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0. Introduction. This paper contains some topological applications
of Hessenberg’s natural sum of ordinal numbers. Algebraic properties
of this operation were studied by Sikorski in [3].

Our Theorem 1 generalizes the known formula for the derivative,
i.e. the set of limit points, of a cartesian product of sets in topological
spaces. Theorem 2 gives a topological definition of the natural sum and
some applications to dispersed spaces. Finally, we give conditions under
which the derivative of a set is closed and other related facts as well as

proofs of the theorems.
It seems that it is the first time that Hessenberg’s sum found an

application apparently distant from its definition.

Gratefull acknowledgement is made to Professor C. Ryll-Nardzewski
and Professor J. Mycielski for their encouragement and assistance at
many stages of this work.

1. Main results. A" denotes the set of all limit points of a set A
in a topological space X and it is called the derivative of A. We put A©®
— A, where A4 is the closure of A, and

AW N (A(“))(l)
a<ly
for y > 0. If AW is a closed set, then A® is also closed for all a > 0 (see
(2) in section 3), and if 0 < a < f, then A® < A®,
It is well known that
(AxB)W = ADx B & Ax B® = AW x BO® (, A® x BO),

where X denotes the cartesian product operation. From this formula
it follows by induction that

(%) (AxB)™ = Y AYxBD  for all new,.
14+j=n
a®f denotes Hessenberg’s natural sum of ordinals «, 8 (see [2] or
[3]) which can be defined as follows:



60 R. TELGARSKY

Let a =a;,4+...+ay,p = p1+...4+pn be the expansions of any
given ordinals «, f# into prime components (see [2], p. 282), where qa,
=>...=2ayand f; >=... = f,. As it is well known, these expansions are
unique. Let 9, ..., Ymin be the sequence formed from the sequences
Opyeeey Oy and By, ..., B, in such a way that y, > ... = y5,.». Now we
define a®pf = y1+ ...+ Ymon-

Obviously we have a®0 = a, a®f = f®a, a®(f+1) = (a®p)+1,
a; < @y <> (a;®P < ay®p).

The following result generalizes formula ().

TurorREM 1. If the sets AY and BY are closed, then for each ordinal a
(AxB)? = |J AWx B,
p@r=a

Let us note that the conditions of Theorem 1 are always satisfied
in T;-spaces. This known fact follows also from (4) in section 3.

Remark 1. For each ordinal a the set {(u,»): pu®» = a} is finite,
because the expansions into prime components contain only finitely
many summands.

If y is any prime component and the sets AY, B") are closed, then
(A % B)(”) = AN B A0 BO) — AW B 4 xBY.

X is called a dispersed space if there exists an ordinal « such that
X = 0. The first ordinal a for which X® = 0 holds will be denoted
by &(X) and will be called the rank of dispersion of the space X. The
rank of a point x in a dispersed space X is defined by the following formula:

o(x) = a if and only if zeX® — XD,

TurEoREM 2. If X and Y are dispersed spaces and (x,y>eXx ¥,
then o({x,y>) = (@)@ e(y).

As A. Mostowski remarked, this theorem gives a topological defini-
tion of natural sum of ordinals. It is sufficient to take the class of all ordinals
with interval topology (open intervals and the set {0} form a basis for
open sets), and to see that p(w®) = a for each ordinal a. Then a®p
= o(<{® o).

We put Z,, = Z—Z*Y for any dispersed space Z. Then we have
some simple corollaries from Theorem 2, the second of which is a solution
of a problem proposed by B. Weglorz.

COROLLARY 1. If X and Y are dispersed spaces, then (X xXY)q
= U {X(M)X Y(,): H@’V = a}.

COROLLARY 2. If X and Y are dispersed spaces, then E(X xY)
= U {a®f+1: a < EX)AL < E(X)} (M)

(*) As usual each ordinal is identified with the set of smaller ordinals. Hence
both operations | ) and sup coincide on sets of ordinals.
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Really, it is easy to see that

§XXY) = U {o(<a, y0)+1: 2eXAyeT)
= U {e(@)@e(y)+1: 2eXAyeY}
= J {a®p+1:a < E(X)AB < £(Y)}.

Remark 2. Our formulas for (4 xB)®, (X xY),, o(<{z,y>) and
£(X % Y) can be generalized to any finite cartesian product, i.e.

(A, % ...XAn)(“) = { ] {A‘f’ﬂx e X Alen), ®...00, = a},
it AP, ..., AD are closed;
(XX oo X Xy = U {(X1)ay X - -- X (Xn)ayy: u®...Da, = a},
§( XX .. XXy) = U {®...0a+1: 0, < E(X)A... A, < E(XL)},
e({@1y e #)) = 0(#1)D... D 0(wn)

for (@, ..., wp0eX; xX...xX,, if X;,...,X, are dispersed spaces.

It is not interesting to extend the above formulas to cartesian pro-
ducts of infinitely many dispersed spaces because if infinitely many spaces
among them have more than one point, then the product space has no
isolated points and hence all the derivatives are equal.

Remark 3. Theorem 2 and Corollaries 1 and 2 are valid also in all
T',-spaces, if £(X) and p(x) are extended in the following way:

£(X) is the first ordinal a such that X© = X, where X is the kernel
of the space X, i.e.

X =N xO.

(A T,-space X is dispersed if and only if X = 0; see [1], p. 5.)

o(x) is defined for e X —X as above and p(z) = oo for xzeX.

If we put a® co = co@a = oo and co @ co = oo, then we get the
desired results.

2. Conditions for A" to be closed. We have found two kinds of
conditions.
(I) Conditions imposed on A" only, which can be presented in the
following diagram:
A4 = AW
\
Az ¢{m}® < A @} = {@)® > A0 = 40
zed zed

A=1 //7/4


















