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1. Let A be a non-empty set. We define O™ = 0™ (4) = {f] f:

_ ©
A™—> A} and O = | O™, Given a permutation oeS,, we define permu-
n=0

tation o* of O by
(1) (O'*f) (xn e wn) = Gf(oﬁlwli e G‘_lx'n)°

Following Goetz (see [3]) and Marczewski we say that a permuta-
tion o of A is a weak automorphism of an algebra A = (A; F) (F < O)
if, for every n, the permutation ¢* maps the set A™ of all algebraic opera-
tions of n variables (cf. [4]) of algebra A onto itself.

Observe that for each weak automorphism ¢ of U we have

. * y ]
(2) o' e = el
for every trivial operation & (,, ..., x,) = x;, and

(3) 0'*(f(917 ---agn)) = (U*f) (0'*919 sy U*gn)
for all feA™, ¢,,...,g,eA™.
A permutation ¢ of the set 4 = | ) A™, which satisfies conditions (2)

n=0
and (3) together with the condition ¢(A™) = A™ for n =0,1,..., is
called a clone automorphism of A (for details see [1], p. 127). Clearly, the
set Aut(A4) of clone automorphisms forms a group.

Investigations of connections between the group of automorphisms
Aut (%) and the group of weak automorphisms Aut*(A) of the algebra A
were initiated in [2] and [5]. In particular, if % has a finite independent
set of generators, i.e. a finite basis, then the group Aut*(%) is a normal
product of Aut () and Aut(A) (see [5]).

The aim of this paper is to generalize this result.

2. THEOREM. If an algebra N has a basis {b;};.; (not necceserily finite),
then
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(a) The mapping Aut*(A)>7— (a, t*)eAut(A) X Aut(A), where ab,
= 1b;, 1el, i8 one-to-one and onto.

(b) The mapping Aut(A)>¢ 2> h,eAut (Aut(N)), where h,(a) is an
automorphism of A determined by the condition

ho(a)b; = (@f) (bjy ..., b; )  provided ab; = f(bj;y .-+ b ),

18 a homomorphism.

() If 7,—>(ay, 77) and 7, (ap, 73), then 7,7, (a1h (as), T’;V;)

Thus Aut*(A) is (isomorphic to) the normal product Aut(QI)Aut(A)
determined by the homomorphism h.

3. First of all we show that
i) If teAut*(A), then {zb;};.; 18 a basis of W.
(ii) If peAut(A) and feA™ and ge A®, then the equality

(4) by ooy by) = g(binﬂy ceen by )
implies the equality
(5) (@f) Bayoeer b)) = (99) (B, s oen By )-

Proof. Statement (i) follows readily from [2]. To prove (ii) suppose
that elements of the sequence i,,...,1%,,; belong to the set {j,,...,Jj,}.
Then we can write (4) in the form

f(egl)"”’e() (_717 i) J,.) —9(6¥i+1,---,0§,',),+k) (bjly"'ybj,)
for some py, ..., P, r€{l,...,7}. Hence
f(e;,rl)y eg‘,),) =g(eg)+1’ ceey §,:Z+k)

In view of (2) and (3) we get

(@f) (€ s €52) = (pg) (€5}, s -oer ), )
and (4) follows.

4. Proof of the theorem. To simplify notation let b (or b with an
index) denote a finite sequence of the form b] y o b,-n.

(a) If 7,4 # 1,4 and a = f(b), then (rlf # (13 f) (r;b). Hence
if 7,b; = 1,b;, iel, then 7, = 7,. Therefore the ma,pping T (a,7") is
one-to-one.

Given (a, p)eAut(A)x Aut(4) and a = f(b), define

oa = (¢f) (ab).

In view of (ii), o does not depend on the choice of f and so it is a trans-
formation of A (if a ranges over A). Further, if

oa = (¢f) (b,) = (¢g) (b,) = oc,
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then, by (ii),
a = f(b;) = (p~'(¢f)) (b1) = (p™'(#g)) (B2) = g(by) = c.

Since {ab;};., is a basis of %, every element a ¢ 4 is of the form a = f(ab).
Hence o(¢p~'f) (b) = f(ab) = a and, consequently, ¢ is a permutation of 4.
Suppose now that a; = ¢,(b) for © =1, ..., m. Then

af(al’ ceey a’m) = Uf(gu sy gm) (b)
= (¢f) (g1y -y gm) (B) = (@f) (0@, ..., oa,,)

and so ¢ is a weak automorphism of .

(b) First we prove that

(iii) If aeAut(A), ab;, = f;(b,), tel, and @eAut(A), then the set
{of (D)} s a basis of AU.

In fact, because by virtue of (a) there exists a weak automorphism
of A such that v — (a, ¢), then, by (i), the image of the basis {f;(;)};.; is
a basis of A. On the other hand, 7f;(b;) = (¢f;)(ab,), iel.Since (¢f;) (b;)
= a”!(¢f;) (ab,), the result follows.

In view of what we have already shown, the mapping h(a) maps
the basis {b;};.; onto a basis {(¢f;) (b;)};cr (We assume ab, = f;(b;)). Hence
h,(a) is an automorphism of 2.

Suppose now that h (a) = h,(B) and

(6) ab; = fi(b;), pb; = g,(bi), del.
This yields
(¢f) (b;) = hy(a)b; = hy(B)b; = (pg,) (by).

Because of (iii), we get

ab; = f;(b;) = (‘I’_l(‘sz‘)) (b;) = (Q’d(q’gi)) (b;) = g;(b;) = pb;, vel,

which gives the equality « = f.

Further, if a is an automorphism of U such that ab; = f;(b,), t¢ I,
then, by (iii), the set {(¢~'f;) (b;)};c; is a basis of A. Consequently, the
mapping B: b, — (¢~ 'f;) (b,), teIl, determines an automorphism of A.
Clearly, hy(B) = a. Hence the transformation h, is a permutation of the
set Aut (). Moreover, if a and g are automorphisms of A for which (6)
holds, then

h¢(a ‘B)b;, = ‘P(gi(fu -""fm)) (b),
he(a)he (B)b; = hy(a)g;(B;) = (¢4;) (he(a)fr(B), ..., hy(a)f,.(D))

= (¢9;) (¢f1y -++s ¢fm) (b)),
and therefore h, is an automorphism of Aut(%).
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Let a be an automorphism of W with ab, = f;(b;), iel. We have

how(@)b; = ((#9)fi) (D) = (9(9f:)) (b)) = Ro(hy(9)by),

which completes the proof of part (b).

(¢) Let us suppose that 7, — (a;, 7)) and 7, — (az, 73). It follows
from ( ) that  T1Ty > (B, (1 75)*), where # is an automorphism of 9. Since
(1:75)" = 171}, we must only show that g is equal to a,h.s(ay).

Let a,b; = fi(b;), 1el. Then

ﬁbt = 1,70, = . fi(b) = (rffi) (a,by),
arhg(an)b; = ay(21f:) (B) = (£}f) (ayby), el
Since f and a,h,s(a,) are equal on a basis, they are equal everywhere

and the theorem follows.

Remark. The converse of the theorem is false. In the algebra
A = ({1, 2, 3}; S there is Aut(A) = 1, Aut*(A) = 8, Aut(4) = Aut(S,)
= 8, and therefore Aut*(%) is the normal product of Aut () and
Aut(A4), but the algebra 2 has no basis (1). ’

(1) This example was suggested to me by J. Dudek.
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