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1. Introduction. The Gleason-Kahane-Zelazko theorem [2], [4], [10]
states that if 7 is a linear functional on a complex Banach algebra A
such that

(1) T(x)e o(x)

for every xe A, where o(x) denotes the spectrum of x in 4, then v is multi-
plicative on A, i.e.,

(2) t(zy) = r(x)T(y) (,yed).

(See also Zelazko [11] and Rudin [7], p. 233.)

In [9], applying this interesting theorem, we have observed that
if X is a compact Hausdorff space and T is a linear operator from C(X)
to C(X), where C(X) denotes the space of all complex-valued continuous
functions on X, such that

(3) ITfl>0 on X
for every fe C(X) with |f| > 0 on X, then 7 has the form
(4) Tf(z) =r(=z)-flp@) (feC(X),xeX),

where re C(X) and ¢ is a continuous mapping from X to X.

In the present paper we intend to apply the Gleason-Kahane-Zelazko
theorem to obtain similar results for linear operators on H_ (D), the
space of all bounded analytic functions on the open unit disc D =
{2:|z] < 1} in the complex plane, and on A4 (C), the space of all complex-
valued continuous functions on the unit circle C = {z: |2| = 1} in the
complex plane that have absolutely convergent Fourier series.

2. Operators on H (D). We recall that H_ (D) is a complex Banach
space with the norm

Iflle = sup|f(2)]  (fe Ho(D)),

zeD
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and that it is also a Banach algebra under the usual pointwise multi-
plication. If T is a linear operator from H_ (D) to H_ (D), we shall write

Z(T) = {zeD: Tf(2) = 0 for some invertible fe H(D)}.

Here the continuity of T is not assumed. Our first result is the following

THEOREM 1. Let T be a linear operator from H (D) to H (D). Then
the following two statements (I) and (1I) are equivalent:

(I) Z(T) has mo limit point in D and T is one-to-one (i.e., Tf = 0
implies f = 0).

(II) T has the form

Tf(2) = h(2)-fa(2)) (fe Ho(D),2¢ D),

where h,ae H (D), h is not identically zero on D, a is not constant on D,
and |lall, < 1.

Proof. (I) implies (II). If we let 2 = DNnZ(T)°, then 2 is open
and connected. For ze 2 and fe H (D), define

(5) 7 (f) = ITf(2)[T1(2).
7, 18 a linear functional on H (D) satisfying
7,(1) =1 and 7,(f) #0

for every invertible fe H (D). Therefore we may apply the Gleason-
Kahane-Zelazko theorem to infer that 7, is multiplicative on H, (D).
Let the letter j denote the identity function: j(2) = 2, and define a function
a on 2 by the relation

a(2) = 7,(J) (2€ Q).

It follows that |a(2)| < lIt,ll il =1 (2€ 2), and a is an analytic
function on 2 by (5). Thus a may and will be regarded as an analytic
function on D, because Z(T') has no limit point in D. We now prove that
la(2)] < 1 for every ze.D. In fact, if |a(2)| = 1 for some z¢ D, then the
maximum modulus principle implies that @ = ¢ on D, where c'is a constant
of absolute value 1, and so it follows from (5) that Tj(2) = ¢T1(2) (z¢ D),
which is impossible, since 7' is one-to-one. Hence it follows (cf. Hoffman [3],
P. 160) that if ze 2 and fe Hy (D), then 7,(f) = fla(2)). Thus

Tf(2) = h(2)-fla(2)) (fe Hu(D), 2¢ D),

where we let 2 = T'1. Since T is one-to-one, a cannot be constant on D.
It is clear that ae H (D). N

(IT) implies (I). This is immediate from the open mapping theorem
and the unicity theorem for analytic functions defined on an open and
connected set in the complex plane. .
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COROLLARY 2 (cf. Nagasawa [5] and deLeeuw-Rudin-Wermer [1]).
Let T be a linear operator from H (D) to H (D). Assume that T 18 one-to-one
and onto, and that |Tf| > 0 on D and |T~'f| > 0 on D for every invertible
fe Ho(D). If IT1lw=1 and |flle < |Tfllo for every fe Ho(D), or if T1=c
on D, where ¢ i8 a constant of absolute value 1, then T is an isometry.

Proof. By Theorem 1, T has the form
Tf(2) = h(2)-fla(2)) (fe Hy(D), 2ze D),

where he H (D) is invertible and a is a conformal mapping from D onto D-
If [Tl =1 and |[Iflle < IITf |l for every fe H (D), then it follows that

/Tl = M /hlle = IT7M <

and so |71|= 1 on D, thus T1= ¢ on D for some constant ¢ of absolute
value 1. Therefore T has the form Tf(2) = ¢-f(a(2)), and this completes
the proof.

3. Operators on A(C). We recall that 4(C) is a complex Ba,na,ch
space with the norm

Ifl = D' Ifm)l (fed(0)),

‘where f‘ is defined by 1
. L (o e i
fm) === [ fle®e as.
2% A :

It is also a Banach algebra under the usual pointwise multiplication.

THEOREM 3. Let T be a linear operator from A(C) to A(C). Assume
that fe A(C) and |f| > 0 on C imply |Tf| > 0 on C. Then T-has: the form

Tf(2) = h(2) )-f(c2™) (feA(C’), 2¢ 0),
where he A(C) 18 m'vert@ble, cisa const(mt of absolute value 1, and n i an

integer.

Proof. Write h = T1. Since |h| > 0 on C, 1/he A(C) by the inversion
theorem of Wiener (see, for example, Rudin [8], p. 399). For z¢ C and
feA(C), let us define

7o(f) = Tf(2) /().

Then 7,is a linear functional on 4 (C) satisfying 7,(1) = 1and 7,(f) # 0
for every invertible feA(C). Hence 7, is multiplicative on A4 (C) by the
Gleason-Kahane-Zelazko theorem, and thus there exists a complex number
a(z)e C satistying 7,(f) = f(a(2)) for every feA(C). Since

fla(2)) = Tf(2)/h(2) € A(C)
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for every feA(C), it follows from the Leibenson-Kahane theorem (cf.
Rudin [6], p. 94) that a has the form

a(z) =c¢2" (2e0),

where |¢] =1 and n is an integer, and the proof is complete.

[1]
(2]
[3]
[4]
[5]
(6]
(7]
(8]
[9]

[10]

f11]

REFERENCES

K. deLeeuw, W. Rudin and J. Wermer, The tsometries of some function
spaces, Proceedings of the American Mathematical Society 11 (1960), p. 694 - 698.
A. M. Gleason, A characterization of maximal ideals, Journal d’Analyse Mathé-
matique 19 (1967), p. 171-172.

K. Hoffman, Banach spaces of analytic functions, Englewood Cliffs, N. J.
1962.

J.-P. Kahane and W. Zelazko, A characterization of mavimal ideals in com-
mutative Banach algebras, Studia Mathematica 29 (1968), p. 339-343.

M. Nagasawa, Isomorphisms between commulative Banach algebras with an
application to rings of analytic functions, Kodai Mathematical Seminar Reports
11 (1959), p. 182-188.

W. Rudin, Fourier analysis on groups, New York and London 1962.

— Funclional analysis, New York 1973.

— Real and complex analysis, 2nd ed., New York 1974.

R. Sato, Operators on continuous function spaces and L,-spaces, Colloquium
Mathematicum 34 (1976), p. 257-269.

W. Zelazko, A characterization of multiplicative linear functionals in complex
Banach algebras, Studia Mathematica 30 (1968), p. 83-85.

— On multiplicative linear functionals, Colloquium Mathematicum 28 (1973),
p. 251-253.

DEPARTMENT OF MATHEMATICS, JOSAI UNIVERSITY
SAKADO, SAITAMA, JAPAN

Regu par la Rédaction le 20. 8. 1975



