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NOTE ON SUMMABILITY (L) OF FOURIER INTEGRALS

BY

R. N. MOHAPATRA (BEIRUT)

1. Let f(t)eL(0, T') for any T > 0. Nayak [2] has defined summability
(L) for an integral.
We say that the integral f f(t)dt is summable (L) to s if

lim log(l 5 f " P)du —s, where F(u) — of f(t)dt.

In this note, we intend to generalize the result on summability (L)
of the Fourier Integral

oo + oo
ftp(u)du, where y(u) =—;1r— ff(t)cosu(w—-t)dt.

Let us write
@(t) = f(x+1)+f(@—1)—2s,

¢
() = [y(wau,

Palt) = t,,f(t Tpwdu  (a>0),

Po(t) = ‘P(”;

1
H,(t) = ‘p“,‘(‘“) du (a>0),

M) = f -e—u——sinutdu,
1

N, () = (—;—t) 2O a5,

1
No(t) = M(t).



292 R. N. MOHAPATRA

2. In an attempt to study the summability (L) of a Fourier integral,
Nayak [2] has proved the following

THEOREM A. If

o plu) 1
(2.1) Hy(t) =Ef (logT) (t—>+0),
then the integral
(2.2) [ vp(w)au

18 summable (L) to the value s.

The object of this note is to prove summability (L) of the Fourier
integral under a less stringent condition imposed on the generating function.
In fact we shall establish the following

THEOREM. If

1
1
(23) H, (t = f du = o (log 7) (a > 0)’.
[;
then the integral (2.1) is summable (L) to the value s.

To show that our hypothesis (2.3) is weaker than that of Nayak,
we quote the following theorem by Nanda and Das [1]:

THEOREM B. Let 8 > a > 0, then

H,(t) = o(log %) implies Hy(t) = o(log %) (t—+0).

3. We shall require the following lemmas for the proof of the theorem.
LEMMA 1. Let a =0,1,2,... Then

3.1 d ot/ th,
(3.1) —Na(t))zl(/ )
(3.2) dat o(é/t¥)) +0(1) (t> 9).
Proof. We have
d a M (t) a\*tt M(t)
(3.3) d—N ) =t {( +1)( ) 7 +t(%) —-t—}
. d a+1

It is easy to see that

o0

d a+41 e—du a a+1 .
(E) M(t) =lf " (a) sinutdi.
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Now,
a+l
(%) sinut = O (u*t').
Thus

(%)GHM(t) - O(fe“’“ udu) = 0(871).

In view of (3.3), this completes the proof of (3.1).
To prove (3.2), we write

d a+1
Ta = (-a') M(t)’

and we shall prove the estimate by induction on a.
We find that for a =0 (6 < 1),

0
T, = a5 sinutdu

u

¢~°{dcost —tsint}

é

Let us write g = g(8,t) = (8°+12)¢’. Hence T,g — dcost—tsint.
Let us suppose that Lemma 1 holds for a<k—1, %k =1,2,...
Then

d\* a\¥

—] (Tog) = |— —tsint).

(at) (Tog) (at) (dcost —tsint)
By Leibniz theorem,

T+ (’]‘_) Ty 1§14 ... +Togp = (8-+%)cos(t + 3kr) — tsin (¢ + 3kr).

= I — % {(’10) Ty_2t6" + (;‘) Ty_; 26 — (8 + k) cos (t + 3kw) +isin (¢ + %kﬂ)} .

Since 1/g = O(1/t?), we have

é é 0
17 = 0z 1) +0(5 ) +o) = 0(55z) +ow.

Now (3.2) follows.
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LemmA 2. For fized 6 and k = 0,1, ...,
[ 0\* M(t)
Proof. Since
0\* M)
_ | 2} &2
we have
(0 M@ N
ot t gk
Thus
2 (Wutt)
i (2 20| _ i | 2 " —ow
t>+0 | \OF i o (k+1)t* N

for fixed 4, when {— 40, by (3.1).
LeMMA 3. For fized t (0<t<1l)and k =0,1,...,

o\* M(t)
. Moreover,
a\* M(t) % T

Proof. We have

00 1
Mt 1 sin ut sin wt
MO _ e e T ey T
0

since the series is uniformly convergent.

Now
k
o (2] 20
s—0 \ Ot (4
a\* o\ & (=1 . [
— lim [—] [=tan~[~)]) —lim (— 24
a‘i’%(at)( = (6)) i ) §(23+1)'t of" ¢
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1/t and tan—'¢/3 are differentiable any number of times in 0 <t < 1
and 4 #0 and hence,

a\* (1 ¢ a\*(1 t
= —tan~!'—] = [—] (=limtan™!'—| = (—1)*%!
T, = hm(at) (ttan 6) (0t) (t imtan 6) (—1) t"“

L (1@ —1) o 2 —F+D) oy b ou g |
|T,] —11_1,1:‘2 @G +1)! t fe u du‘ =0(1),

j=0 0

OV (2)) ... (2 —k+1) it Y s
Z (27 +1)! <Zt1

J=0 i=1

and

1
fe“’“u”du <1.
0

4. Proof of the Theorem. We remark that there is no loss of gene-
rality in assuming a to be integral, in view of Theorem B. In what follows,
we assume a to be integral.

We have,

00

f [f(x+1t)+f(x—1t)]cosutdt +

1

y(u) =

4K

1 1
2 1
+—sfcosutdt+—f<p(t)cosutdt
T T
0 0

= (%) + 2 (%) +ys(u).
Since (L) is a regular method and f(t)eL(— oo, o),

f yi(w)du  and fqp,(u)du
0 0

are summable (L), as in Nayak [2].

The summability (L) of [ ys(#)du is equivalent to showing
0

o0

e !
w [

1
(log 7) , as 6—0.
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By Fubini’s theorem, the integral on the left of (4.1) equals
1
t
(4.2) [ 22 eyar
0

Integrating the integral in (4.2) a times by parts we obtain
(4.3)

: Lt O\ M@ (—1)° [ 9\ M(t)
[ o feo(g) H S [reo(g) S

r=1

= Ll +L2.

Now,

1 1
o\" M
[en(g) 2w = - [Fwam,o

1
— H,(1)N,(1) + Lim H, () N, (t) + f Ha() 2 N, (1)d
t—>+40 g at

{f fl}H (1) 5 Na(t)dt = I, +I,.
By Lemma 1,

fo(log ) O(t°8~*"')dt = o(logl/8).
0

Also

1

I, = fo(log—t—) {0(8t7%)+0(1)} = o(logl/d).

[
Thus L, = o(logl/d). Since i"¢,.(t) =o0(1) as t—0, we have, by
Lemma 2 and Lemma 3,

r—lMt =1
[2( 1y "’”'“(at) ———t”Lo
1 V() (YT M)
[2( 1) T! (6t) 1 ]g_,l_

r=1
1 . 1
=Z (~ppen 2 1y 24 32D o)

= o(logl/é) as 6—0.
Thus L, = o(logl/d) and this completes the proof.
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