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1. Introduction. In [5] Urysohn proves that a countable connected
space cannot be regular (cf. [3]). This poses the questions raised in [4]
and [2] as to how closely a connected or locally connected countable
space may resemble a regular space. In particular, can there be countable
connected and locally connected almost regular spaces?t We answer this
question in the affirmative by constructing an example of such a space.
The example we provide is obtained by combining the topologies of the
Urysohn spaces constructed by Jones and Stone in [1] and Ritter in [3].

2. Definitions. A point p in a topological space X is called a regular
point of X if given any open set U containing p there is an open set V
containing p such that Cl1(V) =« U. A topological space is called a Urysohn
space if for each pair of distinet points p and ¢ there are open sets U and V,
with disjoint closures, containing p and g, respectively. An almost regular
space is a Urysohn space which contains a dense subset of regular points.

3. A countable connected locally connected almeost regular Urysohn
space. Let @, be a countable set of rational numbers such that, for each
integer n, Q, is dense in the reals and {Q,}._., is pairwise disjoint. Let
L, = E* be defined by L, = {(z,y) |2 €Q,,y = n}. Similarly, let {I,}}> _,
be a countable collection of pairwise disjoint sets of irrational numbers
each of which is dense in the reals. Set K, = {(»,¥) |v€l,,y = n},

L, = L,VEK, and let {r}, and {w,}, denote the elements of \J L,

n=—o0

and |J K,, respectively. Henceforth, to simplify the notation we shall

N=—00

call the r’s rational points and the w,’s irrational points. Let

.Xo = U L;l a!nd. 'Xl = UYZ‘,

N=—00

where each Y, denotes a copy of X, and the union ranges over all pairs
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(m,n) of positive integers. Set Z, — X,UX, and regard Z, and X, as
disjoint unions. Thus, if p € Z;, then either p € X, or p € Y for some
unique pair (m,n) of positive integers. The basic open sets for Z, are

defined as follows.
If pely,c Y™ and &> 0, let

Niy(p) = {q GL;k | d(p, q) < &}.
If p = (2,2k+1) EL;k+1 c Y? and ¢ > 0, let
N;(l)(p) = {q EL;k+j IJ = 01 17 2 and d(.'pj’ 9) <eé&,
where p; = (#, 2k +j)},

where L, and L, , are the “lines” in Y™ one unit below and above L, ,,
respectively. The sets Ny, (p) form a basis for a topology on X, which
satisfies the Urysohn separation property.

For each w; e X, and ¢ > 0, let

Oi(w,) = {geL,c Y |n=1,2,...and k> 2[1/e]},
where [1/¢] denotes the greatest integer less than or equal to 1/e. For
each r;, € X, and & > 0, let
0i(r;) ={geLyc Y |m=1,2,... and k<< —2[1/e]}.
If r,e Ly, = X, and &> 0, let
Us(r;) = {g € Ly | d(riy @) < &}
If r, = (v, 2k+1) € Ly, = X,, let

o(r) = {q EL;,‘_H cXy|j=0,1,2 and d(p;, 9) <e¢,
where p; = (x, 2k+j)}.

The basic open sets for points in X, are defined as follows:
Nogy(wy) = {w}U0i(w)) and Ngyy(r;) = UB(T;)U(UOi(P))U(UY?),

where |_JO;(p) ranges over all p € Ug(r;) and | JY™® ranges over all pairs
(m, n) such that w,, and r, are elements of Ug(r;).

Since the following properties are easy to verify, we shall omit their
formal proofs. )

(i) The collection {Ni, (D) | P €Z,, i = 0,1 and ¢ > 0} forms a basis

Jor a topology on Z, which satisfies the Urysohn separation property.

(i) Z, 78 connected.

(iii) The elements of X, have comnected e-neighborhoods.

(iv) By = {wye Xy |t =1,2,...} 18 the set of all regular points of Z,.
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We note that (ii) follows from the observation that .any set which
is both open and closed and contains some w; must contain Y: for every
positive integer %, and hence must contain r, for every positive integer n.

To see (iii) note that an e-neighborhood of an irrational point in X,
is a slight modification of Roy’s lattice space [6]. As for the rational
points, any subset U of an e-neighborhood of r, € X, which is both open
and closed in U contains some w,. Thus Y* ¢ U, which implies r, € U.

In order to prove (iv), simply observe that for each w, in R, and for

each sufficiently small ¢ > 0
N 3{21)("0{) = GI(N Sﬁ)(wf)) < Nogy(w;).
On the other hand, if p € Z; — R,, then for every pair ¢, & > 0
ClNiyy (p)) & Niyy(p), where i=0,1.

We next extend our space so that the elements of X, have connected
&-neighborhoods and X, contains a dense subset of regular points.

With each Y’ we associate a countable collection {¥7F}®,_, of
copies of X,. Let X, = UY,’{?{‘, where the union ranges over all 4-tuples
(k,1, m,n) of positive integers, and let

Zz = L-)‘Xi'

t=0
Again regard X;, ¢ =1,2, and Z, as disjoint unions. Basic open
sets for Z, are defined as follows.
If peLyc Y and e >0, let

Nyo(p) = {q € Ly, | d(p, ) < &}.
If p=(2,2k+1)ely,, = Y™ and ¢ > 0, let
Ny () = {q eL;kH < YZ‘.‘;" | =0,1,2 and d(p;, q) < &,
where p; = (», 2k+j)}.

This defines basic open sets for points in X, which satisfy the Urysohn

separation property.
For each w; € Y;' and &> 0, let

s(w)) ={gelyc Y |1=1,2,... and k> 2[1/e]}.
For each r;e€ Y;' and e > 0, let
0;(r;) ={gelpyc Ypj|1=1,2,... and k< —2[1/]}.

We now redefine the neighborhoods of points in X,uX,.
For each w; € Y’ and &> 0, let

Nig(wy) = ;(1)(wj)U(UO; (p))u(uym’lk)’
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where | JO;(p) ranges over all p € N5, (w;) and (JY™ ranges over all
pairs (k, 1) such that w, and r; are elements of Nj,,(w;).
For each r; € Y7} and ¢ > 0, let

() = {r}u0;(ry).

Points p € X, have basic e-neighborhoods of the form
Noo(p) = Nc;(l)(P)U(UO (Q))U(UY k)7

where |_JO;(q) ranges over all g eXlnNom(p and | Y™ ranges over
all 4-tuples (m, k,n,1) for which the pair w,,r is in Y3 nNg,(p).

The proof of the following properties is analogous to the verification
of these properties for the space Z,.

(i) The collection {N3,,(p) |p € Zy, i = 0,1, 2 and & > 0} forms a basis
Jor a topology on Z, which satisfies the Urysohn separation property.
(i) Z, t8 conmected.
(iil) The elements of X,UX, have connected e-neighborhoods.
(iv) If R, 18 the set of all rational points of X,, then R, R, 8 the set of
reqular points of Z,.
Our construction of Nj, (p) also shows that
(v) If Niyy(p) and Nju (q) have disjoint closures, then so do Ny, (p)
and Nj, (q).
In order to obtain an almost regular space with the desired properties,
we simply repeat the above process ad infinitum. The inductive argument

should now be apparent. Suppose we have defined the connected Urysohn
space

k
= UXi
i=0

such that

(a) for each ¢+ =1,2,...,k, X, = JY5{o), where m(j), n(j),

1< j< 1, range over all posmlve integers;
k—1

(b) the elements of ( JX,; have connected e-neighborhoods;

i=1

(e) UR is the set of regular points of Z,, where R; consists of all
=1
rational points of X, if ¢ is odd and R; consists of all irrational points of X;
if ¢ is even;
(d) if Ny, (p) and Nj,,,(q) have disjoint closures for »,m < k, then
8o do Nj; (p) and Njy,(q).
Then

_ m(1),...,m(k),m(k+1
Xk+1 - UYn((l)z n(k))n’(’;c(+1))’
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where {Y7Q)mEmEtD |m(k+1) and n(k+1) range over all positive

integers} is the countable collection of copies of X, associated with
Yoo, and
k41
Zyyy = .UXP

1=0
Again regard X;, ¢ >0, and Z,,, as disjoint unions. Basic open
sets for Z, ., are defined as follows.
Let ¥ = Yqi)rmktD. If pel,, c Y and &> 0, let
Nivrx+n(P) = {a GL;r | d(p, q) < &}.
If p=(»,2r+1)el;,, < Y and ¢> 0, let
Nivwsn(®@) = {g€lyyyc Y [j=0,1,2 and d(p;, 9) <e,
where p; = (@, 2r+j)}.
This defines the open sets for points in X, ;. For each w; € Y &) &
and ¢ > 0, let
O pa(w) = {geL,c Yplm®i |1 =1,2,... and r> 2[1/e]}.
For each r; € Y, ()md) and & > 0, let
ve1(ry) = {g e Ly < X ',,"(‘,‘c’)‘);’]l= 1,2,... and r< —2[1/e]}.
Define s-neighborhoods for w;, r; € Yoy as follows.
If % is even, let
Ny (wy) = {w;3 U 0s 41 (w;)
and

oee s K)
Nierny (5) = Ny (75) U\ O ( P))U(Uyz((ll)). o)

1),. k k+1
where UO,c +1(p) ranges over all p e Ny, (r;) and (J Yooy mb.mE+D ranges

over all pairs (m(k+1), n(%k+1)) such that wm(k+1) and 7,;.,, are elements
If k& is odd, let

Niwsny(rs) = {73} U 041 (1)
and

1),...,m(k),
Nier1)(0;) = Ny (w5) V(U O (2)) V(U Tt meshiimdke 4 )

where O}, ,(p) ranges over all p € Ny, (w;) and () YpiQ):mdh-mkt D ranges
over all pairs (m(k+1), n(k+1)) such that w,;,, and 7,,.,,, are elements

of Ny (1)
IfpeX, 0<i<k and £¢>0, let

N+ (P) = Nigy (2) V(U011 (0)) L (U X)r ik y),
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where JOj,1(q) ranges over all geX,nNi(p), and JTrg: ey

ranges over all (2k+1)-tuples (m(1),..., m(k+1),n(1),...,n(k+1)) for
which the pair W1y Tngsyy 18 i XnG) o mdE A N (p).
The proofs of the following properties are as before.

(i) The collection {Niy.1)(P)|P €Zyyy, + =0,1,...,k+1 and ¢ > 0}
forms a basis for a topology on Z,  , which satisfies the Urysohn separation
property.

(ii) Zy,, 8 conmected.

k
(iii) The elements of | ) X, have connected e-neighborhoods.
k 1=0
(iv) \UR; is the set of regular points of Z,,,.
i=0

(v) If N, (p) and Nj,,(q) have disjoint closures for n,m <k,

then 8o do Ny, 1y (p) and Ny, (9).

This completes the inductive step.
Now let
.X =UX‘.
i=0

Clearly, X is countable. If p € X, then p € X, for some unique integer .
For each ¢ > 0, we define N,(p) to be the smallest subset of X which
containg N, (p) for each integer k > <. It follows from our inductive
construction that the sets N,(p) form a basis for X. Since each Z, is con-
nected, X is connected. Furthermore, the set

UR; =R

i=0
is dense in X.

If p and ¢ are distinct points in X, then p € X; and ¢ € X, with 7 and

J not necessarily distinet. Let £ > max {i 4-1, j 4-1}. Since Z, is a Urysohn
space, there exists an ¢ > 0 such that Nj,,(») and Nj; (q) have disjoint
closures. Thus, by property (iv), Ny, (») and Nj,,(q) have disjoint closures
for every integer n > k. It follows that

Cl(N,(p))nCl(N,(q)) = 2.

Hence X is a Urysohn space.

It remains to show that every point in R is regular and that X is
locally connected. If p € B, then p € R; for some unique integer i. Thus
for ¥ >i+4+1 and &> 0 there is a positive number & >0 such that
Cl(N35(P)) = [Nigy(p)]. But then OClNy,(p) = Ni,(p) for every
integer # >k and, therefore, Cl(N,.(p)) = N,(p). Hence p is a regular
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AL
point of X. The local connectivity follows from the fact that if p € X,
then p € X; for some unique integer ¢. Thus, by property (iii), p has con-
nected e-neighborhoods in Z, for every k> i-1.
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