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As a special instance of results of Edelstein [2], it is known that if
(M, d) is a compact and connected metric space and if 7': (M, d) — (M, d)
is locally. contractive in the sense that each point of M has a neighborhood U
for which d(Tw, Tv) < d(u, v) whenever % and v are distinet points of U,
then T has a unique fixed point. Using a remetrization argument, Rosen-
holtz [8] has shown that this result is a consequence of the simple fact
that globally contractive self-maps of compact metric spaces have fixed
points. In the sequel we show (by a different remetrization approach)
that an even more general result follows quickly from the fact that surjec-
tive non-expansive mappings of compact metric spaces must necessarily
be isometries. This fact was established in 1936 by Freudenthal and
Hurewicz [4], who noted at the same time that expansions of compact
metric spaces must also be isometries. As a companion result we include
an application of this second fact to obtain a generalization of the first.

We begin by proving a result more general than needed for the fixed
point theorem.

A mapping T of a metric space M into itself is said to be locally uni-
formly p-lipsohitzian for fixed f> 1 if each x € M has a neighborhood. U
such that, for all u,ve U,

a(I™u, T™) < pd(u,v), = =1,2,...

THEOREM 1. Let M be a compact metric space and suppose T: M — M
i8 surjective and locally uniformly p-lipschitzian. Then T i8 a homeo-
morphism and T is also locally uniformly B-lipschitzian on M.

A mapping T: M — M is called locally non-expansive if each point
2 € M has a neighborhood U for which d(Tu, Tv) < d(u, v) forall u,v e U.
For compact M, a locally non-expansive mapping is locally uniformly
1-lipschitzian, so an application of Theorem 1 with § = 1 yields the fol-
lowing localized version of the Freudenthal and Hurewicz result (cf. [3]).
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COROLLARY 1. Let M be a compact metric space and T: M — M
surjective and locally non-expansive. Then T is a homeomorphism and a
local isometry.

Proof of Theorem 1. Since T is locally uniformly pg-lipschitzian
and M is compact, there exists a positive number é such that, whenever
a(z,y)< é, d(T™w, T™y) < pd(xv,y) for » =1,2,... Introduce a new
metric r on M by defining

r(z,y) = sup {d(T%2, T'):¢ =0,1,...}.
Locally we have

(1) d(z, y) <r(v,y) < pd(z, y),

and thus the metrics » and d are equivalent, and the space (M, r) is also
compact. Since 7' is non-expansive relative to the metric r, by the result
of Freudenthal and Hurewicz we get

(2) i r(Te, Ty) =r(x,y), =,yeM.

With (1) this yields immediately the fact that T' is a homeomorphism
relative to d. Also, by (1) and (2),

dz,y) <r(r,y) =r(Tz, Ty) < pd(z,y)

whenever d(z, y) < 4, and since (2) and the left-hand side of (1) hold
for all x,y € M, this yields

ATz, T™y) < r(z,y) < pd(z,y), d(z,y)<d.

As a historical comment in connection with Corollary 1, we note
that Edrei [3] obtained a number of results for mappings 7': M— M
which are locally non-expansive in the sense that each point # € M has
a neighborhood U such that, for each y € U, d(Tx, Ty) < d(», ¥). He offered
the conjecture, subsequently answered in the negative by Williams [9],
that a surjective mapping of a compact metric space — which is locally
non-expansive in the above-defined sense — must necessarily be a local
isometry. The mapping of Corollary 1 satisfies a stronger assumption
of local non-expansiveness.

As an application of Corollary 1 we have

THEOREM 2. Let M be a compact and connected melric space and
suppose that T: M — M 18 locally mon-expansive. Suppose also that T
18 locally contraoctive at each v € M in the sense that each neighborhood of x
contains a point y such that d(T"x, T"y) < d(x, y) for some positive integer n.
Then T has a unique fized point in M.

COROLLARY 2 (see [2] and [8]). A locally contractive mapping of a
compact and connected melric space into itself has a unique fized point.
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Proof of Theorem 2. Let M, =M and M, K =T(M,) for
n =1,2,... By continuity of 7, {M,} is a nested sequence of non-empty
compact connected subsets of M. It follows that the space

M, =X,
n=1

*

is non-empty, compact, and connected and, moreover, T(M, ) = M.
Hence, by Corollary 1, T is a local isometry on M . Since M is connected,
it follows easily from our locally contractive assumption that M., must

contain only a single point, which is the unique fixed point of 7.

We might also remark that another consequence of Corollary 1 is
the following result, related to work of Busemann [1] on length-preserving
maps. Suppose that (M, d) is rectifiably pathwise connected and let I
denote the intrinsic metric of M. (Thus Il(u,v) = inf [(a), where I(a)
denotes the length of the rectifiable path a joining  and v, and the infimum
is taken over all such paths.)

COROLLARY 3. Let (M, d) be a compact metric space which i3 recti-
fiably pathwise connected, and suppose that T: (M, d) — (M, d) i8 surjective
and locally non-expamsive. Then T: (M,1) — (M, 1) is an tsometry (where 1
denotes the intrimnsic metric of M).

Proof. By Corollary 1, T is an injective local isometry on M ; hence
both T and T~! are length preserving, and thus non-expansive in the met-
ric 1. Consequently, T is an isometry in [. (It is a simple exercise to show
that T need not be an isometry in the metric d.)

We conclude with a generalized version of the fact that surjective
non-expansive mappings on compact metric spaces are isometries. Condi-
tion (*) in the sequel, introduced by Kirk in [6], is much weaker than non-
-expansiveness and, in fact, does not even imply continuity of 7. This
theorem generalizes Theorem 3.2 of [6], and it is applied in [7] to the
study of asymptotically non-expansive semigroups. The proof given here
is rather detailed ; a quicker proof along the lines of Theorem 1 is possible
if it is assumed at the outset that T is continuous.

THEOREM 3. Let M be a compact metric space and suppose T: M —~ M
is surjective. If, for each v € M,
(%) limsup {sup [@ (T*z, T*y) —d (=, y)]} < 0,

i—00 yeM
then T 18 an isometry.

PI‘OOf. le ‘”o"!/o in 'M a’nd deﬁne {w'n}’ {yn} by T(wn+l) =wn7
T(Ypsr) =9, for n =0,1,... Since M is compact, {,} has a convergent
subsequence {z, } for which the corresponding subsequence {y, } of {y,}

also converges. Assume that =z, — @, and Yy > Yoo 38 k — oo. Then,
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given &> 0, there exists a positive integer N, sueh that, for ¥ > N,,
ATy Too) < & and  d(Yy,, Yo) < €.
With ¢ > 0 thus given, by (%) there exists an N, such that ¢ > N,
implies
sup [A(T"%g, T'Y) — (2, ¥)]1 < ¢,

yeM

ie., d(Tz,, T) < d(®,,y)+e for all y e M. Similarly, by () there
exists an N, such that <> N, implies @(T%,, T') < d(y.,y)+¢e for
all ye M. Let N, = max(N,, N,, N,). Then if ¢, k > N,, we get

d(Twotn Tiwnk) < d(wocn muk)+8< 2e
and
T Yooy TYy,) < A(Yooy Yn,) + 6 < 2e.

Fix k> N, and let p; = n,;—m forj =1,2,... Then p, < p3<...,
and p; — oo as j — oco. Now

(2o, T"m,) = 4T (w,, . ,.), T (2,,))
< AT (@, 1), T (3,)) + AT (2,), T (3,,))
< d(w"k*'l’j’ Boo) T8+ 8(Teoy By )+ < 4e.

Similarly, d(y,, Ty,) < 4¢ for j =1,2,... By (*) again, for ¢> 0
there exists an N; > 0 such that if ¢ > N, then

333[«1(1" (Two), T'(y)) — @(Txo, y)] < &.

Thus for ye M and ¢ > N; we get

d(T‘(Two)y T‘(y)) < d(Tzo, y)+e¢
and, in particular,

d(T‘“(wo)’ T‘+l(?lo))< A(Tzo, Ty,) +e.

Since p; - oo a8 j — oo, it is possible to choose p; such that p, —1 > N,
whence

d(Tzy, Tyo)+¢ > d(ija’o, ij.'lo)
T 2= d(gy Yo) — A(2y, ijwo) _d(T’jyoy Yo)
> d(@y, Yo) —48 —4s.

Since & is arbitrary, we have d(Tw,, Ty,) > d(x,, ¥,), proving that T
is expansive on M. It now follows from the expansion result of Freudenthal
and Hurewicz [4] that T is an isometry.
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