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ON RECURRENT SPACE
WITH RESPECT TO METRIC SEMI-SYMMETRIC CONNECTION

BY
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1. Introduction. Let M be an n-dimensional Riemannian manifold ad-
mitting a metric semi -symmetric connection. The purpose of this paper is to
define the recurrent space with respect to metric semi-symmetric connection
P and to study its recurrent properties with respect to metric semi-
symmetric connection. If the Ricci tensor with respect to V is zero, then a
sufficient condition for a semi-symmetrically recurrent space is obtained in
terms of the vector field associated with the conformal transformation and
the conformal curvature tensor. This shows that either the space is con-
formally flat or the vector field associated with the smooth function p is null
whenever the space is Riemannian recurrent. Finally, we consider the
conformal transformation and prove some properties related with it.

2. Preliminaries. Let M be the Riemannian manifold with metric tensor
g; and a metric semi-symmetric connection [3]. Then I} is given by

h
(2.1 ri= %} %+6"p. gii P

h . . .
where %} denotes the Christoffel symbol, p; is a covector, and p* = g" p,.

ji

The curvature tensors K,;" of I'

h
and K,;" of { } are related by

(2.2) Kokj"h=Kkﬁh_Pﬁ6J"'+Pk"6}'—gﬁAk +gk,'Ajh,
where P;; is given by
(2.3) P; =V;pi—p;pi+ Yg; pnP".
h
V' denotes the covariant differentiation with respect to %ﬂ% and A =4" P;;.

The concepts related with metric semi -symmetric connection are denoted by

5 — Colloguium Mathematicum XLVIIL1



64 S. S. PUJAR

the letters with the circle above them. Let K ji be the Ricci tensor with
respect to V.

Since the connection I'; is linear, we define the recurrency with respect
to V as the space in which the curvature tensor of metric semi-symmetric
connection satisfies the equality

(24) Vi Kyt = ki Ry

where K, is the non-zero vector field of M. Such a space will be called a
semi - symmerrically recurrent space (shortly, an SSR, space). For n > 3, the

Weyl conformal curvature tensor of M is given by

1
ijih = Kkjih'm(gkh Kji —djn Kii+ Ky 9ji — Kﬂ-gki' +

+ K ( )

P TY TS i —Jindii)s

(" — 1)("_2) .’k'l gjl .Ijh Jkl

where K; and K are the Ricci tensor and the scalar curvature of M,
respectively.

3. Recurrency relative to metric semi -symmetric connection. Throughout
this section and the next one we assume that the dimension of M is greater
than 3. We now prove the main theorems.

TurorFM 3.1. Let (M, g) he an SSR,-space with vanishing Ricci tensor.
Then the conformal curvature tensor satisfies

(3.1 P'Cijit+ P Cii"+ P Cui” + 9 oy =0
whenever (M, g) is Riemannian recurrent.
Proof. The covariant differentiation of (2.2) with respect to ¥ yields
(3.2 v, kkjih =P, Kkjih—(skh v, Pj'i+6jh ViPu—g; v, Pl +gy v, Pj",
where P; is given by (2.3). Using (2.4) and (2.1) in (3.2), we get
(33) kK" =V K" +6"p Ky —p" Riju—
= Px klﬁ"‘*‘Ql& r km""l’j Kw""‘gu!" kku'h'-pi I&k]lh"'gli r Izkﬁh—ékk Vl P;+
+4 4 Pyi—g;i P Pr+gy v, Pjh'
Substituting for K, ;i the right-hand side of (2.2), we obtain
34 ’El Kii*' = Vi K\;"+6/p, Kkji‘ -p Kkjl‘l_
+ Px Izu:" +gup K:ﬁ" —Pj Ky +g,; P K- pi Kkjlh +
+ii P Rujl" =8 (V) Py~ K, Py) +0,"(V, P~k Pyy) —
"gji([}l th—’;l Pk")"'gu(l}l Pjh_’zl Pj")-
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If (M, g) is Riemannian recurrent, then
(3.5 5:’]’. kkji‘_ph kkjil—pk klj.’"*‘?hk r ku‘ih_pj kklih"'
+9u P Kui"—p; kkﬂh"'gulfkkﬁh"az(f’: P;i—k P;)+
+5}'([}1 P —k, Pki)—gﬁ(ﬁl th.-,:l Ph+g (¥, Pjh—":l PMH=0.

Contracting (3.5) with respect to h and k and taking into account the
vanishing of the Ricci tensor, we get

(3.6) (n=2(V, Pj—k Py) = —g;;(V, P—k, P),
where P = g’ P;. Transvection of (3.6) with ¢/ yields
3.7 (n—1)(V,P=k, P)=0.

From (3.6) and (3.7) we have

(3.8) (n—2)(V, P;—k P;) = 0.
Since n > 2, from (3.8) we obtain

(3.9) ViPj—k Pj; =0.
Substitution of (3.9) in (3.5) gives
(3.100 &/ p, Kkji‘—ph Kuu—Pk Kljih’*'gl:plkrﬁh_
—Dj kklih"'gljp’ Izmh—l’i Kkﬂ""‘.‘lu P kkjlh =0.

Now, contracting (3.10) with respect to h and ! and using the equality 12,‘,.,."
= C,;", we get (n—1)p,C,;' =0. Since n > 1, we have

3.11) p,Cijit =0.

Substituting (3.11) into (3.10) and transvecting the resulting equation with
9nms We get (3.1).

TueoreM 3.2. Let (M, g) be an SSR, space with vanishing Ricci tensor.
Then either the vector field p; is null or the space (M, g) is conformally flat
(n > 3) whenever (M, g) is a Riemannian recurrent space.

Proof. Since K;; = 0, we have (see [1]) K,;" = C,;" Transvecting (3.1)
with p, and using (3.11), we find (p*p,) C,;;, = 0, which completes the proof.

Note. We have assumed that (M, g) is Riemannian recurrent with
recurrence vector field k;, that is k, = k,.

4. Conformal transformation. Suppose that a Riemannian manifold with
metric tensor g admits a metric scmi-symmetric connection whose Ricci
tensor vanishes. Then we can see ([4], [3]) that there exists a local function p



66 S. S. PUJAR

such that n = dp. Denote by p; the local component of the 1-form n. We
thus consider the conformal change of the metric

4.1) g* = e¥yg.

Setting K, i, = gu Kyji' we have K = — Kyjiy and Ky = — Kyjin- Since m is
a closed 1-form on M, the curvature tensor of metric semi-symmetric
connectlon satisfies the Bianchi first 1dent1ty and, therefore, we get (see [4])
K,,,,‘J K,q,,, Any tensor with respect to ¢g* and the corresponding tensor
with respect to g will be denoted by the same letter with asterisk. If the
smooth function p induces the metric semi-symmetric connection V and the
conformal change of the connection V, then

. /
4.2 rl = {j:.}ﬂs}' pi+orpi—g; p",

are the components of V. From (2.1) and (4.2) we get
I =rh—stp,.

We find that (see [3]) I&,u-,-,, = IE,U-,-,,, where IE,‘,-,-,, is the curvature tensor with
respect to g*. For easy reference we quote the following theorem due to
Yano [5].

THEOREM A. In order that a Riemannian manifold admit a metric semi-
symmetric connection whose curvature vanishes it is necessary and sufficient
that the Riemannian manifold be conformally flat (n > 3).

THeOREM 4.1. If (M, g) is an SSR, space with vanishing Ricci tensor, then
either 1he recurrence vector field of (M, g) with respect to the SSR, space is
twice the vector field associated with the conformal transformation or the space
(M, g) is conformally flat (n > 3).

Proof. Let k, be a non-zero recurrence vector field with respect to an
SSR, space. We have

where I j’,

(4.3) v, kkjih +V kﬂih + l>j Kuin = ki kkjl'h +ky leih + I;j Kyin-
On the other hand, we see [4] that

(4.4) Vi K"+ Vi K"+ V; Ky = 2(p Kiji*+ p K+ p K-

Comparing (4.3) and (4.4) we find that

4.5) (ki—2p) Izkﬁh +(k—2p) K jlin +(k i—2P)) Kyin = 0.

Transvecting (4.5) with g™ and using K; = 0, we have

(4.6) (ki—2p) K,;i' = 0.

Multiplying (4.5) by k'—2p' and using (4.6), we get finally
4.7) (ki—2p) (K'—2p") kkm =0.



METRIC SEMI-SYMMETRIC CONNECTION 67

Thus from Theorem A and (4.7) we infer that either the space (M, g) is
conformally flat or

, ¢

kl = 2(,‘—.5
This completes the proof.

We know that if the Ricci tensor with respect to i’ vanishes, then there

exists a Riemannian metric ¢* (= e*’g) conformal to a given metric ¢g. Thus
Theorem 3.2 takes the following form:

THEOREM 4.2. Ler (M, g) be an SSR, space with vanishing Ricci tensor.
Then either the vector field associated with the conformal transformation is null
or the space (M, g) is conformally flat whenever (M, g) is Riemannian
recurrent.

THEOREM 4.3. Ler (M, g) be an SSR, space with vanishing Ricci tensor but
not conformally flat. Then (M, g) is symmetric in the sense of Cartan whenever
(M, ¢) is Riemannian recurrent.

Proof. By Theorem 4.2, the function p in (4.1) is constant.
Consequently, from (3.4) we obtain V,K,;" = 0; thus M is symmetric in the
sense of Cartan.

THEOREM 4.4. Let (M,qy) be an SSR, space with vanishing Ricci 1ensor.
Then either the vector field associated with the conformal rransformation is null
or the space (M, ¢) is conformally flat whenever (M, g*) is recurrent.

Proof. Since ¥, l&,u-,-,, =K, If,d,-,,, k, # 0, taking covariant differentiation
with respect to I we obtain

(4.8) v kkjih_,;l K" = 2p K" = 2p, kkjih'

The theorem now follows from Theorem A.

Turor'M 4.5. Ler (M, ) he an SSR, space with vanishing Ricci tensor
and not conformally flat. Then (M, e* g) is symmetric in the sense of Cartan
whenever (M, " y) is recurrent.

Proof. From Theorem 4.4 it follows that the vector field associated
with the conformal transformation is null. Therefore, by Theorem 4.1 and
(4.8), the theorem follows from (3.4).

5. Conformal curvature tensor with respect to metric semi-symmetric
connection. Let p be a smooth function on M arising from the conformal
change of a metric g* on M, that is, let p be such that a metric g* on M is
conformally related to g by g* = e?’g. Let C,U-,-,,' be the conformal curvature
tensor of M relative to V. Then we know [1] that the conformal curvature

tensor C with respect to ¥ is equal to the Weyl conformal curvature tensor
C of M:

(5.1) ijih = Cyjin-
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Differentiating (5.1) covariantly and using (2.1) we get
(5.2) Vi Ck jin = V1 Cyjin—=Cijin Pc + Cyiin Pj+ Cijin Pi + Cujir P) +
+ P (Cijingu+ Cujin 91 + Crain 91+ Cujie Gn) -
Transvecting (5.2) with ¢ we obtain
P Ciyi' = VGt +(n—1) p, Cyyi.
We assume that ¥,C,;' =0 and ¥,C,;' = 0; then
(5.3 pCyi' =0.

Multiplying (5.2) by p* and using (5.3), we obtain (p*p,) C;;;; = 0. We thus
have

THeoreM 5.1.. Ler V,C, ;' =0. Then (M, g) is conformally symmetric iff
the vector field associated with the conformal transformation is null or the
space is conformally flat.
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