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1. Introduction. Let f be a real-valued, additive, and prime-
independent (%) arithmetical function. If f satisfies some growth conditions,
then the asymptotic formula

x
Y f(x)=f(2) x log log x+A-x+0(]0g x)

ns<x

holds, as was shown by S. L. Segal [11] (see also Duncan [2])(3).
In the special case f =, B. Saffari [9] deduced an asymptotic

expansion for ) w(n), namely(*)

nsx

n X x
ngxw(n) = x-log log x+ B, x+ ’; C,: (log +0 ( og 0T 1),

where the constants C, are given by

_ °°.:t_} —1 _(-U"‘.i’_((s—l)C(s)
C, = J 2 (log 1)~ ' dt — — |
1

In this formula, |1} denotes the fractional part of r.

(') This note was written, when the first-named author was staying at the Johann
Wolfgang Goethe-University Frankfurt as a research fellow of the Alexander von Humboldt—
Foundation.

(3 f is called prime-independent, if the map (p, k) — f(p*) is constant with respect to p.

() These results extend similar, well-known results for special arithmetical functions, e.g.
for f(n) = w(n) (the number of different prime divisors of n), for f(n) = Q(n) (the total number of
prime divisors of n) and for f(n) = Q,(n): =a*+ ...+, if n=p;'...p,” (see Duncan [1]).

(4) In fact he proved a result with sharper error terms.
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In this note we prove a result along these lines in a more abstract
setting. We are concerned with additive prime-independent functions defined
on arithmetical semigroups; our aim is to obtain an asymptotic expansion
with a “good” remainder term.

An arithmetical semigroup % is an abelian semigroup (written
multiplicatively) with identity element 1 and a countable set P = {p,, p,, ...}
of generators (which are called the “primes” of %) such that every element
a#1 in % has a unique factorization of the form a = p;'...p,", and
equipped with a norm ||-||: ¥— R satisfying:

(1) lla-bl] = l|all-||bl| for all a, be %, ||1|| =1, and ||pl| > 1 for any prime
peP.

(i) The number

Ng(x) = # {ae ¥, |la|| < x}

of elements ae % with norm ||a|] < x is finite for any real x.
Moreover, we assume that all arithmetical semi-groups under consider-
ation satisfy the so-called

AxioM A. There exist positive constants A, 4, f, and a constant 7,
0 < n <4, so that the asymptotic formula

(1.1) INg(x)—A- x| < B, - x"
holds, where (without loss of generality) g, > 1.
For further details and background we refer to J. Knopfmacher’s book
[4]. Put
w = min {||pl|, pe P}.
THEOREM. Let g be a real-valued additive arithmetical function defined on

an arithmetical semi-group % satisfying Axiom A. Assume there is a “prime-
number theorem for g, i.e., an asymptotic formula

(1.2) | Z g(p)—G'li(x")l < By x*exp(—Bs J1og x);
peP.lipll €x
furthermore assume that for o > 2
(1.3) lg(P) < Bs-@, where 1<0<w’™", B, >1.
Finally, suppose
(1.4) Y g < Bs-x°.
lipll <x
Then
(1.5) Y g(m=G-A-x’log log (%)+B,_,~x"—
ml <x

-Gx*J (x)+ R(x),
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where

vXx

(1.6) J(x) = f
1
and where, with an absolute O-constant, the remainder term R(x) satisfies(®)
(1.7) R(x) < B,(B,+A) H?> Lx
x {x¥3+12 4 x3=¢ 4 x3.exp(—4 B3 \/log x)} -log x,
with the abbreviation

1 1
H= max%ﬂz, , 0, |Gl, A, B, Bs, 0, w L}

A tP—Ng(t)
t'*%(log x—logt)

By’ 6—n " log w
¢ is defined by 0 = w? "2 and so 0 <¢ < 44. Finally

1
—l —————— 7

1, if 6 =2,
5
Ao = [;J‘f’ 1.

Remark. There is an asymptotic expansion of J(x) in terms of
negative powers of log x,

(1.8) J()—fc*- : +o( K S
. x =& T oghx @—nF+ 1 Jlogk*Tx * xB- 2

where

with an O-constant not depending on K. The coefficients C¥ are given by

wAd__ -1
C,‘=J i tf”("-bg: 73

w

2. Proof of Theorem. We decompose ) g(nm) in the following

way(’) Hnll €x
@.1) T gm=3 ¥ g0
=l €= lInll €x | n
X X
—3 . A _N AT
PRy {N'<up’||) ’(up'“u)}
=Z,—Z'Z+Z'3,

(') It is possible to state explicitly the dependence of R(x) on B2, Bi, 9, ..., etc. For the
application in Corollary 2 we only stress the dependence of R(x) on f,.
(> Alin means: p* divides n, but p**' does not.



140 S. PORUBSKY AND W. SCHWARZ

where
21,) =3 90N ( )
s lipll
X
. = “Nol —

x
- )N o ).
iz N\
and where finally

e sl i)
’ T ) s "\l Tl

contains the remaining terms with exponents a > 2.
To estimate the sum X, we split it into three sums in the following
manner, canonical in divisor problems (see for example Tull [12], [13]).

22 = Y ( Y g+

hmil <vx Il pll <x/limll

+ 3 g ¥ 1= 3 g Y _I

lpll Svx- lImil <xfil pll llpll €vx [Im] €vx
=X +2,,—-25.

Suppressing the details of the calculation('), as there is a similar
manipulation in the proof of Satz 1 of [10], we find

(2.3) 21 =G A x¥1i(x¥*)+G-A-x*(log log x—log log x'/?)
—G‘XJ'J(X)+R“,

(23,) f;2=G~A~x‘-log log x+ B, x*+R,,,
and
(2.33) 213 = G'A'x"’zli(x"/z)-f-ng,.

For the remainder terms R,;, R,; and R,,, the following estimates are
obtained:

(24,) Ry, < |G|B, - x¥**"2 4
+(A+B,)0B, x’log x-exp(—1p; J1og x),

(24;) R,, < B, s (1 +5—16)‘x"’2+"/2+GAw"+

+ B, A-{1+6 log x}-x*-exp(—1B; /log x),

" Es#entiaily done by use of (1.1), (1.2, and partial summation.
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and finally
(24,) Ri; < Bi(IG]+B) x®* ™2+ AB, x* -exp(—1 B, Vv 1og x),

where all the implied O-constants are absolute, i.c., independent of 8,, 8,, B,

A, G, 6, n.
It is not difficult to prove that
(2.5) Z,=ABy x*+R,,
where
g(p)
B,=) —
? ;Ilpllz"
and where
A+1+ o if 6#2
(2.6) R, < By Bs 'X"”'% 162y’ &
A+1+délog x, if 6 =2n,

and the implied O-constant is absolute.
Finally the sum Z; will be estimated in the following way:

X X
% = ..,«,.szx.,;zg ") {N’(m)"v’(uw‘u)}

1 1
=45 00 { i~ + R
Il gr.azz Wpli> g~ * e ?

using Axiom A. Extending the summation over all “primes” of ¥ we obtain

(2.7) Zy=A-D-x*-Rj+Rj,

where

is a convergent series by (1.3) and

Ylpl™# < Y (Iml| =% < oo,
me¥

and where

X x Ax® Ax®
28) Ry= ANg(-Z)-N - ,
2%) ? upangx.a;zg(p‘) { s"("P"") ’(IIP’“H) ||P'||"+||P’+l||‘}
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and
(287) Ry=Ax* Y g(p‘)'{ : = },, ,}.
pas>2, ® ™l
Il >x
By (1.3) it is possible to estimate |g(p*)| by B,-6", where 1 <6 <w®™". Put
(29) 6 =wr2,
then

0<e<i(6—n).

o

K = [log x].
log w

Then (with absolute O-constants)

Fix the integer

and abbreviate

x"

R’; <« 2 ﬂ4?'ﬂl :
P2l <x,2€a%K "P‘”"

<B‘ﬁ1-x"-{ ) )

2<a<ag Il el <x1/2

y

AR I, 0'}‘

ljag ag<a <K

el <x
Since, by partial summation from Axiom A, for any t > 0,

1 1
— g - S(A+B)0° " +1) U, (y),
||p||<,||P|| h mé’.llmll(y"m” ! bel

where

T
1+———, if 6 #1,
Us:(y) = |6—1
l+zlogy, iféd=r,

we get, noticing that
0K < wid— 7~ 20 logxflogw _ y3-n-2e
the estimate
(2100 Ry < BB, X" {0o 0" (A+B,) (x> 7"+ 1)- U, 3, (x)
+(A+B,) "0 log x- x#~ "~ 22

< By Ba(A+ ) {ao 6" (x¥2+x")- U, 4, (x)+ x*~¢log x}.
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Before dealing with R}, we notice that for o > 2

1 1
2.11) _ < .
,,,E,u.llpll ’ me’.llmzll > pi/allmil*?
Ng(u)du
=a '6 - W
,l/a
< 2(A+py)-y 4o,
Now we split
1
Ry < ) Bo 0" ——7-A-x°
pa2 22l >x lipll

1 1
= o + & ) —
{ZSGZSGO ||p¢y|-,:>x"P”“ ao<z¢$K ||p’§>x"p”“

0 Yl.p. 4.0
* ||p§>w agx (”p”',)} B4 Ax

=Py A x° {Ry, + Ry, +Ry3).

At first, using (2.11),
(2.12) Ry, <o 0°0-x7%492.2(4+8,).

Next, remembering that 6§ = w?~"~2 and K < log x/log w, we obtain

(2.12,) Ry < ) 6°-2(A+B) x~%*0

ag<as<K

< 2(A+B,)x *T0-0%-K
< 2(A+B,) - K-xM0n %

log x

< .y N—E, .
2(A+B1) X log "

And finally, first summing the geometric series, we get

0\~ !
(2.12y) R;33 < (1_9) - @losxflogw+ 1. 3" || 5|~ &K+ 1)
P

w

-1
<0 (1 —ia) AT YA 4 By) WK

-1
< 0w (1 —%) 2(A+ ) x %,
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Thus the remainder terms R; and Ry are less than
const(B,, Bs, A, 8,1, 0, w)-x*"¢-log x,

and the dependence on the parameters B, B,, etc. is explicit. Collecting the
estimates (2.3) and (2.4), (2.5) and (2.6), (2.7) and (2.10) and (2.12) we get the
Theorem.

3. Corollaries. The following result embodies some implications for
classical arithmetical functions, for example an improvement of Theorem
6.24 of [4] (p. 165).

CoROLLARY 1. Let g be an additive prime-independent function on an
arithmetical semi-group % as in the Theorem, satisfying (1.4) and

lg(P) < By 6 for 222,
where 1 <0 <w?™". Then

Y g(m=A-g(p)x’log log(x’)+B-g(p)-x*~

lInlf €£x

—g(p) X*J (x)+ O (x*-exp(—4 B, | /log x)).

The proof follows immediately from the Theorem and from the abstract
prime number theorem(') in a form proved by H. Miiller [8]. If ¥ satisfies
Axiom A with 6 = 1, then

Ty(x) := Y 1=1lix+0(x exp(—p3%./log x))
pel.llpll sx

according to H. Miiller. Using the “normalization principle” from
Knopfmacher’s book ([4], p. 78) we obtain

q(x) = li(x})+ O (x’exp(— B, \/log x))

with a suitable constant f; > 0, if ¥ satisfies Axiom A in the form (1.1).
The next result improves the remainder term of the Theorem from A.
Mercier’'s paper [7], if stronger assumptions on Y g(p) are taken for

lipll <x

granted ‘than in [7](%). For the formulation of Corollary 2 we need the
Euler-type function(®) ¢,, defined for ac %4 and real r by

= Il (‘ - ||;n")‘

_ (') For further references concerning the “abstract” prime number theorem see Knopf-
macher [4], Chapter 6. See also H. G. Diamond, lllinois Journal of Mathematics 14 (1970),
12-28 and 29-34.

a

d

@, (@) =) p(d)-

d|a

1
() A. Mercicr only assumes Y —-lg(p)—al < o.

(%) See [4], p. 108.

14
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and the function 2°®, counting the number of square-free divisors of a in %.

CoOROLLARY 2. Let g be an additive arithmetical function satisfying the
hypotheses of the Theorem. Then for given ke % the asymptotic formula

@;(k)
(n)=A-
llnll < xtnky =1 g lIk||®

—C (k) x*J (x)+0(22*® - x*-exp(—13 B3 \/log x))

-G -x%-log log(x%)+ B (k) x*—

holds, where the O-constant does not depend on k.

Proposition 1.3 of [4], Chapter IV, p. 77, shows that the semi-group
%4 (k> of all those elements of %, which are coprime to k, also satisfies Axiom
A, provided % does; more precisely

Ng(k)(x)—A._qﬁ_‘;(%.xd < By 290 xn,

if % satisfies (1.1). Taking into account that ¢;(k)-|lk]|"% < 1, an application
of the Theorem gives the result.
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