COLLOQUIUM MATHEMATICUM

VOL. XLVIII ' 1984 FASC. 1

FRECHET ALGEBRAS WITH ORTHOGONAL BASIS

BY
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Introduction. Let (A4, ||-||,) be a Fréchet algebra with unity and with the
Schauder basis (e,),-, such that e,e, =9, e, for a]l n, me N, where o, is
the Kronecker symbol. Such algebras were investigated for the first time in
[3] under the assumption that they are m-convex. '

Here we consider such algebras without assumption of m-convexity. We
give necessary and sufficient conditions for such an algebra to be isomorphic
to the algebra s of all complex sequences with pointwise algebraic operations
and the topology of pointwise convergence. We give also sufficient conditions
under which all multiplicative linear functionals on such an algebra are
continuous. '

In the sequel we shall always assume that (4, ||‘||,) is a Fréchet algebra
with unity and an orthogonal basis (e,),-,, ie. e e, =, e, for all n, meN.

An algebra A is called m-convex if ||xy|l, < ||xlli ]IVl for all x, yeA
and keN. In the general case we may assume that ||xyl|l, < [IX|li+q1 ¥+
(see [4]).

We now give some fundamental facts concerning the algebra (4, ||-|l,).
1. Let

X

x; =) er(x)e,€A, i=1,2.

i
n=1

Then

r

Xy Xy = JL“} [( Z' e (xl)ek)(kgl et (x2)e)] = ) ex(x))ex(xr)e,,

k= n=1

ie.

er(x, x;) =eX(x,)e¥(x;) (neN, x;, x,€A);
hence e¥eIN(A), where MM (A) denotes the set of all non-zero continuous
multiplicative linear functionals on A.

Conversely, every element of 9i(A) is of the form f(x) =e*(x) for
some n. Indeed, if feMi(A), then

f@=1(3 e)=1
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and there exists a positive integer n, such that f(e,)) # 0. Let xeA. Then
f(ello x) = e:o (x)f(ello and f(ello x) = f(eno)f(x)'

Hence f(x) = e} (x), ie. M(A4) = (et, €3, ...}. Therefore, if f is a non-trivial
discontinuous multlphcatnve linear functional defined on A, then f(e¢) = 1 and
f(e,) =0 for neN.

2. Let

P={(t)= €s: ) t,e,eA}

n=1

= {(t)i= €s: there exists xe A such that e}(x) =t,; neN}.

The set P is called the basis field of (e,)}=,.

We have the following

THeoREM O.1. If t, =2t 2 ... 21,2ty = ... 20, 1,20, then (1,),-,
is in P. |

Proof. Let ¢ > p and k be positive integers. Then

q
Y ten=ep(ty—tor )+ .o (Gt ...+ ) (o1 — 1) +(ep+ ... +e)t,.
n=p

Hence

q
|3 teed < (pssl‘;gqlle,& e +ell)t,.
n=p

Thus there exists x,€A4 such that

14
Xo =3 lney
n=1

The proof is complete.’

The algebra s is an m-convex Fréchet algebra with the orthogonal basis
consisting of the vectors e, -(O , 0, 1 0,...) for neN. We shall now

give another example of such an algebra Let a,.> 0, k, ne N. Assume that
(a) Z a, < 0, keN;

n=1

’

(b) A, = Y ‘a/ati ., < 0, keN.
n=1
Let ’

A= {x =('n):=l: z Itn'ak,n=”x”k < xC, kEN}

n=1
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If x;, =("),~, for i=1,2, then the formula x, x, =(r"#?);_, defines
a multiplication in A. It is evident that

1y X2l < AllXallis+ 1 X2l +1-

Therefore, (A4, ||-]l,) is a Fréchet algebra with the unit element and with the
orthogonal basis consisting of the vectors e,=(0,...,0,1,0,...), neN,

where |le,ll, = a;, for k, ne N. From (a) and (b) we have

(%) g Ml o for ken.

n=1 “en”k+ 1

This implies_that (A, ||-||;) is a nuclear Frechet algebra [1]. It is easy to
check that for 0 < a <1 the matrix a,, = a”** k, neN, satisfies conditions
(a) and (b). Therefore, it determines a Fréchet algebra with unity and with
the orthogonal basis.

1. Let (4, ] |ly) be a Fréchet algebra with unity and an orthogonal
basis. In this section we shall find conditions implying the equality A = s (in
the sense of isomorphism). It is evident that the family of seminorms (|| -||;)
defined by

9
Ixll = sup Ilngpe.‘.‘ () el

[}
is equivalent to the family of seminorms (||-||,); moreover, the following
conditions are satisfied:

(1) lledli = llenll (k, neN),

(2) lex (X)l llellk < llxllk (xeA, keN).

Without loss of generality we can assume that the family of seminorms
(1-1ly) has properties (1) and (2).

THeOREM 1.1. The following conditions are equivalent:

(i) For every ke N the set A, = |ieN: |le|l, # 0] is finite.

(i) A =s.

Proof. (i) =(i1). For every ke N there exists a positive integer n, such
that if n > n,, then |le,l|, = 0. Let

-~

(t)n-1€s and X, = Z t;e.

Then ||x,—x,llx =0 for m, n>n,. Thus (x,),-, is a Cauchy sequence in
(4, ]| ll) and there exists xo€ A such that

7
xO = z I,,e,,, i.e. (f,,),:;l EP.

n=1
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(ii) = (i). Suppose, on the contrary, that there exists a positive integer kK,
such that the set 4, = jieN: ||e||,,o # 0} is infinite. Let i; <i, < ... <i,
< ..., in€4,,, neN. We put a, ! =|le Jlxg> n€N. Therefore, for every xe A4
and ne N we have

e (X)] < o || X]xq-
Consider a sequence (t,),=; € P. Then r; = O(a,) and,. consequently, P #s.

CoroLLARY 1.1. If (A, ||-|l,) is an m-convex Fréchet algebra Wlth unity and
an orthogonal basis, then A =s.

Proof. Since
= Z €ns
=1

we have |le,l, — O for ke N. Now fix k. Then there exists a positive integer n,
such that |le,|, <1 for n > n,, but then

llealls = lledllx < lledlk =0 as r— +oco.

Hence for n > n, we have |le,||, = 0. Now apply Theorem 1.1.
An alternative proof of Corollary 1.1 was given in [3].

Definition 1.1. Let (A4, ||-]l,) be a Fréchet algebra with unity. We say
that A has Wiener’s property if it satisfies the condition
xeA™! iff f(x)# 0 for every feM(A),

where A™! = [xed: x 'eA)].
TueoreM 1.2. Let (A, ||-|lk) be a Fréchet algebra with unity and the
orthogonal basis (e,))-,. If (A, ||'|l) has Wiener's property, then A =s.

Proof. Suppose that 4 # s. Then there exist a sequence («,),-, with
a, >0 for ne N and an increasing sequence of indices i; <i, < ... <,
< ..., neN, such that

(**) if (tn):= 1 G-//, then ltinl = O(an)

(cf. the proof of Theorem 1.1). Let t; >0, t,<t,,, for neN, and t, - + 0.
In virtue of Theorem 0.1 we have (t; '), €P. Put

xo= ) t,'e
n=1
Then e*(xo) =1, ! #0. Thus
= Z t,e,€A,
n=1

whence (t,),- .. € P. Therefore, if t; > 0 and (t,),-, is an increasing sequence
tending to + oo, then (t,);-;€P. This contradicts (*x) and the proof is
completed.
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Definition 1.2. Let (X, || -]l) be a Fréchet space and let x* (X, || -|l)*.
The number

r(x*) = inf {k: x* is continuous with respect to |||,}

is called the range of the functional x*.
In the proof of the next theorem we use the following
THeoreM (Eidelheit [2]). Let x¥e(X, |||l)* and

lim r(x¥) = + 0.
For every sequence (t,).- €s there exists xe X such that x¥(x) =t, for neN.
THEOREM 1.3. Let (A, ||'|l,) be a Fréchet algebra with unity and the
orthogonal basis (e,),~,. If |e¥(x) < lellr(e,) for every neN and xe A, then
A =s. "
Proof. It is sufficient to show that r(e¥) — co and apply the theorem of
Eidelheit. Assume that

lim r(e¥) # + .

n—x

Then there exists a positive integer k, such that the set
A4 ="!ieN:r(ef) =ko)

is infinite. Hence for ie4 we have 1 = |e¥(e)| <|lellx,- Therefore

lim lleallky =1,

which is impossible and the proof is completed.

2. In this section we shall find conditions implying continuity of every
multiplicative linear functional defined on A.

Let (A4, |I-]ly) be a Fréchet algebra with unity and the orthogonal basis
(e,);=,. We note that if f is a discontinuous multiplicative linear functional
on A, x,yeA, and x—yelin le, ..., e,}, then f(x) =f(y). This follows
from the fact that f(e,) =0 for every neN.

THEOREM 2.1. Let (A, |||ly) be a Fréchet algebra with unity and the
orthogonal basis (e,),~,. If there exists a sequence (t,),-,€P such that
ty S tyey for neN and t, — + oo, then every multiplicative linear functional on
A is continuous.

Proof. Let 9(A4) be the set of all non-trivial multiplicative linear
functionals on 4 and f e N(A4)\M(A). Put

Xo= 2 lhe,, Xo€A,[(xo)=tto.

n=1
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Of course, ay, # 0. We may assume that t, # a, for every neN. Let v,
=t,—a, for every neN. Then v, # 0, v, <v,,, for neN, and v,— + .
From Theorem 0.1 it follows that (v, ')}, €P. Let

x,
-1 __ -1
Yo = Z Up €.
n=1

Evidently, we have y, = xo—age and f(yo) = 29—, f(e) =0, which is im-
possible since y,e A~ '. This completes the proof.

THEOREM 2.2. Let (A, ||*|l,) be a Fréchet algebra with unity and the
orthogonal basis (e,),-,. If there exist a sequence (t,),-, and a number s > 0
such that |t,| > n* for ne N, then N(A) = IM(A).

Proof. Let i, be a positive integer such that s’ =i,s > 1. Let

> ]
Xo = Z t,,e,,.
n=1 -

Then x? = Y 1%¢,cA; therefore

n=1
sy i i
el < lledll It < llxglle ~ for k, neN.

If s">0 and s'—s" > 1, then ,

" lledl < lxglle ~ for k, neN.

Thus (n*”))-,€P. Applying now Theorem 2.1 we complete the proof.

THeorReM 2.3. Let (A, ||-|l) be a nuclear Fréchet algebra with unity and
the orthogonal basis (e,),)~,. Then (A) = M(A).

Proof. The basis (e,),~, is absolute (cf. [1]). Therefore
Y llellk < < for keN.
n=1

Then there exists a sequence (t,),-, such that t, > 0 for neN, t, - + oc, and

b A

Z tn"en“k < ¢ for kGN

n=1
Put xo = Y t,e,. Then |lell, <1, 'lIxolly for n, ke N (cf. [4], p. 3) and there
n=1
exists a sequence (v,),~, such that 0 <v,<v,,,, v,— +c, and v, = O(t,).
Since
v”
v llealls < ,—”-"o"k (keN),

we have (v,)<,€P. The proof is complete.
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Now, we want to propose the problem the solution of which seems to be
important for the development of the theory of algebras of this type. We
begin with the following remark.

Let (A, ||-|l,) be a Fréchet algebra with unity and the orthogonal basis

(€)%, and let (t,)%,€P, lim |t,| = + 0. Let k, <k, < ... <k, < ... be an
nR—*aC
increasing sequence of positive integers such that |¢, | > n? for neN. Set x,

= Y t,e,. Then we have

n=1

llew Jli < n”2lIxll;  for i, neN.

LetAl =lin {ekl, ceey €y ...}.

It is clear that
('l) (A4, |I*1lk) is a Fréchet algebra with unity and the orthogonal basis
(ex,)=1 and (\/m)i € P.

(2) Every multiplicative linear functional on A4, is continuous. Therefore,
if f is a discontinuous multiplicative linear functional on A, then f|A4, = 0.
Consequently, if (t);~,€P and lim |t,] = + 00, then the set of all

positive integers can be split into two disjoint subsets N, and N, such that
putting

A, =lin(e)ey, and A, =lin (€)en,,
we have
3) A=A4,PA,.

(4) If f is a discontinuous multiplicative linear functional on A, then
fl4,=0. .

ProBLEM. Does there exist a maximal subalgebra A; = lin ()n, for
which (3) and (4) hold? (P 1274)

Suppose that such an algebra A exists and let A} = lin (¢;);cn; - Then the
set N3 = N\N] is either empty or infinite. If N = @, then every multipli-
cative linear functional on A is continuous. If N) =¥, then writing
N = lk,}- 1, where k, <k, < ..., we can easily show that for.every xe A4
the sequence (e (x)),-; is bounded.

Let @oeBN\N, where BN is the Cech-Stone compactification of the set
of all positive integers. Then the formula f(x) = @ (e}, (x))a=1 (x€A) defines
a non-trivial discontinuous multiplicative linear functional on A.
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