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Let T' denote an abelian locally compact group and let H be a real
separable Hilbert space. Let M be a set of all probability distributions
in H (i.e., the set of regular normed measures defined on a o-field B of
Borelian subsets of H). With the metric of Lévy-Prochorov ([4], p. 188)
M is a complete metric space. Convergence with respect to that metric
Is equivalent to the weak convergence of distributions (). The distance
between x and » in M we denote by |u, »|. For a linear bounded operator A
in H and for ueM we put

(1) (Au)(Z) = (A 'Z) for any ZB.
The distribution
(2) (o v) (%) :f,u(Z—h.)v(dh,) for any z¢3

is called the convolution of distributions x and » (2). The convolution of
n

distributions gy, prs, ..., u, Will be denoted by [[*ur. By 8., we denote
k=1

the measure condensed at point x,, i.e. 0, (%) = 1if wyeZ and 6, (%) = 0
if wy¢Z.

We shall prove the following

THEOREM. Let u be a probability distribution in H satisfying the
condition
(3) [ AR]P u(dn) < oo

and let (U, tel') be a continuous uwitary representation of abelian locally
compact group T in H. Then there exists an element hye H such that for

() A sequence of measures {u,} is said to be weakly convergent to u (pn — p)
if for any continuous function bounded in H we have

[0 pn (@) — [FR) (@) — (n — o).

(?) /... means integral over the whole space II.
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any e >0 there exists a system t,,t,,...,tx of elements of T such that

*
SUup
ted

l
—i\f— Uuk‘u, 6}1,0‘< €.

First we prove the following two lemmas.

LeMMA 1. If (U, tel') is a continuous unitary representation of an
abelian locally compact group T in Hilbert space H, then for every heH
there exists an element m (h)eH such that for any e > 0 there exists a system
tyy oy oovy tn of elements of T such that

| N
B Z Uy, h—m (h)
k=1

This lemma is proved in [1] in particular case H = L,(2,%, p),
where (2, U, p) is a probability space. The proof may be easily transfered
to the general case of abstract Hilbert space.

LuEMMA 2. If the distribulion p in H satisfies condition (3) and the
mathematical expectation of u (%) is equal to zero, then for every & > 0 there
exists a natural number m such that

n *1
@ [ [0
=1 "

Jor each n = m and for every system of unitary operators U,, U,, ..., U,
i H.

Proof. Let p be the characteristic functional of the distribution
p, ie. (see [2], [3], [4])

(6) j(h) = [P pu(dy).
From (3) and M, = 0 follows

(7) p(h) =1—3(Dh, k) +o([[h]f),

(4) sup
teT

<.

< &

where D is the dispersion operator of ux defined by the formula (see [4])

(8) (Dg, 1) = [ (g, w)(h, u) p(du).

The characteristic functional of the probability measure

(9 =[] v

(*) An element M,eH such that (M,, k) = [(g.h)u(dg) is called the mathe-
matical expectation of a probability measure u (see [3] and [4]).
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is of the form

(10) b (h) = !?ﬁ(;l—bmlh).

Thus from (7) we have

. - 1 . 1 1
11) 9 (h) = [[[1— S (DUT'h, D{th—;l—z[[}z,||2a(7%—U{1h)],
1=1

where a(h) — 0 as h — 0. It easily follows from formula (11) that

(12) lim v, (h) = 1 = 8,(h)

N—00
for every heH. In order to prove that », — 9y, it suffices to show that
the sequence

(13) Dy, =-2 UpDUZY  (n=1,2,...)

of dispersion operators of distributions », satisfies the following con-
ditions (see [4], §4):
(14a) supTrD, < oo,

where Tr D denotes the trace of D,

o0

(14b) lim sup M (Dyeq, ) = 0,

NM->00 N i=m

where {¢;} is a basis in H.

This is easy to verify and may be omitted.

Since the weak convergence of distributions is equivalent to the
convergence with respect to the metric in M, our lemma is proved.

Proof of the theorem. Let M denote the mathematical expectation
of distribution x. We have y = u*06_j;%dy and the mathematical expec-
tation of the distribution

(15) v = pux0_jy
is equal to zero. Moreover, we have
a 1 - 1
* #*
(16) [[+vun=(]T+ tfitkv)*al v
i = bt & w2, VM

The distribution » satisfies the conditions of lemma 2. In virtue
of lemma 1, for a given # > 0 there exists h,e H and a system ¢, t,, ..., ty
of elements of the group 7 such that

(17 sup|é, / (5ho|< s

tel Nk‘zltfttkﬂf
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We can choose N in (17) such that
N

* ]
(18) &;1111') I I v Ui, vy 9y
L € k

<N

(in virtue of lemma 2). The convolution of measures is continuous with
respect to the metric in M, thus for any & > 0 we can choose an 5 >0
such that (17) and (18) implies

N 1
sup Lr,gt_ on. | < e.
te%lkjl Nt O

This completes the proof of the theorem.
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