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1. Preliminaries. Given a function f(s) Riemann-integrable over
any finite interval, and 1 >0, let

z; f) == a,o—}— Z(akcos + b 8in k-;:w)

k=1 .

be the n-th interpolating polynomial with nodes
8 =2/2n+1) (j =0, £+1, £2,...).

Denote by I (x; f) the polynomial conjugate to I’(z; f), that is

~ k k
If,_(w; f) = Z(aksin 7;“. —b,.cos T;w)

k=1

Write, for » < n,

1 : kna . kna
If,,.(w;f):—z—ao—l-Z(a,,cos 7; + b, 8in T; ),

k=1

. ) )
If.,.(“’;f)=2(aksin :w — by, co8 ;m),

k=1

! (e 5 (m: _i'_l”t .
Oha (@3 f) = ZI,,.,.w T (@3 1) == D o m(@; ).

m=0 M=l

Using the integral notation as in Section 1 of [1], we easily get the
fundamental formulae

l
L@ ) =7 [ f5)Dis—a)dole),
oy
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4
e )= =7 [f0Ble—odol),

1

1
@ £) = 7 | F(8) El(s —2)do(s),
l _‘f‘

1
- 1 ~
B ) = =7 [FO) Eis—a)dl o),
21
where
in (2 1)
v ni{4y —_—
. kr 21
D,(t) = - + E cos = ,
l . wt
k=1 28in —
21
v 2y +1) —
_ kw1 m s@HD)
D,(t) = Zsm = —CO0 —
k=1 l 2 2l 281nn_t
21’
.oyt 2
1 y—1 1 sin 21
K1) =— Y Dh(t) = ,
Y 2v .omi
m=0 sin —
21
. vrt
. sm—l
i
D! (t) = —cot —
2 co 21 9sin i \2
i i’

(cf. [2], p. 4, b, 8, 21, 22, 48 and 54).
As in the 2rn-periodic case,

fD’ 8 —x)dwl (8) =%[ (s—x)dol(s) =1

and

1 i
[ D (s—)det,(s) = [El(s—a)dol(s) = 0.
=1 2
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Therefore, for example,

[
1
O @ H—f@ =T [ {6 —f@}Es—a)dals),
-1
T L l D} 1
@ @ ) = =7 [ {f6)—f(@)}Di(s—o)dak(s).
i

In [1] we have presented some theorems concerning convergence
of I' (z; f) as 1 —oo, (I/n) —0. Here the behaviour of o, ,(z; f), I, («; f)
and 5’,,,, (z; f) will be examined. Considering the penultimate sum we
introduce the following expressions:

z—1ly z+1
- 1 n(s—a) . ,
Folo) = — & ( [+ Jr[/v){f(S)—f(w)}cot——zl ol (s),
z-—1fy x+1
. 1 . —
@ = —=( [+ [)1OTD g,
z—1 x4y

Yo () =f(@w+1)—f(z—1).

Our investigations extend the corresponding results given in Chap-
ter X of [2].

2. Convergence of o} ,(z; f). In this section we examine the point-
wise and mean convergence of the indicated operator, assuming that
l—>o00, (Ifv)—=0.

THEOREM 1. Let f(s) be a function Riemann-integrable over every finite
interval, continuous at a fixed xe (— oo, co0). Suppose that there exist a pos-
itive number ¢ and a non-negative function A(8), non-increasing in the interval
{e, o), such that

lsT*f(8) < A(ls])  when [s| > ¢,
and

fl(s)ds < oo,

Then
l}'iflo one(@; ) =Ff@) (1—>o0).

[}

Proof. Without loss of generality, we may suppose that z >0,
l > 22,
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In view of (1),

z+1

1
Thol@; H)—1@) =3 [ {F6)—f(@} K (s —a)da (5) +
=1

z

z—-1 z+1

+%(_[ lf ) {f(8) —f(x)} K} (8 —2) A, (8) = P4, , () + (@, (2) — B, ().

Further,
z—-1 z+1
1 1 |f(8) —f (@) 1
0 @B @ <7 ( [ +[ ) doh®
-1 ! 2v |sin
21
z-1 z+1
9l IF(8)+1f (=) . ! If®)+1f (=)l . ,
ST 4 (x—8)? doa(8) + 2”zf (8—2x)3 deon(8)
and [f(8)] < 82A(s). Hence
(3) o (@3 f)—f(@) = Py (x)+0(1) asl—oo, Ir<1.
Choose, for a given ¢ >0, a positive § = (&) such that
If(8)—f(z)l <e if |s—=|< 4.
Then
1 z+0
P,@ =7 [ {fe)—f(@)}Els—a)dol(s)+
z—6
1 z—8 z+1
+7( [ + [ ) U0 -s@)Es—0)dwl(s) = 4+B.
z-1 x+0

In the case 1> 4,

‘z+8
&
4l <+ f Kl (s—z)dal (3) < e
z—-6
and
1 x4 z+1
|B|<7( f +

z-1 z+4 2y

I (8)] + 1 ()]
(8 —2x)
2l

= da(3)-

sin




272 R. TABERSKI

Proof. Retaining the symbols Pj ,(#), @,,(#) and R},(x) used
above, we have

l
{ [ 1dh,(@; H)—F(@)rda}
=1

l
<{ f P, (o) da}"" + f 9%, (@) da} " +{ [ IR}, (2)I" da}

=1
=W, +W,+W,.
Choose, for an arbitrary ¢ > 0, a positive 6 = (&) such that
?(t)<e when t<9.
Evidently, if I > 4,

i z+4
W< f % f K (s —2)dol (3) do+
-1 z—8
AT .
—a|)K! o))
l(f J;) (ls —z|) K, (8 — z) dw,, (8)| d
1 z-0 x4+l
1 B(|s —x|) r
<ar+ [13( [+ [) 7 do
) +—’[ ! x‘—j; +z+a s _'n:(s—w) T dvale) &
21

Since &(t) < Ot for ¢t > 0, where C is a positive constant, we obtain

r 1r
dm} ;

z— "/2 z+1

2le + f. )]s—wl”"zds

z+6/2

whence 1=V"W, < 4" ¢ for sufficiently small 1/».
Taking » >4, we have

me([ 7+ I+ R

=1 ~l42p =2

1
[ 176)—Fla)} B (s — o) dw o) da+

z+l

-2y l z+1

[+ [)|7] vo-r@)Es—sdue

0 -2y l

.
dx

= (4d;+4,+45)+ (B, + By).
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It is easily seen that

— 1420 1 .
A, < = fﬁ(s-w)Kﬁ(s—w)dw;(s) dw
-1 4+l
—1420lfy 1 l ,
< f 8(20) f Kl (s —2)do(s)| d
| o+l
21 l
<{#@2Y)) — <4071 —.
v y
Further,
Iz 1 .
A, < 1 |f(8) —f()| _dol (s)] do
l | . (8 —x)
=142l -+l 21”81[1 T — _2l__
—u2 1
l (s — r
—ifap | “Y 25 (20 +2—3)

-2

l T dx
<{%”9(2l)} f(l+w—l/v)'<

=142
N1, S(s—a)
Ay < N n(s—z) |? don
=iz| =+l 29|8in
21
0 1
l
< sa (8 —x)"%ds
4v
-1/2 z+ -1y
Analogously,
1-2lfy x+1
l de—x) ., |
: B< [ |5 ooyt W0k o
1—21/1' x+1
t Cl
\f e (8—x)r2ds| dx <
0 v -1y

8 — Colloquium Mathematicum XXIX.2

2 (C)" l
—| 1=,
r—1\2 »

r—1

r 3C0r .1
dwg%{ r}l—.
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i l+2l/v ] z+l

B, < f 27 J B(8 — )dwn(s) da;+ ! I (s —w)

— ———— dw, (8
2 (8 —x)3 ©n )
-2y -2l 1+ 2lf»

1+ 3lfy 1 z+1

1
r Cl
< f%f (8 —x)Vrds| dx + o™ f(s—w)”"zds
s 2 13Uy

l+1f»

o f

I-2lfy

r
dz

r

31 1/r+1
LA ) i

l )l/r— 1

2v (r—l) (H-

2l(r+1)(

5{ 5Cr }" l 1{ Cr }" l
<y — I —+—1—1—.
2 (2(r+1)) »  2\2(r—-1)) »

Thus,
llm W3 = 0 (l -—>oo)

ljv—0 lllr
and, by symmetry, the quantity W, can be replaced here by W,. Hence

the theorem follows.
In the case r = 1, relation (4) is true when #(¢) < Ct for ¢ > 0 and

(I/r)log» — 0.

3. Convergence of jL’,(w; f) and o} ,(#;f). Now we shall prove the
following

THEOREM 3. Consider a function f(8) Riemann-integrable over any
finite interval, continuous at a certain we (— oo, o0). Suppose that there
exist two positive numbers ¢,y and non-negative functions A(s) and u(s)
monotonic in {c, o) and {0, y), respectively, such that

ls7If(8) < A(ls])  if 18l=e¢
fx+8)—f@) < u(lt]) of RI<y

Moreover,
f}.(s)ds< oo and ft_l,u(t)dt< co.
Then c °
tim (0 1) = - [ 22 (oo,

(The last two integrals are taken in the sense of Lebesgue.)

Proof. By the assumption, A(8) is non-increasing in {e¢, o), 1(s) =0
as 8 —o0, and u(8) in non-decreasing in {0, ), u(0) = 0. As in the proof
of Theorem 1, let # be a non-negative number and ! > 2x.
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In view of (2),

z+1
B, f)= -7 f {£(6)— (@)} Di(s —2)duwh(s) +
1 =c+l_ xz—1
+=(| = | ) {F(8)—f (@)} D(s — @) desh (5) = Fh () +G.
(- 7)
Since
17 TN I8 —f@)
@< T(f +f) _n(e—a) dwn(s)
21
z—-1
1)+ If (@ | g 3 T @ +If@)l
<I kOt _[ " dwh(s)
and |f(s8)] < [8|A(|s]), we obtain
(5) L, (@; f) = F, () +o0(1) a8 l—>oo, I/n<1.

Given any & > 0, let us choose a positive 6 = d(¢) such that

If(8)—f(@)l<e if [s—a]| <34,
and
34

f”—it—)-dt<s

0

Then, putting

t
cos(2v+1) -T—c—
H(t) =

11 !

28in —
smzl

we have
z+1»

- 1 .
Boy@—fan@ = =7 [ {6)—f(@)} Di(s —a)da,(s) +

z—lfy

-l z+1
1
+5( [ + [)v@-rsenBe—adde) = 4+8.
z—1 x4y
In the case I/r < d (L < v < n),
z+1»
£ 21 21
< Di(s— <Z(= :
4] lz_[,. 1D (s — ) dul(s) < ==+ 2n+1)<3s
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If 8<1< w8,
1 z—lfy z+06
[+ [)ue—f@yme—mae
x—6 x+1fv
x—lfy x4+
1 (|8 —=l) 1
< - + dwn(s)
! (xjc; z+lr  2|8in TI:(8—$)
21
x—1/y 8) z+4 #(s .’l})
— _ 1
< f 2(:1;-—8) davn (s )+z+.£v 2(s—wx) doop (8)
<3 f =l u(t)dt < 3e

(see [2], p. 17, 18 and 50).
Therefore, for all these ! and v,

|B| < 3e+%]( zf_o+ fl) {f(8)—f(2)} H, (s — &) dw}, (8)|-
z-1 x+4

Reasoning as in Section 2 of [1], it can easily be observed that two
last integrals tend to zero as !/» —0. Hence

IF;V( fnv( |<787

whenever I/y and 1/l are small enough.
Under the assumption § < ! < »d, consider now the difference

Z,,(@) = fi,(@) —fi,(@)
z—lfv T+l
_ 1(f v [t {l_n(s—.m cot"‘s‘””)}dw:,(s).

——1? s—xo 21 21
x-—1 x+1fy
Since
o (Is — ) (s—w)  m(s—a)
m(ls— (8 — (s — 1
— t d <6
(f + f) Is—a| 51 Ot 57 |dea(s) < 6e
x+ 1y
and
-0 x4+l

ns—a)  mis—a)| . 41f(@)
{ YR }d‘”"(s)l<(2n+1)a’

(f+])=

x-1 x+6
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we obtain
-8 z+1 (8 x) (8 )
— T(S—&
2L, (2)] < Be+ — (f + f) { cot }dw;(s)
AR 21 21

for sufficiently small /.
By our hypothesis, there is a 4 > max(d, 1 +¢+«) such that

z—A+1

(f + f),1<|t1)dt<e
x+4-1
Consequently,
(T T o o g
z—4 z+1 I | z—-4 z+l
<([+ )2 whwsz( [ + [)asasie
x—1 x+ 4 x—1 z+4
xz—A441 00
gz(i +x+il)l(ls|)ds<2s

when I >4, I/n < 1. Hence

2L, (@) < 4s+—’ f f P :1— (SZ;w)cotn(szzw)}dwf,(s)

if I >4 and 1/» are small enough. The last term does not exceed

z+ 4

Y|
(1— " ot ) ( f + [ )ir@idohis <
-4 x40
for sufficiently large ! and small I/n. Thus we have
| (w)l be,
whence
(6) P, (@) —fL,(@)] < 126,

whenever 1 [v together with 1/l are small enough.
Finally, we prove that

(7) lim f, (2) = — 1 f LZIUNPY
T 0

(I > o00).
Ur—>0
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By our assumptions, the existence of this integral is evident.
As before, for any positive 7 < 4,

z-—Ifr

l
(f+ f)i(li—)-dwf,(s)gﬁe if —<n9
|8 — | v
z—n x4+
and
z—n z+1
(f + f)f(—)d L(s)>0 if ——>0
z—-1 z+n -
Therefore,

Fart@+—( f + “AL,, ob(8)] <

z—1 x+n

for 1/v small enough. Taking an arbitrary 4> 4 and I > 4, I/n <1, we
obtain

”Jrfl) 22 au o) < 2e.

Hence
z—n

f.’.,.(w)+%(f + T) ff;dsl<4e

z—A4 x+n

if I/» and 1/l are small enough.
But
z—h

oo z+H
of"”t)dt_h f"’”‘()dt lim (f+x£)sfflads.

H—>oo z—H

Thus, relation (7) is established and, by (5) and (6), the result follows.

In Theorem 3 the sums fﬁ,,, (z; f) can be replaced by their arithmetic

means o, ,(2; f).
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