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ON SOME CONDITIONS FOR THE ALMOST EVERYWHERE
CONVERGENCE OF A CLASS OF INTEGRABLE FUNCTIONS

BY

R. DUNCAN (MONTREAL) anp D. SZYNAL (LUBLIN)

Let (2, o/, n) be a finite measure space and let {f,; k >0} be
a sequence of integrable functions on . Duncan(') investigated the almost
everywhere (a.e) convergence of the sequence {f,} under some additional
assumptions which are frequently met in practice. In this paper we extend
some of these results and apply them to studying the strong law of large
numbers.

For a sequence {f,; k = 0} of integrable functions on 2 and o > 0, we put
B,,=B,,(@) =[fl >a] = {o: |fi(w) >a}
and

k—1
Bn.k= ﬂ B}ijkk fOl‘ k>n>0.
Jj=

For n fixed the sets B,, (k > n) are disjoint. We put
Bn = Bn(a) = U Bn.k = [sgpl.ﬁl > a]
Zn

kZn k
and B = B(x) = () B,(«). Then
[kli_m 1Al > ] < B(#) < [gi_m EX!

It follows that u[lim|f,] > 0] = O iff u[B(«)] = O for each a > 0. With this
notation. we have

THEOREM 1. Suppose
(1) [1fd—=0 as n-oco.

() R. D. Duncan, Almost everywhere convergence of a class of integrable functions,
Zeitschrift fur Wahrscheinlichkeitstheorie und verwandte Gebiete 31 (1975), p. 89-94.
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Then, for every o > 0,

@ TmlepB@- 3 [ id<2im Y [ 2 h sy

n—x k=n+1 By n~o k=n By Sl"H

for all r =20, and also, for any given ¢ > 0 and every a > 0,

d |fi =Sl
(3) lim |ocps (B (o) — Z | 1fe- 1||<£:+211m Y

n-o k=n+1 By n—w k=n By, [ e —Se-1l"+&

for all r = 0.
Proof. Since |f,| > a on B,,(x), we have

au(By)=a Y pBo)< Y [ I

k=n k=n Bn,k

<§ f Ifk-fk-nl+§ [ el

k=n Bn,k k=n Bn.k

o

=Y [ Vicfdl+ 3 T UVecal+ J el

k=n B, k=n+1 By
Now, |fy-;]/ <a on B,, for k > n+1; hence

x

O<au(B,(@)— Y [ lfi-al < Z | Ih=h- 1|+5 | fa-1l-

k=n+1 By k=n By

Using the fact that u(B,(a)) | u(B(@)), (1), and the 1nequallty

LAl
.‘ '.ﬁ.lr |f;¢_.ﬁ—1|9

I |fi—femal <

we get (2).
To prove (3) it is enough to notice that, for any given ¢ >0 and
all r =0,

i jlﬁ‘—.ﬂ—1|<£+2i _[ [ fe—=fi-1l’

k=n B, k=n By |fe—Sfe-al e
Remark 1. Of course, if

| fi=Se-1l < gGLl(#) and |fi—fi-1/ >0 ae,

then it follows from Theorem 1 that
ap(B@)=lim ¥ | [fi-il.
n>xX k=n Bn.k
This is the case, e.g., if
fk = Sk f_ Pfs
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where

R
Sk =7(‘ Z T‘,f

j=0
with T a contraction on some I?(u)-space, 1 < p < oo, and fe I?(u). Here
Pf is the E(y)-limit of S, f (op. cit.).

Consider now a sequence {X,; k> 1} of random variables on the
probability space (€2, &/, P). Write

In this case we have
CoROLLARY 1. Suppose

(1) Elf—:l—>0 as n— .

Then, for every a > 0,

) lim [aP(B(x))—- f E

n—xo k=n+1

0 1 S r
<2lim ¥ E( 1S I(k_l)Xk_Sk—IIIB,,',‘)

Sk-1
k—1

IBn.k

n—~0 k= ,,k(k—l) ISk|'+k'a'

for all r = 0, where I, denotes the indicator function of A, and also, for any
given £ > 0 and every a > 0,

© s
(3) lim [xP(B@)— Y E 1| B
n—>wo k=n+1
o 1 I(k—1) Xy —S,—, /"
<e+2lim E I
etz m ,‘Z,,k(k—l) (l(k—1)X,—S,_1|'+k’(k—1)'s’ "n»*)

for all r > 0.

Hence, if the term on the right-hand side of (2) or (3') is zero, then the
strong law of large numbers holds if and only if

fo o}

Sy -
im ) El k-1l IB..,.(“)=0 for each a > 0.

n>o k=n+1

The following lemma allows us to give some useful estimates of the
right-hand sides of (2') and (3’).
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LEMMA. Let {X,} be a sequence of integrable random variables. Then, for
each a > 0 and any given ¢ > 0,

g S,
O (ls.|+ . |(k—1)xk—sk_1u.,,,,)

5 X2 X2
El, +2E ok I, +82E I .,
S8 E Bt R e T E XS] B

where k = n, and also

1 -1D)X,—-S:_,)
(5) E ((k ) k k 1) IB
k(k—1) " [k=1) X, =5, _1|+k(k—T)¢ Pt
X2 X2
< —I 1 .
SEEIB".k+68Ek X2 Bnk+ 2aE a8+'Xh||Sh_l|I""k

Proof. Let us put
Dy =[IXy <kel,  Ey=[k=1)IX,|~IS,_| > 0],
F,=[|X,,|>|S,_l|], k=0,1,..., Xo =0.
For any given ¢ < a < 1, assuming that

|

lSk—ll < a(k—l) and IS*I > ka on Bn.b

we have
1 IS4 .
k=1 (|S.|+ka (=D Xa=S-f "’"-')
1 | Xl + 1S - 1]
Ske=DE ™ ke G-DIXd+ISi- i) s, o0y +
1 E(k—l)Xf+k|Xk||St—1|+SE—1 _
k(k Y IS,‘_. o+ X.I +ka By x"Dy
2 & a :
< —22 E IBn.k”Dk-‘-E E I’n.h“‘D*+2—k E I‘""nok-*-
1 (k—1) X2 +Kk|X,|ISs- 1| +SE_,
+k(k— 1) E | Xl = ISk - 1| + kot Taomiens
1 (k=) X7 +k|X,|1Sx_ 1|+ 53—y
E B, v "DynF
k(k—1) |Su 1 = 1X,] + kot R

a 2
S (8 +"2I) E I’n,t””k-"i E IXkl Inl.lhb.khl"k-'-
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+% E I,n'.,;h,\pﬁhEI,n'knﬁkn,ﬁ% E Iy, ny0F,
S ("’L%) fony 8o B kafl(ski_a |x|:|Y s sy
< (s +21k) Ip, +82E 13— l))((i s Z“EW)%E I,

which proves (4) with a/k <e.
In an analogous way we get
1 (k= 1) X, =S4 :
|
©) k(k—1) E k—=1) X, —S,_ | +k(k—1)g "nk
1 (k—1)* X7 —2(k—1) XS, _ 11+ 5S¢,
< IB nD, +
k(k—1) (k= 1)1 X4l = ISy- ol + k(k—1)e i
1 (k—1)* X§—2(k—1) X, |Sx— 1| + S,

R—DT G- DX IS +k(k=De w0k

But
(7) 1 (k_l)z Xf—z(k_l)xk Sk-l +SE—1 .
k=1 [k=DIXJ =S, o[ +k(k—T)z  "nx"Pr
<« 1 g (k=12 X2 -2(k—1) X, S,—,+S2_, | N
Skk=1) " k=1D|Xy— IS, | +k(k—1)g  Pnr"PE
+ 1 k=12 X2-2(k—1)X,S,_,+S2_, o
k(k—1) ISe-1l—(k=1)| X, | +k(k—1)e By x~DyNEy
3 5 2 2
< &‘k_z E Xk I'n.tnbk”Ek-'-s_k_z E I'n.knbt“£t+kTa E IBn,k”Dk“E-k
sz az 4a2
< 68 E k182+Xk2 IBn'kf\DkﬁEk'*'ak—z E Iyn’hnbtnzk"'sk_z E I'n,k"‘”&“it
and
® 1 (k=12 XZ-2(k=1) X, S, _,+S2_,

k(k=1)  Jk=1D)IX\ = |Si-il[+(k—T)ke "Pne"D

1 (k=12 X2—2(k—1) X, S,_, +52_,
= E B knﬁkhﬂk
k(k—1) (k—1) | Xyl = [Sx- 1| +k(k—1)e "
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3 a? 4o EJ
< E E IXkl IBn.knﬁkn£k+8k_2 E IBn,k"‘ﬁk“Ek+£k_2 B'l,kﬁﬁkﬁfk
| X X
ISy 1] +ka | Xyl +ke ~PrkOPkEk
2 2

<122 E

+

+-8_-k7 E IBn'kﬁD_kﬁEk+§2— E IB,,'knﬁknEk

X2 ;
| X3l 1Sk - 1] + kea By k"D nEy

2 2

<12« E +

+£k_2 E Iﬂn.k“D'k“Ek+d(_2 E Iﬂu,kﬂﬁk“fk‘

Choosing now k such that a/k <& and using (6)+8) we obtain (5).
By the Lemma and the considerations given above, we have

THEOREM 2. Let {X,} be a sequence of integrable random variables. Then,
for every a >0 and any given ¢ > 0,

o g 1Sk-1l

B E—=r1
( (a) k§+1 k—1 Pk
X, X2
E———— 1 E {
<@+6eT Bprriyrla 1Y B e et
2na |Su ll ISn—ll
E Znax .
Y1 o Datls, ) +En_—1 x>

Simpler (but only slightly more restrictive) estimates are contained in the
following

THeoreM 3. Let {X,;k > 1} be a sequence of random variables on
a probability space (2, </, P). Then, for every a > 0,

fo o]

© lm[«xP(B@)—- Y (k—1)"'ElS,-ylIs,)]

n—® k=n+1
— a1 IS,]"
<21 _E—X___1x,|1
o ,‘Zi,,k |s.|'+k's" o "»»f+

PYORN 'Sn- lI Isn ll
lim E lim E 1

+2anl—vn:3 (n—l)'a+lsn—l| +n-’w -1 [1Xal > /21
for all r > 0, while under the assumption that E|X,|"*! < oo for k> 1 and for
some r = 0 we have, for any given ¢ > 0 and every a > 0,

o

(10)  lim [xP(B@)— Y (k—1)'E|S;_,|I5,]

n—o k=n+1
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- fe &)
Se+2eTlim Y kTCTVE|XS T g +

R k=n

- ISp—1l 1Sp- 1l
im E2n=tl
+2°‘,31"30E(n—1)a+|s,,_1|+,,m — [UXal>my2):

Proof. First we prove (9). Note that

o o]

— 1 S, ‘
im ) E( 154 |(k‘1)'Xg‘Sk41|IB,,,,)

n-x k=n k(k=1) ~ \|S|"+k"a"
- kz.. . lsulifl;r F1 Xl Tp, , +
ralim 3
=E kin 1E$| Xyl Ig,,,

which by (2) and Theorem 2 gives (9).
To prove (10) it is enough to see that
o | Ik=1) Xy =S,
lim E I
n— gz.. k(k=1) " (k—1) Xy — Sy 1" + k" (k— 1y o "k

— < E|X ! — o 1
<2r+1a-'<lim Z—IIC,';ITI,"',‘+¢ lim ) kr+lEl3n.k)

R k=n n—-wo k=n

, L, oo} ElXIr+1
=2“a lim Zkr—il Bpy-

R X k=n
Hence, by (3') and the observation before Theorem 2, we get (10).

Remark 2. It is not difficult to see that (9) and (10) do not require the
convergence in mean to prove the strong law of large numbers. Moreover,
we see that if {X,; k > 1} is a sequence of independent random variables,
then

Sh- S~
ll EI ll I[lX,,|>na/2] = hm PI:IX,,I -—-] I ll

n— o 1 n— 2 —1

which together with (9) or (10) leads us to conditions for the strong law of
large numbers expressed in terms of moments conditions and convergence in
probability.

As a conclusion of (9) we get

CoroLLARY 2. If {X,; k> 1} is a sequence of independent tdentzcally
distributed random variables with EX, = 0, then
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lim Y (k—1)"'EIS,_,|Is,, =0.
n>x k=n+1 ’

Proof. It is enough to see that under the assumption of Corollary 2 we
have P(B(x)) =0, «a >0 (by Kolmogorov's strong law of large numbers),
limn~'E|S, =0, and
S BT Y

lim 3 +E 154

Ry k=n

1 =
———|X,| Iz, < Im - E|X|Ig , =0.
|Sg|'+k’£'| kl By "h_fl;l nkgn | I Bp i 0

Remark 3. The same conclusion is true for {X,; k > 1} being ergodic.
By (10) we have

THeOREM 4. Let {X,; k = 1} be a sequence of random variables (not
necessarily independent) with EX, =0, k > 1, and such that (1) holds and

Y EIX,/*'/k*! <o for some r > 0.
k=1
Then {X,; k > 1} satisfies the strong law of large numbers if and only if

AN

(11) lim ) (k—l)"ElS,,_lll,“ =0.
R ®© k=n ’
CoroLLARY 3. If {X,; k > 1} is a sequence of independent random vari-
ables with EX, =0, k> 1, and

Y EIX Tkt <o0  for some r (0<r< 1),
k=1

then (11) holds.

Let {f;} be now a sequence of integrable functions on € such that |||
—0 and |fy,—f;-.| — 0 a.e. as mentioned previously. If |f,—f,_,| < geL'(p),
then Theorem 1 gives a necessary and sufficient condition for a.e. conver-
gence. This last condition is too strong, as it is not satisfied for many
important sequences in a.e. convergence, e.g. the sequences in Birkhoff’s

ergodic theorem, i.e.
1 k-1

ﬁ‘=71f=zz73f,

j=0
where fe L' (4) while T, f = f (¢), and ¢ is measure preserving. We now state
a theorem which handles the above case and can be applied quite generally
to positive operators. In the following, we put

Bn.k(a) = ['I;f< a, T»‘!+lf< Xy .oy T;f> a]’

i.e. without using the ahsolute values.

THEOREM 5. Let {T,} be a sequence of bounded operators on L!(u).
Suppose

Lf—0in L'() and |Gy f~Tf]1-0 ae
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(a) If there exists an integrable function g such that T, f < g for each k,
then

lim i | T.fdu=au(B(w).

n~0 k=n By

(b) If there exists an integrable function g such that T, f> g, then

PO

lim ) § ﬁ’_lfdu = au(B ().

n=® k=n By x
Proof. We prove only part (b). Let:
k_z+ IB g(a)n-lf'*‘alﬂ (@) = aIB,,(a)’

as T,_, f<a on B,,(x) for k> n+1. Hence
lim h, < alpq  (Ba(2) | B(@).

But also
k=n+1 k=n+1
Since |T,_, f— T, ft—0 ae. and T, f>a on B,,(a), we have
Lim h, > aly,,

and, consequently,

lim h, = alp,, ae.

n—>x

But for every n we obtain h, < alp o <o and h,>g. Thus

lim | h,dp = lim Z _[(I,"(,)Ti 1 fralp, @)dp

n=o n=o k=n+1

ee}

= lim ) | T-ifdut+a | du

n=® k=n+1 By p(@) By pl@)
—tim Y [ G fdu=lm Y | T, fdu
n=x k=n+1 B, @) B k=n By xla)

As an example, let T, f = S, f— Pf, where S, is a positive operator and
f=0. Assume | T, f du — 0 so that Pfis integrable. Then T, f > — Pge L' (u),
whence

X

p(lim S, f~Pf>0=0 iff Lm ¥ [ T_,fdu=0

k—x n>®© k=n B, \(a)
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for each a > 0. Similarly, replacing f by —f and changing B, , suitably, we
obtain T,(—f) < Pg. Therefore

p(lim T, f <0) = p(lim T(~f) > 0)=0

k— o0 k=
iff
a0

lim Y | T,fdu=0 for each a > 0.

n= k=n By y(@)
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