which has A-measure zero.

COROLLARY 1 (Theorem 1 of [1]). If @ is non-atomic and B i8 count-
ably generated, then any mixture of Q ts non-atomic.

Indeed, then @ is uniformly non-atomic, and hence is A-uniformly
non-atomie for any 4, and so the Theorem applies.

COROLLARY 2 (Theorem 2 of [1]). If @ is non-atomic and dominated,
then any mixture of Q i3 non-atomic.

Indeed, the dominating measure » can be taken to be non-atomie,
and so there is a countably generated B, = B on which » is non-atomic [2].
Consequently, @ is A-uniformly non-atomic for any A, and so the Theorem
applies.

CoROLLARY 3 (Theorem 3 of [1]). If Q i8 non-atomic and continuous
and X has a countable dense set, then any mizture of @ is non-atomic.

Indeed, if z,, 2,, ... i8 a dense set in X, then

9 B

dominates @, and so Corollary 2 can be applied.
Similarly we obtain Theorem 4 of [1].

COROLLARY 4 (Theorem 2.2.7 of [4]). Let X be a melric space with
a dense set whose cardinal is less than the first measurable cardinal and let
A be the set of Borel subsets of X. If Q s continuous and non-atomice, then any
mixture of Q is non-atomic.

Indeed, any 4 on such a space is concentrated on a separable subset,
and so Corollary 3 applies to prove that @ is A-uniformly non-atomic.

Remark. It is not true that if A and @ are non-atomic, then the
mixture is non-atomic. We give one such example following the ideas of
[6]. Consider X, A and A to be the unit interval, the Borel field and the Le-
besgue measure, respectively. Let ¥ = X xX and let D < [0,1] %[0, }]
be a set of outer planar Lebesgue measure 3 which contains at most one
point from each vertical line. Let B be all planar Borel subsets of ¥ which
either contain D or are disjoint from D. For each « € X, let Q(z, :) be the
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linear Lebesgue measure on the z-section of D°. Clearly, @ and A are non-
atomic but the mixture x is not, since, for any B e B, if B > D, then

p(B) = §.

Of course, if A and @ are non-atomic, then the mixture cannot be

0-1 valued in a sense made precise in Remark 3 of [3].

(1]
(2]
(3]
[4]
(6]

REFERENOES

K. P. S. Bhaskara Rao and M. Bhaskara Rao, Mixtures of monatomic
measures, Proceedings of the American Mathematical Society 33 (1972), p. 507-510.
— A remark on nonalomic measures, The Annals of Mathematical Statistics 43
(1972), p. 369-370.

K. P. 8. Bhaskara Rao and B. V. Rao, Mixtures of non-atomic measures. 11,
Colloquium Mathematicum 33 (1975), p. 105-112.

M. Bhaskara Rao, Contributions to measure theory, Thesis submitted to the
Indian Statistical Institute, Calcutta 1971.

D. Ramachandran, Mixtures of perfect probability measures, The Annals of
Probability (to appear).

INDIAN STATISTICAL INSTITUTE
CALCUTTA

Regu par la Rédaction le 25. 2. 1975



