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The first idea of extending the Lebesgue measure in R" to a larger
o-field in such a way that it remains invariant under translations (or
even under all isometric transformations of R") seems to belong to Jan-
kowska-Wiatr who in 1928 observed that one can add new sets to the
g-ideal of the sets of Lebesgue measure zero and still preserve the in-
variance of the extended measure. In 1935 E. Marczewski called attention
to this apparently unpublished result and — what has proved to be more
important — applied Sierpinski’s construction of an almost invariant set
A (i.e. a set such that the Lebesgue measure of A (A 4+ ) is zero for all
x € R™) to obtain a proper extension of the Lebesgue measure to an in-
variant measure in which the extemded o-field contains new sets of posi-
tive finite measure. This pioneering idea has been carried over by Ka-
kutani and Oxtoby [2] who were able to construct a family .« of almost
invariant subsets of the circle in such a way that

N4

n
has outer measure 1 for an arbitrary sequence {4,} of sets from & and
arbitrary sequence {¢,}, ¢, = 0,1. Then putting m(4) =1/2 for 4 in
o they obtained an extension of the Lebesgue measure on the circle to
an invariant measure 7 such that L?(7m) has the Hilbert space dimension
equal to 2°.

At the same time Kodaira and Kakutani [3] invented another method

of extending the Lebesgue measure on the circle to an invariant measure.

The method is to produce a character = of the circle T, i.e. a homo-
morphism =: T — T in such a way that the outer Lebesgue measure of

its graph D, is equal to 1 in 7 x T. Then the extended o-field # consists
of the sets A, = {w: (v, n(x)) € M}, where M is a Lebesgue measurable
set in T X T and the extended measure m is m(A4,y) = m(M). Of course,

the discontinuous character # becomes %#-measurable. It has been noticed



224 A. HULANICKI AND C. RYLL-NARDZEWSKI

later [1] that one can produce 2° such characters so that they all be-
come measurable and L?(m) is of Hilbert space dimension 2°.

Of course, one can combine all three methods: enlarging the o-ideal
of sets of measure zero, adding some almost invariant sets and making
new characters measurable, and these seem to be the most general
invariant extensions of the Lebesgue measure on the circle 77 known.

The aim of this note is to characterize these extensions in terms of
the action of the group T on L?(m). Since the result easily generalizes
to any compact group with the Haar measure in place of the Lebesgue
measure, we present it in this generality.

Suppose that @ is a compact group, m its normalized Haar measure
defined on the o-field # of Haar measurable sets and let (@, %, m) be
an extension of (@, B, m) to an invariant measure. Let further # — L, be
the left regular representation of G on L*(m), i.e., for f in L*(m), L.f(y)
= f(z7'y), 2,y € G.

THEOREM. The following statements are equivalent:

(i) For every f in L*(m) the vector-valued function

@3 2z L, f € I*(m)

is B-measurable and the set {L.f: © € G} 18 relatively compact in L*(m).
(ii) The o-field R is generated (a8 a o-field) by a family of left almost
invariant sets with respect to m and by co-images of open sets by a family
of #-measurable finite-dimensional umitary representations of G.
Proof. Let n be a finite-dimensional unitary representation of @

which is #-measurable. By a representing function connected with = we
mean a function which is of the form

a(z) = (n(2)f, 9),
where f and g are vectors from the space on which = acts. By definition,

the function a is %£-measurable. A function fe L*(m) is called almost
invariant if, for every z in @, L, f(y) = f(y) for almost all v, i.e. L. f = f.

To prove (i) = (ii) it is sufficient to show that there is a Hilbert
space basis of L?*(7) which consists of functions which are linear combi-
nations of products of representing functions and almost invariant
functions.

We start with a simple lemma which easily follows from what are
classical facts about almost periodic functions on groups (cf. [5]) and
we supply the proof here for completeness sake.

LEMMA. Suppose that G is a discrete group and nm a unitary represen-
tation of G on a Hilbert space H such that for every f in H the orbit O, = {n(®)f:
z € G} 18 relatively compact. Then there exist a compact group G, a continuous
unitary representation ® of G and a homomorphism a: G —G such that
T =TAOa.
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Proof. By passing to a factor group, if necessary, we assume that
n is faithful, i.e. »(x) = id implies # = ¢. We equip G with the strong
operator topology by defining the neighbourhoods of e by

Ufl”"'fw‘ = {w: "ﬂ(w)fj—f:," <e&, j = 1, ceey 'n}.
Since ||z(z)|| = 1, we have
ke (@y)f — £l < |l (@)= @)f —1)]| + Il (@)f — £
< e f—fll+ l=(z)f =1l
whence
Ufl,....f,..a/z' Uy,,...tppe2 < Ufl.....f,,.u
which shows that this is a group topology.
On the other hand, since O;, f € H, are relatively compact, G is to-

tally bounded. Indeed, for every U, . . . if @,..., 2, are such that
for each z in @ and j =1, ..., n we have

lm(2)f; —n(2,)f;l <e for some ¢ =1,...,k,
then

k
G < H‘”f Us,.ostus®

The completion @ of @ in this topology is a compact group and, since
by definition @ 3 x - =(z)f € H is continuous, it extends uniquely to
a continuous function @> z - 7(z)f € H, which detines the desired re-
presentation 7.

COROLLARY. If = t8 a unitary represeniation of a group G on a Hilbert
space H such that O, = {n(x)f: ® € G} are relatively compact, then H s
an orthogonal direct sum of finite-dimensional G-invariant subspaces.

Back to the proof of (i) = (ii), we apply this corollary to the left
regular representation of G on I*(m).

Let ¢y, ..., ¢, be an orthonormal basis of a finite-dimensional invariant
subspace of L?*(m). We have

i

By assumption, the representing functions a; are m-measurable,
whence a;; € L (7). Since L is a unitary representation, the matrix (a“ (w))
is unitary for every « in @ and

ay(zy) = 2 ay(y) ().
k
Consider the functions

9i(@) = D e(@)ay(@), j=1,...,m.
4
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We have

(Zyp) (@) = D) ey @) ay(y ™ 2)
[

= Za{k(y)ek(w)aﬂ(w)a’u(y-l)

$,k,1
= 2 a(0)an(e) = gy(a).
This shows that functions ¢,, ..., ¢, are almost invariant and, since
&(@) = ;}qo,(w)a“(m),

implication (i) = (ii) follows.

Now assume that (ii) holds. To prove (i) we note that it is sufficient
to prove it for a dense subset of functions in L?(#). Therefore we are going
to prove that the set ' of functions f in L*(m) such that z— L_f is
m-measurable and O, = {L,f: x € G}, as relatively compact, is dense.
Clearly enough, F contains the set @ consisting of all representative
functions connected with finite-dimensional unitary w-measurable re-
presentations of G and almost-invariant functions in L? (), as well the
*.algebra of functions generated by .

Thus to prove the implication (ii) = (i), it suffices to prove the fol-
lowing

PRrROPOSITION. Let (X, B, m) be a measure space with m(X) < oo.
Let @ be a family of functions in L™ (m). If the smallest o-subfield of # with

respect to which all functions in @ are measurable is equal to &, then the
a-algebra generated by @ is dense in L*(m).

Proof. Since the smallest norm-closed *-algebra of L® (%) containing
& has the same smallest o-subfield with respect to which all functions
are measurable as @ does, we may assume that & already is a norm-
-closed *-subalgebra of L®(m). Let o be the o-field of Borel subsets of
the complex plane C. By assumption # is the smallest o-field containing
all sets of the form f~!(M), where M = M < C, f € d. Thus to prove the
proposition it is sufficient to show that the characteristic function 1,-1s
of the set f~!(M) is a limit of a decreasing sequence of functions from .
This, however, is easy: since 1,-135 = 1,,0f and 1,, is a limit of a decreas-
ing sequence of continuous functions ¢, and pof € @ for every continuous
function ¢, we have

1,13y = limg, 0 f ()

and the proposition follows.



INVARIANT EXTENSIONS 227

(13

(21
(31
(4]
(51

REFERENOES

A. Hulanicki, On subsets of full outer measure in products of measure spaces,
Bulletin de I’Académie Polonaise des Sciences, Série des sciences mathématiques,
astronomiques et physiques, 7 (1959), p. 331-335.

8. Kakutaniand J. C. Oxtoby, Oonstruction of non-separable invariant extension
of the Lebesque measure space, Annals of Mathematics 52 (1950), p. 580-589.
K. Kodaira and 8. Kakutani, 4 non-separable translation invariant emtension
of the Lebesgue measure space, ibidem 52 (1950), p. 574-579.

E. 8zpilrajn (Marczewski), Sur Uextension de la mesure lebesguienne, Funda-
menta Mathematicae 256 (1935), p. 561-560.

A. Weil, L'intégration dans les groupes topologiques et ses applications, Paris
1940.

Regu par la Rédaction le 15. 5. 1978



