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IDEMPOTENT WORDS IN NILPOTENT GROUPS

BY

ERNEST PLONKA (WROCLAW)

0. Aword w(,, ..., x,) in a group G is called idempotent if the equality
w(x, ..., ) = x holds for every ze@.

In this note we prove the following

THEOREM. Ewvery idempotent word in a milpotent group is & superpo-
sition of the words xyz~' and z.

1. Let us recall the identities

(1) [y, 2] = [=, 2][=, 2, y][y, 2]
and
(2) [z, y2] = [=, 2][z, y1[=, ¥, 2]

which hold for every group G. From (2) we have
1 =[x, ?/?/—l] = [, ?/_l][wa yllz, vy, y_l]y
whence we get another well-known identity

(3) [, 9’1 = (=, y1[=, ¥, ?/—1]°

The set of all words which are superpositions of the words xyz~!
and z we denote by {ayz-1}.
2. LEMMA 1. In a nilpotent group we have xy~'ze {@yz-1}.
Proof. We have
y[e™, Y1 =2y’
and
ylehy, vy 1=yle 91yl yly ™ = (y[z7h Y1 )y (e 9177

Hence y[2~', y]~' and y[27, y, y~'] belong to {@wyz-1}.
Observe that if yke {wyz-1}, then y[k~!, y~']e {wy2—1}. Indeed, we
have y[k™%, y™'] = ykyk~'y~' = yky(yk)~".
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Let us write

1

o =[2"Yy,y”'] and wpy =luz’,y7']  for n>0.

Hence we see that all members of the sequence yu,,n =0,1,..., are
in {wyz-1}. We have also

1 -1

'Y,y
y ¥y~ = (aye )y (y [, y17) e {wy2-1},

B2 Yy = 227y Uy, 7] = (227 yu,)y (yu,)

Using the induction on n, we see that all members of the sequence
xz~'yu,, n = 0,1, ..., belong to {wyz-1}.

Since the group is nilpotent, say, of class N, we obtain %, = 1 for
n > N. This yields 2~y e {vyz—1}. But zy 'z is a superposition of zz~'y
and

Y,y 1] = ayz 27, y][2

-1

x2" ' yuy = w2 'y [z~

= ays" 'y [z

e(®,y,2) =2, €(2,9,2) =y, @, 9,2 ==z,
Thus, the proof of the lemma is complete.

LEMMA 2. In a nilpotent group we have y“'wze {ryz-1}.
Proof. From the identities

2[y™ @] = 2(yoy™) 7w, 2[w,27'] = 2w 2(ew™) 7,

1

2w, 2711 = 2wz(2w)™!, 2w™!

=z(ew) 'z and 2w'w = 2w (2w )"z

we infer, by Lemma 1, that z[y~', 2], 2w™!

{wyz-1}, provided 2w, 2w’ do.

Hence 2v,e{wyz-1}, n =0,1,..., where v, = [y}, x,27']"
Vpy1 = [Vn, 27'] for » =0,1,...

Let us put ¢, = [y~ Y, ,2] and ¢,,., = [¢,,27'] for n =0,1,... We
check that v, = ¢,¢,,, for n = 0,1, ... It follows from (3) that v, = ¢,¢,,
while equality (1) gives

, 2w'w, z[w,2z"'] belong to

1 and

Vpsy1 = ['vfn z—l] = [cncn+17 z_l] = [0n7 z_l][cn+l7 z—l] = Cp41Cn42-

Since the group is nilpotent of class, say, N, one can express ¢, as
a word W on “variables” vy, ..., vy. Thus

20 [y~ 217t = 2W [y, 2] e {yz—1).
Finally, we get
y oz = ay~l2[y™ 21y, @, 2] = wyTe(ze [y, 2]7Y) e,
which shows that y~'aze {wyz—1}.

3. The proof of the theorem follows now by [2], where it is shown
that in an arbitrary group every idempotent word is a superposition of
the words = 'yz, xy2~! and .
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