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PRIME NUMBERS SUCH THAT THE SUMS OF THE DIVISORS
OF THEIR POWERS ARE PERFECT SQUARES

BY

A. TAKAKU (NAHA, OKINAWA)

1. Introduction. For an integer n > 1 let o(n) be the sum of the divisors
of n. For a fixed integer « > 1 we consider the primes p for which

(1) o(p*) is a perfect square.

Using o(p’) =1+4+p+ ... +p* one shows easily that for «a =1 this can
happen only for p =3 and that for no prime p the sum o(p?) is a square.
Schinzel [3] showed that for « =3 we must have p =7 and Thébault [5]
considered a = 4 showing that in this case p = 3.

On the other hand, by the celebrated general theorems of Siegel (see [2],
Chapter 28, and [4]) and Baker [1] it is known that only finite number of
primes satisfy (1) and, moreover, any such p satisfies

p < expexpexp(a'%).

We prove

THEOREM. Let a be an odd integer greater than or equal to 3. Then all
prime numbers p such that o (p®) is a perfect square satisfy p < 22t

Numerical example. There is no prime p such that o (p°) is a perfect
square.

2. Lemmas. Let « be an inte’ger greater than or equal to 3 and assume
that o (p”) = m?. Then we have

p(l+p+ ... +p* ) =(m—-1)(m+1).

Hence p|m+1 or pjm—1.
LEMMA 1. There exists an integer x # 0 such that

2°(04+p+ ... +p*7d)
=p(px)?+p{—=2Q* =) px+ (22 + 1)} +e{—=2 px+23(22—1)} - 2*x,
where ¢ is +1 when plm+1 and ¢ is —1 when pjm—1.
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Proof. If pm+1, then we write m+1 = px; (x; > 1). We have
p(l+p+ ... +p°7 ) =pxi—(2x, +1).
If we write 2x, +1 = px, (x, = 1), then we have
22p(1+p+ ... +p* 3 = p?x2—2px,— (22 x,+22-1).

If we write 22x,+22—1 = px; (x = x3 = 1), then we obtain the formula
of the lemma. If p|m—1, then we put m—1 = px,;, 2x,—1 = px,, and
22x,4+1—22 = —px.

Remark. By Lemma 1, all primes p satisfying (1) are odd.

LEMMA 2. If 3 < k < a, then the equation

k
O(A+p+ ... +P77) =p 2+ Y P W pxi+ 00} -2V x,
i=2

holds, where B(k), y*, 6®, u(k) are integers that depend only on k and are
independent of a, p, m. Moreover, B(k), u(k) >0, and x, is an integer.

Proof. For « = 3 this is Lemma 1. Assume that the lemma holds for
3 <k <a. Then, from

20 p(1+p+... +p~**D)

k-1 A
=P 2(px)*+ X PP pxa+ 0} +900 o — (240 x, + 2P0 — 6Y)
i=2

we see that p|2#® x, + 280 _ 50 If we write

240 X, + 280 50 = px (X4 = X),
then
VPO HB(L4p+ ... +p~*TD)

=P (px)? + P {220 - 6) px + (2P - 619)%) +
A2 (240D px— 240 80— 6} +
+P 3[40y px+ {220y P (2P0 — 6 + 22O 5P} + ... +
+ 20k ‘}’ﬁ") px+ { — Qu(k) .},‘k) (2ﬂ(t) - 59)) + 22u(k) 591 . } —22uk) 5

Now we consider the properties of the constants B(k), y®, 6, and u(k)

constructed in the proof of Lemma 2. By the proof of Lemma 2 and Lem-
ma 1, we have

LEMMA 3. If 3<k < a, then
pk) =271 B(k)=2"-2,
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Py = =22 -5,

ygkv+1)=2u(k)y'§k_)1, i=3,4,..., k+1,

k+1 k k)\2 k+1 k) .,(k
5(2 +1) _ (zﬂ( )_5;‘ )) , 5% +1) — _ gl )‘))(2)(2"(")—5{")),
®HD = _Qu) ) (B _ 500 4 22wk 58 =3 4 ... k.

LEMMA 4. If 3<k<a and 2<i<k, then
O <212 gnd |50 < 22*71-1
Proof. By the proof of Lemma 1 we have
BB) =6, p()=2% P =-22"-1, =12,
0P =1+23, P =+232%-1).
Thus, for k =3 the lemma holds. Let k > 3 and assume that the lemma
holds for k. Then, by Lemma 3, we have
|y(zk+l)| < 2(22"+21+2+...+2") < 21+2"+l

2k+1

e ) < 2247212t < gt B<i<k+1),

k
|5(2k+1)| <(22 +21+2+...+2")2 <21+2+...+2"+1

’

légku‘)l < 22"‘1 ,21+2*(22*+21+2+...+z*)+22",21+2+...+2'¢

<21+2+...+2"+l B <i<k+1).
LEMMA 5. If a is an odd integer greater than or equal to 3 and p > 22"“,.
then x, #0 for k=3,4, ..., a.
Proof. Let k be the first r such that x, =0. By Lemma 1 we have
k > 3. From Lemma 2 we obtain

k
200 +p+ ... +p7H =) sPpi.
i=2

Since a is odd, we have a—k # k—2.

Case 1. a—k > k—2. By Lemma 4, we have |6 < p/2. Hence 2/®
=68 = ... =69 and the coefficient 2!® of p*~* is zero, a contradiction.

Case 2. a—k <k—2. Since 6 =0, by Lemma 3 we have 2f*~ D
= 6% 1. Hence, by Lemma 2, we get

2 22 Vp+p*+ ... +p7 D)
k-2
=P 0n-0+ TP  pa + 80+
i=2

k—1 k-1
+9 o px =220 D, .
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Consequently, p|x,_,. If x,_; # 0, then expressing both sides of (2) in the
form ) a;p' (laj < p/2) we see that the highest power of p on the right-hand

side is a—(k—1) < k—1 while the one on the left-hand side is equal to or
greater than k—3+2+2=k+1, a contradiction. Hence x,.; =0, which
contradicts the choice of k.

3. Proof of the Theorem. Let a > 3.and p > 22", Assume o (p%) = m2. If
we put k =a in the formula of Lemma 2, we have

@ FRE(D P2 (S - 20) =0,
i=2 i=2
By Lemma 4, the discriminant D of the quadratic equation (3) satisfies
ID| < (i prritl ,22a+2)2+22pa(za: pz—i,22“+l) < a2p2(a—l),22“+1+5.
i=2 i=2
Hence the root x, of (3) satisfies |x,| < a-22*** < 1. By Lemmas 2 and 5, this

1S a contradiction.

4. Numerical example. If o (p°) = m?, then p|m+1 or p|m—1.

Case 1. pijm+1. If we put m+1 =px,, 2x;+1 = px,, 4x,+(2+1)
= px3, 2x3+2%+1 = px,, and 23 x, +(2°+2%—1) = px, then x is an integer
not equal to 0 and

i) =pPP(Px)*+p*[-2(0 +2+2%) px+(1+ 23 + 26427 +219)] +
+p2[—24(224+ ) px+24(1 424224234+ 2542) ]+
+p[—=25(22—1)px+25(1+2+23+2*+2")] -
—-2"px—28x-27(2°-1) = 0.

The value x, such that y =f|(x,) has the minimal value is given by

xo = (14+2+2%)/p+22(22+ 1)/p> +2*(22-1)/p* + 25/p*+ 27 /p* > 0.

If p> 2% = 64, then x, < 2%/p < 1. Since f,(2°/p) > 0, we have —1 <x < 1.
Therefore, in this case, if p > 25, then o(p’) cannot be a perfect square.

Case 2. plm—1. If we put m—1 = px;, 2x, —1 = px,, 2% x,+1—-22
= —px3, 2x3+23+22—1 = px,, and 23 x,+(26+2°+22—1) = px, then x is
an integer not equal to 0 and

£, =p(px) > +p [—2(2°+25+22—1) px+ (26 +2° + 22— 1)2] +
+p?[-24(22+ 22— 1) px+24(21°+ 2+ 1))+
+p[-25(22=1)px+25(2°+2°-23 424 1)]+
+27px—2"(2°+1)-2°x = 0.
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The value x, such that y =f,(x,) has the minimal value is given by
Xo = (26425 +22—1)/p+23 (23 + 22— 1)/p2 + 24 (22— 1)/p* = 25/p* + 27/p* > 0.

If p>2°+25+2% then xo<(2°+2°+2%/p <1. Since f, ((2°+2°+2?%/p)
>0, we have —1 < x < 1. Therefore, in this case, the primes p such that
o(p®) is a perfect square satisfy p < 2°+2%+22 =100.

From cases 1 and 2 we infer that the primes p such that o(p°) is a
perfect square satisfy p < 100. Using a computer, one checks that the values
1+p+p?+p*+p*+p® are not perfect squares for 3 < p <97.
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