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1. Introduction. In this paper, we consider only those spaces which
are separable and metrizable.

Let M be a compact space and f a continuous mapping of M. The
classical Hurewicz theorem on dimension lowering mappings (see [4],
p. 67) then concludes that

(1) dim M < dimf(M) -+ dimf,
where

dimf = sup {dimf~(y) |y ¢f (M)}.

A = {yef (M) |dimf~(y) > dim M — dimf(M)}.

Let

An equivalent formulation for the conclusion (i) is that
(ii) A +@.

Moreover, in case f is non-constant and M is a Cantor-manifold,
we have shown that ‘

(iii) dim4 >0

(see [2] or [3]). Thus a natural question arises as to how large is the di-
mension of A. Here we will give a lower bound for the dimension of A.
Moreover, this will come out as a direct consequence of a result which

gives a sharper estimate for the dimension of M than that given in ine-
quality (i).

2. Main results. We shall begin by stating two lemmas. The first
can be found in either [2] or [3] and the second is a trivial consequence
of a theorem of Nishiura [5].

2.1. LEMMA. Let f be a continuous mapping of a compact space M.
For any integer m > —1, the set

Ay = {yef(M)|m < dim £~ (y)}
is F, in f(M).
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2.2, LEMMA. Let N be a space of finite dimension and X an F, subset
of N. Then for any two disjoint closed subsets B, and B, of N, there is an
open neighborhood W of B, in N such that

WnAB =0, dimFr(W)<dimN-1,
and
dim[X ~ Fr(W)] <dimX -1,

where Fr(W) denotes the frontier of W.

2.3. THEOREM. Let M be a compact space, f a continuous mapping
of M and let

A = {yef(M)|dimf(y) = dimM — dimf(M)}.

Then
dim M < dim A +dimf.

Proof. If dim f(M)> dim M, then A = f(M) and the assertion
follows. Thus we may suppose that dim M > dimjf(M). In this case,
dim A > 0 which follows from the Hurewicz theorem. The further proof
is by induction on dimf(M), holding dimf fixed.

If dimf(M) = 0, then the Hurewicz theorem implies that

dimM < 0+ dimf < dim 4 +dimf.

Now assuming the assertion for dimf(M)< m, we shall show it
for dimf(M) =m+1< n, where n = dimM.

Since every compact space contains a Cantor-manifold of the same
dimension (see [1], Th. VI, 8, p. 94), we may assume, without loss of
generality, that M is an n-dimensional Cantor-manifold. Since dim f~*(y)
< dimf < dimf-+ dim A for any y «f (M) and since M = | {f~' (%) |y f (M)},
the assertion will follow from ([1], VI, 4. G, p. 90) if we can verify the
remaining condition of that proposition. Suppose U is an open set in M
containing f~'(y). (Clearly, we may assume U # M). Then f(M—7U)
is a closed subset of f(M). Since the set 4 is F, in f(M) by Lemma 2.1,
it follows from Lemma 2.2 that there is an open set W in f(M) such
that

10 yeW, WA f(M—T) = 0,
20 dimFr(W) < dimf(M)—1 = m

and
30 dim[A () Fr(W)]< dimA—1.
Condition 1° implies that
W]~ (M-T) =09,
i.e.

ffiwle U.
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Moreover, f~'[W] is open in M, as an inverse image under a conti-
nuous map of an open set, and contains f~'(y). Let

V=Ff"'W] and B =f"[Fr(W)].

Clearly V = f'[W] = f'[W]; so that

40 Fr(V) < B.

Let g be f restricted to B and let

A* = {zeg(B)|dimg~(2) > dim B— dimg(B)}.

Since we assumed U + M, B clearly separates the n-dimensional
Cantor-manifold and

5° dim B = dimM —1 = n—1.

Moreover, by 2°,

6° dimg(B) = dimFr(W) < dimf(M)—1 = m < n—1.

Hence ¢ is a dimension lowering map of B onto g(B) = Fr(W).
Applying the induction hypothesis, we obtain

70 dim B < dim A* -+ dimg.

Obviously, we have dimg < dimf; and since

dim B—dimg(B) = (dimM —1) —(dimf(M)—1) = dim M — dimf( M)

by inequalities 5° and 6°, we also have
80 A* = A ~ Fr(W).
Hence, it follows from the inequalities 3°, 40, 70, and 8° that

dimFr(V) < dimB < dim A* 4 dimg < dim 4 —1 4 dimf.

Thus the remaining condition of ([1], VI, 4. G, p. 90) is satisfied
and the assertion follows.

2.4. Remark. Examples can easily be constructed showing that
the estimate for the dimension of M given by Theorem 2.3 is better than
that given by the classical Hurewicz theorem.

Also, we note the condition that M be compact in Theorem 2.3 can
be replaced by the weaker requirement that M contains a compact
subset € with dim( = dim3 . Consequently, Theorem 2.3 is applicable
to continuous mappings on manifolds. In fact, a slightly more general
form of Theorem 2.3 holds.

2.5. THEOREM. Let M be a locally compact space, f a perfect mapping
(= continuous closed mapping such that f~'f(z) is compact for every meM)
of M and let
A = {yef(M)|dimf " (y) > dim M — dimf(M)}.
Then
dimM < dim A + dimf.






