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ON NORMAL AGASSIZ SYSTEMS OF ALGEBRAS

BY
E. GRACZYNSKA (WROCLAW) aNxp A. WRONSKI (KRAKOW)

The concepts of Agassiz system of algebras and Agassiz sum were
introduced by Gratzer and Sichlerin [3]. In this paper we intend to discuss
a modification of these concepts, which seems to be more advantageous.

Our notation and nomenclature are basically those of Gritzer [1]
but we prefer to have the symbol = reserved exclusively for the “real”
equality, and thus, by identities of a given type v we mean expressions
of the form p =gq, where p and q are polynomial symbols built up in
the usual way (see [1]) by some variables from the list @,, @,, ... and some
operation symbols of type z. The set of such polynomial symbols will
be denoted by P(z) and they will be referred to as polynomial symbols
of type .

A mapping N: P(r) > P(p) will be called a naming functor (cf. [3])
if for every p € P(r) the variables of p and N (p) are the same. Let us
note that to assure the existence of a naming functor from P(z) into P(p)
it is necessary and sufficient to require that the range of type ¢ contains 0
whenever the range of v does and the range of ¢ contains a number greater
than 1 whenever the range of v does.

Given a naming functor N: P(r) - P(g), we say that an algebra B
of type o belongs to the structurality class of N (B € SC(XN)) if for every
n-ary (n = 1) polynomial symbol p € P(r) and for every q,, ..., q, € P(7)
the following conditions hold:

(i) Ni(p(q1)---r @) = N(p)(N(qy), ..., N(q,)) e Id(B);

(i) N(p) = p €1d(B) whenever p is a variable.

Observe that SC(N) always is an equational class ot aigebras.

An identity p = q of type 7 is called N-regular in a class of algebras I
of type ¢ (cf. [3]) if N(p) = N(q) € Id(I). Let the symbol Id,(I) denote
the set of all N-regular identities in I. It is easy to see that Idy(I)is a closed
set of identities whenever I < SC(XN).

An identity p = q will be called symmeiric if p = q orif none of p andq
is a variable. If X is a set of identities, then by Sm(X) we denote the set
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of all symmetric identities from X. Observe that Sm(X') is a closed set of
identities whenever X' is.

An identity will be called ¢nconsistent if it holds only in degenerate
(one-element) algebras. It is easy to see that an asymmetric identity
having no variable occurring jointly on both its sides must be incon-
gistent.

Let us define a mormal Agassiz system of algebras as a quadruplet

S = (%, (Up|b € B), (b | <b, ¢ € R), N)
such that
(i) B is an algebra of type o (indexing algebra of &);
(ii) (A, |d € B) is a family of algebras of type 7 (indexed family of &)
such that 4,04, = @ whenever b,¢ce B, b # ¢;
(iii) N: P(r) > P(¢) is a naming functor (naming functor of &)
such that B e SO(N);

(iv) R € Bx B is a transitive relation 'such that for every n-ary
(n > 1) operation symbol f of type v if

biyereyboeB  and b = (N(f(@y, ..., ®,))s(bs, ..., by),

then <(b;, > eR, ¢t =1,...,n;

(V) (Ppe1<b, 6> € R) is a family of homomorphisms (k;, is a homo-
morphism of U, into A,) such that k0 h,, = h,; whenever <b, ¢, <6, d> € R.

The sum of the normal Agassiz system & is an algebra U of type =
with the base set A = (J(A4,|b e B) and the basic operations defined
as follows:

(i) if fis an n-ary (n» > 1) operation symbol of type 7, 4,,...,a, € 4,

a;€d,,i=1,...,m and

b = (N(f(wl, ceny w,,)))n(bn ooy by)y
then

(Hu(@y ey as) = (), (hblb(al)’ ceey hb“b(an));

(ii) if f is a nullary operation symbol of type 7, then (f)g = (f)u,,
where ¢ = (N (f))s-

From now on it will always be assumed tacitly that K and I are
non-empty classes of algebras of types v and p, respectively, and that
N: P(v) > P(p) is a naming functor such that I = SC(N). We will use
the notation (I, K, N) for the class of all normal Agassiz systems whose
naming functor is N, indexing algebras are of class I, and indexed families
consist of isomorphic copies of algebras of K. The symbol lim(I, K, N)
will be used to denote the class of all isomorphic copies of sums of normal
Agassiz systems of (I, K, N).
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We are not sure that our understanding of the definition of the
Agassiz system and Agassiz sum as stated in [3] is in accordance with the
authors’ intention but, nevertheless, we have an evidence that the concepts
of [3] do not coincide with ours, since we have only the following weakened
version of the Theorem of [3]:

PRrOPOSITION 1. Sm(IdN(I)nId(K)) c Id (lim(I, K, N)) = Idy(I)n
NId(K).

The reader will have no difficulty in proving the proposition with
the help of the following

LEMMA. Let U be the sum of a normal Agassiz system &. Let p be an
n-ary (n > 1) polynomial symbol of type of A. Let ay,...,8,€ A, a,€ 4,,
t=1,...,n and (P)y(a,,...,a,)e A,. Then the following conditions
are salisfied:

(i) b = ‘N(p))m(bv ceey b,,);

(ii) ¢f <b, ¢)> € R and =; is a variadble of p, then (b,, ¢) € R;

(iii) if p 48 not & variable and x; is a variable of p, then <b;, b> € R;

(iv) if <b, >, <byy )y ..., by, ) € R, then

hbc((p)![(an ceey Gy)) = (P)uc(hblc(%); ooy hb,,c(an));
(v) ¢f p 18 not a variadble, then

(Pu(Byy ..., 8,) = (P)u,,(a:’ ceey @y),  where af = Fogs (@) 5

whenever , is a variable of p and a; is an arbitrary element of A, otherwise.

Proof. Conditions (i), (ii), and (iv) can be verified by a routine induc-
tion argument on the rank of p. Condition (iii) is an easy consequence of (ii).
To prove (v) observe first that it holds trivially if p is a nullary operation
symbol. Now, let us suppose that p = f(p,, ..., Pn), Where f is an m-ary
(m = 1) operation symbol and p,, ..., p,, are n-ary polynomial symbols.
Without loss of generality we can assume that all the variables of p are
2y, ..., &; for some k < n. Let us compute

(P)u(@yy -0y ) = (P)u(Gy, ...y @)
= (f)l(((lh)!x(au cory Op)yeeey (Pr)ul(ayy ..., ak))
= (f)!(c (hclc ((P1)ﬂ(an seey a’k))’ ceey hcmc ((Pm)a(an ceey a’k)))’
where
(Pj)u(an-"’ak)ech: i=1,...,m,
and
¢ = (N(f(wly seey wm)))ia(cl’ seey om)'

Thus (p)y(a,, ..., a,) € A;, which means that ¢ = b and, therefore,
{¢;, b) € R for every j = 1, ..., m. Since by (iii) we know that <{b;,b) e B
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for every ¢ =1,..., k, applying (iv) we get

(Pu(ayy ..., a;) = (f)!!b(h‘clb (D) u(B1s vy @)y veey B (Pm)a(@1y .-y ak)))
= (f )ub((l’l)u,, (h’blb(al)r ET) hbkb(ak))7 ooy (P, (hblb(a1)7 ) hbkb(ak)))
= (f (P1y -0y pm))!b(h’blb(al)’ ET) hbkb(ak))
= (p)ﬂb(al‘Q ceey B) = (p)ub(a;', coey Bp)

a8 it was claimed. This completes the proof.

Following Gratzer [2], by a retraction of an algebra U we mean an
endomorphism g: A - A such that gog = g. A retraction g is non-
trivial if g(a) # a for some a € A. In order to get a characterization of
identities holding in lim(Z, K, N) let us note the following sharpened
version of Proposition 1:

ProPOSITION 2. (i) If algebras of K have only trivial retractions, then

Id (im(I, K, N)) = Idy(I)nId(K).
(ii) If an algebra of K has a mon-trivial retraction, then
1d (lim (I, K, N)) = Sm (Idy(I)n1d(K)).
Proof. To prove (i) observe first that it holds trivially if every

algebra of I is degenerate. Suppose that I contains a non-degenerate
algebra and

1d (lim(I, K, N)) # Idx(I)nId(K).

Then, from Proposition 1 we know that some identity of the form
p = x,, where p is not a variable, belongs to Idy (I)NnId(K), but does
not hold in lim(I, K, N). Obviously, the variable x, must occur in p
since, in the opposite case, N (p) = &, is inconsistent and holds in I.
Without loss of generality we can assume that all the variables of p are
X,y ..., &, for some n > k. Let the algebra A elim(I, K, N) be such that
p =, ¢ Id(A); then A is a sum of a normal Agassiz system & whose
indexing algebra belongs to I and indexed family consists of isomorphic
copies of algebras of K. Let a,, ..., a, € A, where a; € A, be such that

(P)a(Bry - .05 Bp) # (Bp)u(B1y ...y B).

Suppose that (p)g(ay, ..., a,) € 4,. Then, by Lemma (iii), <b;, b) e B
for every ¢ =1, ..., n, and, by Lemma (v),

(P)a(G1y ---y 8a) = (D), (Boyp (815 - -5 Py p (@)
= (‘”k)ub (hb,b(%): ) hb,.b(“n)) = hbkb(ak)'
Next, by Lemma (i),
b = (N(D))s(bay -5 bp) = (N (@p)g(brs -+ b)) = (®p)w(b1y - ovy Dp) = by
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which gives
oo (@) = hyp (i) = (P)u(Byy - .-y B) 7 (Xp)u(Byy ..., B,) = 6y

proving that hy, is a non-trivial retraction of .

To prove (ii) pick B eI and a family (U,|b € B) composed of iso-
morphic copies of an algebra U, € K having a non-trivial retraction g.
For every b € B let f, be an isomorphism of i, onto %A,. Define a family
of homomorphisms (k,,|b, ¢ € B) by putting h,, = f,'ogof,. Then

& = (’By (Wp 15 € B), (hy | <b, ¢) € B), N)

is a normal Agassiz system of (I, K, N). We will show that no asym-
metric identity of Id,(I)NId(K) holds in the algebra A being
the sum of the system &. Indeed, suppose that p = @, is such an identity.
Then the variable &, must occur in p since, in the opposite case, p = &,
is inconsistent and fails to hold in %, being non-degenerate. As before,
we can assume that all the variables of p are @®,, ..., &, for some n > k.
Let a, €A, be such that g(a) # a,. Pick b,,...,b, e B and a; € 4,,
¢ =1,...,n, such that a, = f; '(a,). Applying Lemma (i), (v), we get

(P)u(Byy ..., 8,) = (p)ﬁb(hblb(al)’ Xy) hb,,b(an))

= (@), (hblb (@), .-y hb,,b(“n)) = hy,p(@),
where

b = (N(P))w(byy .-y bp) = (N (x))g(bry---5 b,) = (@p)m(byy ...y by) = by
Thus
(P)a(Bry .-y 8n) = by, (&) = fr,' 0g0fy, Ofp) (@) = f5;}(9(a)) # f5; (@)
= &, = (T)u(Gy, ..., @)

proving that p = @, does not hold in ¥, which completes the proof.

Let us agree to use the symbol T for a trivial naming functor such
that 7'(p) = p for every polynomial symbol p of a considered type. By
Propositions 1 and 2 (ii) we get the following

COROLLARY. An équational class K containing a non-degenerate algebra
cam be defined by means of symmetric identities if and only if lim(K, K, T)
c K.

Proof. The necessity follows directly from Proposition 1. To prove
the sufficiency observe that the free algebra {x(2) must be non-degen-
erate if there is a non-degenerate algebra in K. Let @, and a, be free gen-
erators of ¥z (2) and let g: Fx(2) = Fx(2) be an endomorphism such that
a8, = g(a,) = g(a;). Then g is a non-trivial retraction of Fx(2), and thus
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if lim(K,K,T) < K, then
1d(K) < 1d (lim (K, K, T)) = Sm (Id(K))

by Proposition 2 (ii). This completes the proof.

To get a characterization of Idy(I)NId(K) in terms of normal
Agassiz systems we need a refinement of the class (I, K, N). Let us say that
a normal Agassiz system & is fine if it satisfies the following condition:

(F) for every b € B there exists ¢ € B such that <b,¢) e B and h,,
is an embedding.

Denoting by (I, K, N)y the class of all fine Agassiz systems from
(I, K, N) we can state the following

ProPosITION 3. Id(lim(I, K, N)g) = Idy(I)nId(K).

Proof. The inclusion Id(lim(Z, K, N)g) < Idy(I)nId(K) is almost
obvious. To prove the converse let us suppose that % is the sum of a fine
Agassiz system & from the class (I, K, N)p. Suppose that the identity

p =q eldy(I)nId(K)

does not hold in UA. By Proposition 1, the identity p = q must be asym-
metric which yields that either p or g contains a variable. Without loss of
generality we can assume that @, ..., @, are all the variables of p and q.
Pick a,, ...,a, € A,8,€ 4;,, © =1, ..., n,such that 48

(P)u(B1y ...y @) # (Qu(B1y ...y &),
Suppose that (p)y(a,, ..., s,) € A,. Then, by Lemma (i),

b = (N(P))m(bu ooy by) = (N(q))s(bn veey by)

which implies that also (q)g(a,, ..., ,) € 4;,. Now, applying (F') we can
pick ¢ € B such that <b, ¢) e R and h,, is an embedding of %A, into U,.
From Lemma (ii) it follows that <{b;, ¢) € R for every ¢ =1, ..., n, and,
finally, by Lemma (iv) we have

(P)mc(hblc(al)’ ooy hbnc(an))
= hbc ((P)?I(an AR | an)) #* hbc((‘l)u(“u ceey an)) = (‘I)uc(hblc(al); LAY hb,,c (an))

proving that p =q fails in 9%, a contradiction.

It is easy to see that fine Agassiz systems of algebras can be treated
a8 a generalization of direct systems considered by Plonka in [4], and
Proposition 3 as a generalization of Theorem 1 of [4] (cf. [3]).

Investigating classes of algebras of kind lim(I, K, N) from the
algebraic point of view we can confine ourselves to the cases where K
and I are of the same type and the naming functor N is trivial. To be
more exact we give the following
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PROPOSITION 4. There exists a olass of algebras I, of the same type as K
such that

lim(I, K, N) =lim(Iy, K,T) and Tdy(I) = Id(Iy).

Proof. For every B € I we define an algebra B, of type v with the
bage set B and the basic operations such that: if fis an n-ary (n > 1) oper-
ation symbol of type r and b,,...,b, € B, then

Ny b1 ooy ba) = (N (F(@1y ..., 2)))8 (B2 - Bu);
if f is a nullary operation symbol of type 7, then
(Ney = (N (D)s-

It is easy to check that the class I, = {8B,|B € I} has all the required
properties.

Proposition 4 shows, in fact, that naming functors can be eliminated
and suggests the following definition.
A triplet

& = (B, (Uy1b € B), (hyo| <b, 0} € )
is a mormal system of algebras if
S = (ﬁy (Up1b € B), (hyc[<b, > € B), T)

is & normal Agassiz system of algebras. The sum of the normal system &
is defined as that of &', For I and K being non-empty classes of algebras
of the same type we write lim (I, K) and lim(I, K)g instead of lim(Z, K, T')
and lim(I, K, T')y, respectively. An immediate consequence of the facts
stated previously is the following

PROPOSITION 5. (i) If algebras of K have only trivial retractions, then
Id (im(I, K)) = Id(IVK).
(ii) If an algebra of K has a non-trivial retraction, then
Id (lim(I, K)) = Sm(Id(IVK)).
(iii) Id (lim (I, K)g) = Id(IVEK).

(iv) An tdentity is preserved under the formation of sums of normal
systems of algebras if and only if it is symmetric or inconststent.
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